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Abstract

We study the algebra R of G-invariant representative functions over the N-fold
Cartesian product of copies of a compact Lie group G modulo the action of conjuga-
tion by the diagonal subgroup. Using the representation theory of G on the Hilbert
space H = L?(GN)Y, we construct a subset of G-invariant representative functions
which, by standard theorems, span H and thus generate R. The elements of this ba-
sis will be referred to as quasicharacters. For N = 1, they coincide with the ordinary
irreducible group characters of G. The form of the quasicharacters depends on the
choice of a certain unitary G-representation isomorphism, or reduction scheme, for
every isomorphism class of irreps of G. We determine the multiplication law of R in
terms of the quasicharacters with structure constants. Next, we use the one-to-one
correspondence between complete bracketing schemes for the reduction of multiple
tensor products of G-representations and rooted binary trees. This provides a link
to the recoupling theory for G-representations. Using these tools, we prove that
the structure constants of the algebra R are given by a certain type of recoupling
coefficients of G-representations. For these recouplings we derive a reduction law in
terms of a product over primitive elements of 95 symbol type. The latter may be
further expressed in terms of sums over products of Clebsch-Gordan coefficients of
G. For G = SU(2), everything boils down to combinatorics of angular momentum
theory. In the final part, we show that the above calculus enables us to calculate the
matrix elements of bi-invariant operators occuring in quantum lattice gauge theory.
In particular, both the quantum Hamiltonian and the orbit type relations may be
dealt with in this way, thus, reducing both the construction of the costratification
and the study of the spectral problem to numerical problems in linear algebra. We
spell out the spectral problem for G = SU(2) and we present sample calculations
of matrix elements of orbit type relations for the gauge groups SU(2) and SU(3).
The methods developed in this paper may be useful in the study of virtually any
quantum model with polynomial constraints related to some symmetry.
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1 Introducdtion

This paper builds on previous work [8,9], where we have developed tools for the imple-
mentation and the study of the classical gauge orbit stratification in lattice quantum
gauge theory with gauge group G = SU(2). Our work is part of a program which aims
at constructing a non-perturbative quantum theory of gauge fields in the Hamiltonian
framework, with special emphasis on the role of non-generic gauge orbit types. The
starting point is a classical finite-dimensional Hamiltonian system with symmetries, ob-
tained by lattice approximation of the gauge model under consideration. The quantum
theory is obtained via canonical quantization. It is best described in the language of C*-
algebras with a field algebra which (for a pure gauge theory) may be identified with the
algebra of compact operators on the Hilbert space of squarerintegifable functions over the
product GV of a number of copies of the gauge gioup manifold G. Correspondingly, the
observable algebra is obtained via gauge symmetry reduction. We refer to [17,22,23,32]
for details. For the construction of the thermodynamical limit, see [10,11]. In the present
paper, we extend our tools to the case of an arbitrary compact Lie group G.

Let us recall that for a nonabelian gauge group the action of the group of local gauge
transformations has more than one orbit type. Accordingly, the reduced phase space
obtained by symplectic reduction is a stratified symplectic space [28,32,34]. The strat-
ification is given by the orbit type strata. It consists of an[dpén| and dense principal
stratum, and several secondary strata. Each of these strata is invariant under the dy-
namics with respect to any invariant Hamiltonian. For case studies we refer to [4,5,7].
To study the influence of the classical gauge orbit type stratification on quantum level,
we combine the concept of costratification of the quantum Hilbert space as developed by
Huebschmann [15] with a localization concept taken from the theory of coherent states.
Loosely speaking, a costratification is given by a family of closed subspaces H,, one for
each stratum. The closed subspace associated with a certain classical stratum consists
of the wave functions which are optimally localized at that stratum, in the sense that
they are orthogonal to all states vanishing at that stratum. The vanishing condition
can be given sense in the framework of holomorphic quantization, where wave functions
are true functions and not just classes of functions. In [16] we have constructed this
costratification for a toy model with gauge group SU(2) on a single lattice plaquette.
As physical effects, we have found a nontrivial overlap between distant strata and, for
a certain range of the coupling, a very large overlap between the ground state of the
lattice Hamiltonian and one of the two secondary strata.

Every classical gauge orbit stratum may be characterized by a set of polynomial rela-
tions. Within the above mentioned holomorphic picture, the latter may be implemented
on quantum level as follows. In this picture, each element 7 of the stratification corre-
sponds to the zero locus of a finite subset {r1,...,7r,} of the algebra R of G-invariant
representative functions on G(]CV , where G¢ denotes the complexification of G. For the
construction of the subspaces H,, we have to study the matrix elements of the quantum
counterparts of the invariants ;. The latter are presented as multiplication operators 7;
on the physical Hilbert space H = L2(G" )G. For that study, one needs deeper insight
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into the structure of the algebra R. To accomplish that we proceed as follows. Using the
representation theory of G on the Hilbert space H, we construct a subset of G-invariant
representative functions which, by standard theorems, span H and thus generate R. The
elements of this basis will be referred to as quasicharacters. For N = 1, they coincide
with the ordinary irreducible group characters of G. The form of the quasicharacters
depends on the choice of a certain unitary G-representation isomorphism, or reduction
scheme, for every A\ € GN , where G denotes the set of isomorphism classes of irreps of G.
We determine the multiplication law of R in terms of the quasicharacters. Next, we use
the one-to-one correspondence between complete bracketing schemes for the reduction
of multiple tensor products of G-representations and rooted binary trees. This provides
a link to the recoupling theory for G-representations. In particular, via this link, the
choice of the reduction scheme acquires an interpretation in terms of binary trees. Using
these tools, we prove that the structure constants of the algebra R are given by a certain
type of recoupling coefficients of G-representations. For these recouplings we derive a
reduction law in terms of a product over primitive elements of 95 symbol type. The latter
may be further expressed in terms of sums over products of Clebsch-Gordan coefficients
of @For G = SU(2), everything boils down to combinatorics of angular momentum
theory.

Finally, in Section 4.2, we show that the above calculus implies a calculus for bi-
invariant operators ocurring in quantum lattice gauge theory. These bi-invariant opera-
tors come in three classes:

1. The elements of the algebra R of G-invariant representative functions acting as
multiplication operators on H.

2. The bi-invariant linear differential operators on H.
3. Any linear combination of operators of the above type.

We show that our calculus enables us to calculate the matrix elements of such operators
explicitly. In particular, both the quantum Hamiltonian and the orbit type relations may
be dealt with in this way, thus, reducing both the construction of the costratification
and the study of the spectral problem to numerical problems in linear algebra. We spell
out the spectral problem for G = SU(2) and we present sample calculations of matrix
elements for the gauge groups SU(2) and SU(3). This opens the door for the study of
models with these gauge groups. A systematic discussion of these issues will be presented
in separate papers.

Finally, we note that the methods developed in this paper may be useful in the study
of virtually all quantum models with polynomial constraints related to some symmetry.
For this reason we present the methods first, without reference to lattice gauge theory.

2 Quasicharacters

In this section, we recall the construction of an orthonormal basis in L2(GV)¢ and use
it to analyze the multiplication law in the commutative algebra of G-invariant represen-
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tative functions on GV, see [9].

Let R(G") denote the commutative algebra of representative functions on GV and
let R := R(GM)% be the subalgebra of G-invariant elements. Since G(]CV is the complex-
ification of the compact Lie group GV, the proposition and Theorem 3 in Section 8.7.2
of [30] imply that R(GY) coincides with the coordinate ring of G, viewed as a complex
affine variety, and that S(G") coincides with the algebra of representative functions
on Gg . As a consequence, R coincides with the algebra of G-invariant representative
functions on G(]CV , where the relation is given by restriction and analytic continuation,
respectively.

Let G denoteD:he set of isomorphism classes of finite-dimensional irreps of G. Given
a finite-dimensional unitary representation (H, D) of G, let C(G)p C R(G) denote the
subspace of representative functions' of D and let xp € C(G)p be the character of D,
defined by xp(a) := tr (D(a)). The same notation will be used for the Lie group G".
Below, all representations are assumed to be continuous and unitary without further
notice. The elements of G will be labelled by the corresponding highest weights A
relative to some chosen Cartan subalgebra and some chosen dominant Weyl chamber.
Assume that for every A € G a concrete unitary irrep (Hy, D?) of highest weight A
in the Hilbert space Hy has been chosen. Given A = (AL,...,AN) ¢ @N, we define a
representation (Hy, D) of GV by

N N v
Hy=@QQHy, D*a)=)D" (), (2.1)
=1 i=1

where a = (a1, ag,...,an). This representation is irreducible and we have

N
C(GM)pa = Q) C(G) i »
i=1

isometrically with respect to the L?-norms. Using this, together with the Peter-Weyl
theorem for G, we obtain that B, g~ C(GN)pa is dense in L2(GN,dNa), where da
denotes the normalized Haar measure on G. Since

P ccMpc @ ccMp
AeGN DeGN
this implies

Lemma 2.1. Every irreducible representation of GV is equivalent to a product rep-
resentation (Hy, D) with A € GN. If (Hy, DY) and (Hy, DY) are isomorphic, then
A=), - O

Given A € GV , let Dg denote the representation of G on H) defined by

D3(a) :== DX(a,...,a). (2.2)

!The subspace spanned by all matrix coefficients (¢, D(-)v) with v € H and ¢ € H*.
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This representation will be referred to as the diagonal representation induced by D2. It
is reducible and has the isotypical decomposition

Hy =P Hanx

Ae@G

into uniquely determined subspaces H) ). Recall that these subspaces may be obtained
as the images of the orthogonal projectors

Py := dim(H,) /G Xp~(a) D3 (a)da (2.3)

on H). These projectors commute with one another and with Df. If an isotypical sub-
space H) y is reducible, we can further decompose it in a non-unique way into irreducible
subspaces of isomorphism type X. Let my(A) denote the number of these irreducible sub-
spaces (the multiplicity of D* in Dg) and let G A denote the subset of G consisting of the
highest weights A such that my(A) > 0. In this way, we obtain a unitary G-representation
isomorphism

mx(A)
H = P P H. (2.4)
AE@A =1

Let us assume that we have chosen such an isomorphism for every A € G" and for every
n = 2,3,.... Composing this isomorphism with the natural projections and injections
of the direct sum, we obtain projections and injections

We have
YoM =1u,  pPMoiyyy =6 & 1a, .
Al
For every A € Gy and every I,I' = 1,...,my()\), we define an operator on Hy,
/ 1 ,
Ap)| = i opA 2.6
(Ax) dim(Hy) A1 (2.6)

which is a G-representation endomorphism of DdA, and a G-invariant function (X,\ )\)f/

on GV by
(XA’)\)?(Q) = \/m tr (DA(QNAA’)\)%/) . (27)

In the sequel, the functions (X)\ /\)f/ will be referred to as quasicharacters.

Proposition 2.2. The family of functions

{(XM)? P AeGN, NGy, l,l’zl,...,mA()\)}

constitutes an orthonormal basis in L?(GN)Y.
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Proof. See Proposition 3.7 in [9)]. O

By analytic @tl ion, the-imreps D* of G induce irreps D(é of G, the irreps D2

of GV induce irreps Dg of G(C, and the functions (X)\ )\)%/ on GV induce holomorphic
functions (X(/SA) I on GN. Then (2.1), (2.2) and (2.7) hold with DA, D* and (X/\/\)l/
replaced by, respectlvely, DC, D and (X x )\)

Corollary 2.3. The family of functions

[OSOF 2@V xey, Ll =1, ,m()}

constitutes an orthogonal basis in H. The norms are
’ im T 2
I( X“ )i = HCM Chr = (B ) (@) 26hA oI, (2.8)

where p denotes half the sum of the positive roots. The expansion coefficients of f € H
with resgect to this basis are given by the scalar products <(X>\ )\)fl fTGN> in L2(GN)¢

Proof. See Corollary 3.8 in [9]. O

It follows that the quasicharacters span the algebra R(G). Hence, to study the
multiplicative structure of this algebra, it suffices to find the multiplication law for qua-
sicharacters. To get rid of dimension factors, we will pass to the modified quasicharacters

R ’ dll’n(H)\) ’
(XA,A)é = dim(HA) (XA,)\)é .

We assume that a unitary G-representation isomorphism (2.4) has been chosen for every
A € GY and every N. Writing

(%, )1t (@) (R, ,)iE (@)
.

= \/dim(H,,) dim(H),) tr(((A,\Ml)l (AAW)E;) (DM() Déz(g))), (2.9)

we see that in order to expand the product (X)\ )\1)51 (X)\ )\2)? in terms of the basis
22y

functions ()QA )\)f/, arreasonable strategy is to decompose the GN-representation D1 ®
D22 into GN-irreps X and then relate these GN-irreps to the basis functions using the
chosen G-representation isomorphisms (2 To implement this, we define two different

decompositions of the diagonal representation Dgl ® DﬁQ into irreps. The first one is
adapted to the tensor product on the right hand side of (2.9). It is defined by the
projections

pALALLL @pAiAala p(A1:A2),Ak

Hy, ® Hy, Hy, @ Hy, H,y, (2.10)
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where \; € ég, li=1,...,my () and A € G(/\ o) k=1,...,mx x)(A). The second
decomposition is adapted to the definition of the basis functions ()ZA /\)2 It is defined
by the projections ;

N p(/\i,/\é),ﬂ,kl PO

HA1 (X)I{A2 =1 H)y, H)y, (2.11)

where A = ()\1 )\N) with )\Z € G%)\ )\12),@ = 1,,m()\117>\12)()\’) and \ € GN l =

1,...,mx(X). Composition of the injection corresponding to (2.11) with the projection
(2.10) yields a unitary representation isomorphism of irreps Hy. Hence, Schur’s lemma
implies that

A1,A2),M k& Ap,A1,l Ags 2,02 N . :
p( ) o) (p 1 ®p 2 ) e} (®i=11()\’i,)\é),)\i’ki) OlAv)\al

L ALALI A A D2k
=48y ULy o272 id

ANLE (2.12)

H),
with certain coefficients U:\\l/\’)l‘léll’/\”)@’h’ Here, we have denoted k = (k',...,kY). Now,
the multiplication law may be expressed in terms of these coefficients.

Theorem 2.4. In terms of the basis functions, the multiplication in R is given by

M, A (A) mx(X) M(a,a0) (A

1 . A1,A1,01529,A2,l2;k
(XAI,\l)ll' X>\2,/\2 12 Z Z Z Z Z UAM;E

1) L'=1
Uélv\l,l/ﬁézv\z,l/g;k o 14
\Manrk (XA )\)l :

]

The same farmula holds true for the basis functions ()Z(E)\)f/ on Gg.
Proof. See Proposition 3.10 in [9]. ] O

Remark 2.5. Note that the coefficients U in Theorem 2.4 depend on the unitary G-
representation isomorphisms (2.4). In the next section, we will see that they are given
by appropriate recoupling coefficients. O

Remark 2.6. For completeness, we also recall the case N = 1. Here, the quasicharacters
are ordinary characters

xa(a) = tr (D/\(a)) , M E é,
and the multiplication law can be obtained directly from the Clebsch-Gordan series,
_D)\1 & D)\2 = @ m()\h)q)(A) D)\ .
reG

Indeed, we have

tr (DM (a)) tr (D>‘2 (a)) = tr (DM (a) ® D*(a)) = Z M (A 20 (A) T (D*(a))

AeG
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and hence

Xa X = O M) () Xa- (2.13)
AeG
This generalizes to
XA X = Moy, (Y) X (2.14)
Aed
where my, . x,)(A) denotes the multiplicity of the irrep D*in DM @ --- @ DM, ¢

3 Recoupling calculus

As observed in the preceding sern, to fix concrete basis functions (X/\’/\)g, we have
to fix the unitary G-representation isomorphisms (2.4) entering their definition. As a
consequence, we obtain concrete formulae for the unitary operators in the multiplication
law of the algebra R, expressed in terms of G-recoupling coefficients. This relates the
algebra structure to the combinatorics of recoupling theory for G-respresentations, see

[2,3,18,19,25,35].

3.1 Reduction schemes, binary trees, and recoupling coefficients

Given an element A € CA;, recall that (H ,\,D/\) denotes the standard irrep of highest
weight A. Let w(\) denote the weight system of this representation and let w(\) denote
the set of pairs p = (f, i), where 1 € w(A) and f is a multiplicity counter for ji. We refer
to the pairs p as weight labels. All results carry over to arbitrary orthonormal bases by
interpreting u as a label without an inner structure and by ignoring statements about
weights. The representation space H) is spanned by an orthonormal weight vector basis
{IAu) : p € w(\)}, where |A ) denotes the normalized common eigenvector of the image
under D* of the Cartan subalgebra chosen in the Lie algebra g of G' corresponding to the
eigenvalue functional ifi and the multiplicity counter fi. Here, i denotes the imaginary
unit. The matrix elements of D*(a), a € G, in that basis are

Dy(a) = (DM @MY, st € w().
Accordingly, the matrix elements of
DXa) = D* (a1) ® DV (az) ® - @ DV (ay)

with respect to the tensor product weight basis

‘AH>:’)‘1M1>®®‘)‘NMN>a unew(An)v n=1...,N,
are given by ) N
AulDM@)Aw) = DY (a))--- DY, (an).
8
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We write Dg for the induced diagonal representation of G and p € w()) for the condition
that u™ € w(\") for all n = 1,..., N. Moreover, we put (ji) := S| 4™ (sum of linear
functionals). B

Recall that for highest weights A!, A2 € @, it may happen that in the decomposition
of Hi y2) = Hy, ® H), into irreps, given by the Clebsch-Gordan series

Hy, ® Hy, = @m(M’)\Q)(/\)H)\, (3.1)
Ae@

the multiplicity my, x,)(A) > 1. We assume that in each such case, a concrete orthog-
onal decomposition of each isotypical subspace Hy, r,),x into my, x,)(A) irreducible
subspaces has been chosen. By identifying each of them with H), we obtain a unitary
representation isomorphism

T(A1,09) (A)
Hpyn = P Hi (3.2)
f=1

for each isotypical subspace. Let us introduce the bracket sets

LN = {h € G im, ay(N) # 0},
(AL AZ) = {0\ k) e Gx N e ALY k=1, .m0 (V)]

The integer k plays the role of a multiplicity counter. For the first bracket set, there is an
iterated version like (A!, (A2, A3)) defined by taking the union of (A!, \) over A € (A2, \3).
Note that this bracketing is associative,

(AL O A%) = (AL M), 0%,

and so for any given set A\ of highest weights we may write (A). The elements A of this
set label the (uniquely determined) isotypical subspaces H)y x of (H), Dg). Concrete

irreducible subspaces for the diagonal G-representation (H), Dg) can be obtained by
choosing a reduction scheme for N-fold tensor products of G-irreps, which breaks the
reduction 1iitoliterated reductions of twofold tensor products. Such reduction schemes are
enumerated combinatorially by specifying complete bracketing schemes, or equivalently,
by rooted binary trees [2,3,18,19,25].

Remark 3.1. A rooted tree is an undirected connected graph which does not contain
cycles and which has a distinguished vertex, called the root. The parent of a vertex x
is the vertex connected to x on the unique path to the root. Any vertex on that path
is called an ascendant of x. A child of a vertex x is a vertex of which z is the parent.
A descendant of x is a vertex of which z is an ascendant. We write z < y if x is an
ascendant of y (or equivalently y is a descendant of x). The number of edges attached
to a vertex is called the valence of that vertex. A vertex of valence 1 is called a leaf.
All other vertices are called nodes. A rooted binary tree is a rooted tree whose root has
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Al A28 A4 S

(/\12’]{:12) ()\45,k45)
()\3457 k345)

Figure 1: A reduction scheme for a tensor product of N =5 irreps.

valence 2 and whose other nodes have valence 3. For convenience, we will view the root
as a node of valence 3, with an additional pendant root edge. The nodes different from
the root are called internal.

A labelling of a rooted binary tree T is an assignment « : z — o of a label to every
vertex of T'. The pair (T, ) is called a labelled, rooted binary tree.

It is convenient to view a rooted binary tree as being embedded in the plane. Then,
the child vertices of every node can be ordered from left to right. Conversely, an ordering
of the child vertices of every node defines a unique planar embedding. Given such an
ordering, or equivalently an embedding in the plane, one speaks of an ordered tree. In
particular, in such a tree, the leaves are ordered and thus their labels are given by a
sequence. %

Ezxample 3.2. Consider the specific case of the reduction of a tensor product of N =5
irreps according to the bracketing

[ (Hyt ® Hy2) @ (Hys @ (Hys @ Hys)))

as shown in Figure 1. The rooted binary tree corresponding to this reduction scheme
is as follows. There are 5 leaves representing the tensor factors, 3 internal nodes,
representing intermediate stages of the reduction procedure, and the root represent-
ing the final irreducible subspaces. The leaves are labelled by the highest weights
AL ... )5 of the respective irreducible representations. The 3 internal nodes are la-
belled by (A2, k'2), (A5 k%), (A3%5 k34%) enumerating the admissible weight values
occurring in the pairwise tensor products indicated by their child nodes and the root is
labelled by (A12345 12345) = (X k). We have (A!2,k'2) € (AL, A2), (A5, k%) € (A, \)),
()\345’ k345) c <<)\3,)\45>>7 and ()\’ k‘) c <</\12’ )\345». O

Ezample 3.3 (Standard coupling). Given N highest weights A!,..., A\, we may start
with decomposing Hy1 ® H)2 into the unique irreducible subspaces (Hyi ® Hyz2)(x12 y12)
with (A2, k12) € (A}, A?)). Then, we decompose the invariant subspaces

(Hy: ®H)\2)()\12,k12) Q@ Hys CHy®Hy2 @ Hys

10
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ALa? A3 cee AN

(%2, k72)
(A%, k%)

Figure 2: The standard coupling tree.

into the unique irreducible subspaces
((H/\1 & H)\Q)()\127k12) & H)\3)()\123,k:123) s ()\123, kl%) S <<)\12, )\3>> .

Iterating this, we end up with a decomposition of H) into unique irreducible subspaces
(' .- ((H)\l ® H)\z)()\u’klz) &® H/\3)()\123,k123) e ® H)\N)()\L..NJCL..N) ,

where (A7 kl-m) € (AL-n=1 ") for n = 3,4,...,N. We may number the nodes
of T' by assigning the number n to the parent of leaf n, where n = 2,..., N. Then,
Zo,...,rn_1 are the internal nodes and xy is the root. Accordingly, we may write
()\z”,kxD = (A gy forn = 2,...,N — 1 and (\, k) = (AN, kYN). The corre-
sponding bracketing is (---((,),) - ,) and the corresponding coupling tree is the cater-
pillar tree shown in Figure 2, also referred to as the standard coupling tree. %

In general, for an N-fold tensor product of G-irreps, the reduction schemes (bracket-
ings) correspond 1-1 to rooted binary trees with IV leaves, referred to as coupling trees.
Such a tree has N — 2 internal nodes. The leaves of a coupling tree correspond to the
irreps entering the tensor product and the root corresponds to an irreducible subspace
of the tensor product. The root will usually be denoted by r.

A given labelling « of a coupling tree 1" assigns to every leaf y of T a highest weight
oy = N € G and to every node = of T" a pair o = (A", k") € G x N. We say
that o is admissible if o® € (A*',\*")) for every node z of T, where / and z” denote
the child vertices of . In what follows, we will assume all labellings to be admissible
without explicitly stating that. By forgetting about the multiplicity counters, o induces
a labelling of T' by highest weights, referred to as the highest weight labelling underlying
«a. By forgetting about the highest weights, a induces a labelling of T" by multipicity
counters, referred to as the multiplicity counter labelling underlying ««. Given a coupling
tree T with leaf labelling A, let £7(\) denote the set of admissible labellings of T having
) as their leaf labelling. Given, in addition, a highest weight A € (\), let £7 (), \) denote
the set of labellings of T" having )\ as their leaf labelling and A as the highest weight
label of the root. These subsets establish a disjoint decomposition of the totality of all
(admissible) labellings of 7. We will say that two given labellings of 7" are combinable

11
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if they belong to the same such subset, that is, if they share the same leaf labelling and
the same highest weight of the root. To be combinable is an equivalence relation.

Remark 3.4. Each internal node «x is the root of a unique subtree made up by x and all
its descendants. This subtree represents a reduction scheme for a tensor product of [
G-irreps, where [ is the number of leaves in the subtree. In case the leaves are numbered
by 1,..., N, the subtreesoci with the nodes are in one-to-one correspondence
with the subsets S C {1,---, N} made up by their leaves, and one may use these
subsets to name the nodes, as in Examples 3.2 and 3.3. Thus, the leaf labelling reads
A= (AL,...,AY) and the node labels read o® = (A%, k). The subset S = {1,..., N}
corresponds to the root, so that albN = (AN} LN}y — (X k). Admissibility
ensures that
Me(\N':neS).

The subsets S form a hierarchy, that is, for any two members S and S’, either SNS' =0,
SNS =8, orSNS =59". O

Now, for given leaf labelling A, the diagonal representation (H > DdA) decomposes
into uniquely determined isotypical subspaces H) ) labelled by an admissible highest
weight label A € (A) of the root. According to the coupling tree T chosen, the isotypical
subspaces H) ) can be further decomposed in a non-unique way into irreducible subspaces
HI enumerated by the tree labellings a € £T (), \). Thus,

H)y = EB @ HT
Q) acLT(AN)

as G-representations, and it is the labels o of the internal nodes  and the multiplicity
counter k of the root that are in 1-1 correspondence with the irreducible subspaces
obtained by means of the reduction scheme related to T'. Accordingly, the multiplicity
of the irrep (Hy, D) of highest weight A in the diagonal representation on H. A s

] ma(\) = [£T (AN

and the isomorphism (2.4) reads

I

Hy

b G 5. (3.3)

AEQA) aeLT(AN)

That is, the latter is obtained by identifying each irreducible subspace H! with a copy
of Hy. By Schur’s Lem each of these identifications is unique up to a phase. In what
follows, we assume that a phas s been chosen. To summarize, the invisible choices
made in the definition of the isomorphism (2.4) via 7" amount to these phases and to the
choice of a unitary G-representation isomorphism (3.2) for every pair (A1, A2) € Gx@
(affecting the definition of the subspaces H!). Note that we may absorb the direct sum
over the final highest weights A into the sum over the labellings and thus write

Hy= O H. (3.4)

12
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We use the a as label the copies of Hy in the direct sum on the right hand side.
This has the following consequences.

Firstly, the projections and injections (2.5) obtained by composing this isomorphism
with the natural projections and injections of the direct sum read

pg il
HA—T>H>\, H)\—>HA.

By construction, each p% is obtained by composing the elemey projections associated
with twofold tensor products according to 7. Thus, p$ is uniquely determined by the
choice of a reduction tree T', a labelling «, and the choice of an isomorphism (3.2) for
every combination of A1, Ay € G and every A € (A1, A2). An analogous statement holds
true for i..

Secondly, the quasicharacters read y(T)%
entering their definition read A(T)%,, for any combinable «, /. Using the injections i

and the representation homomorphisms

T
o' «a

and the normalized weight bases {|\y) : p € w(\)} chosen in H) for every A € G, we can
define elements of H) by

Tya,p) =i, (M), Lt AN, AeMre ), pew()). (3.5)
These elements form an orthonormal basis in H},
<T§ «, M’T§ Ck,, Nl> = bau/ 5##’ >

and they are comr@ eigenvectors of the Cartan subalgebra with eigenvalue functional
ifi. For fixed «, the elements |T;a, pu), p € w(A), form an orthonormal weight basis in
the irreducible subspace H.. Using (2.6) and the relation pT © i?;, = 0qo’ 1d g, holding
for a,a’ € LT(\, \), we compute

/ ]_ ! 6 ! "
AT (IT; 0 1) = ————=il 0 p$ (|T; 0", p)) = ——2ex |T; o,
(RT3, 1) = T 0B (Tl ) = 2 [T
for all a, o/, € LT (), ). This implies
/ 1
AT = — T; o, )Tl a, e LT\ N, 3.6
(T8 = g 3 [T (Tl AN G0)
pew(A)
and
X(T) (@) = > (T, pDXa)|Ts0,p), a0’ € LT(AN). (3.7)

new(X)

It will turn out that the key to unravelling the algebraic structure of the invariants
in terms of the quasicharacters is the dependence on the coupling tree and the transfor-
mation law between different such trees. For i = 1,2, let T; be a coupling tree, )\; a leaf
labelling of T3, \; € ()\;) and a; € LTi(\;, \;). If ), is obtained from \; by a permutation
o of the entries, there exists a unitary transformation II : Hy — H), permuting the
tensor factors according to o, that is,

A ) = [Ay0(p)), pEw(A).

13
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[]

Then, by orthogonality of isotypical subspaces, the overlap of the basis vectors |17; a1, 1)
and |Ty; g, pi2) vanishes unless \; = A\o. In that case, p%j ol'Ioirg.Cl1 is a unitary representa-
tion automorphism of the unitary irrep (Hy,, D*') and hence it is given by multiplication
by a complex factor of modulus one. Denoting this factor by R(Tg]T 1)3?, we obtain

(To; vz, o115 01, 1) = 63,0 O iy R(T2|TH)5 (3.8)

We will refer to R(Tg\Tl)Zf as a recoupling coefficient. In case G = SU(2), the recou-

pling coefficients coincide with the angular momentum recoupling coefficients (Racah
coefficients) [3].

Remark 3.5. Explicitly, we have
[] R(T2|T1)zj = (Ty; g, p|U|T1; 1, 1) (3.9)
independently of p. Note that (3.9) yields the symmetry

R(To|T1)" = (R(TﬂTg)jD* . (3.10)

Consider a further coupling tree 73 with labelling a3 whose leaf labelling A5 is obtained
from A\, by some further permutation. Denote the respective induced unitary transfor-
mation permuting the tensor factors by Il : Hy, — H), and Ilos : Hy, — H,,. Then,
IIs3 0 I permutes the tensor factors according to the composite permutation. Assume
further that a7 and ag assign the same weight label A to the root. Then, by inserting
an appropriate unit into (3.9), with index 2 replaced by 3 and II replaced by Ila3 o Ilj9,
we obtain the cycle relation

R = Y R(BT)o R(Te|Th)o (3.11)
a2€LT2(Ay,0)
O

Proposition 3.6 (Change of Coupling Tree). Let Ty and Ty be coupling trees with the
same number of leaves, let A be a leaf labelling for both of them and let A € (A). Then,
for labellings a1, oy € LTH(N\,N) and ag, oy € LT2()\, ), the transformation rule between
quasicharacters coupled according to T1 and T is

X(TMat= Y, R(MID)y X(Ta)as R(T2ITy)
a2aa/2€£T2 (Ay)‘)
Proof. Inserting complete sets of coupled states for the coupling tree 75,
I= Z Z |T2; g, p2) (T3 vz, pua
azeLT2()) H2
into (3.7), we obtain
X(Tail@) =) >, > (Tisal, pulTya, )
B ag,abeLT2(X) p2uh
(T; g, 1| DX(@) | To; g, i) (T; g, po| T cur, )
Application of (3.8) now yields the assertion. O
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N N.
yi vt vl Y Ys Y3 s Yp*

Figure 3:  Join T4 -T> of two standard trees T; with leaves yl-l, e ,le ¢ and root r;,
i = 1,2 (left) and leaf duplication TV of a standard tree T with leaves y!,... ,yN and
root r (right).

3.2 The multiplication law for quasicharacters

In this section, we study the multiplicative structure of the algebra R, that is, we analyze
the general multiplication law given by Theorem 2.4 in terms of the recoupling calculus
developed above. To start with, we define two operations on trees.

Definition 3.7 (Operations on coupling trees). Let Th, Ty and T be coupling trees
with, respectively, N1, No and N leaves.

Tree join: The join T1-Ts is the coupling tree with N1+ No leaves formed by glueing
the pendant root edges of 11 and T» to make a new root and add to this new root a
pendant edge.

Leaf duplication: The tree TV is the coupling tree with 2N leaves formed by re-
placing each leaf of T by the root of a copy of the rooted binary tree with two leaves (a
cherry), thereby identifying the leaf edge with the pendant root edge of that copy.

See Figure 3 for specific examples of tree join and leaf duplication.

For i = 1,2, let r; denote the root of T; and assume that admissible labellings «; of
T; with underlying highest weight labelling x — A7 are given.

In case of the operation of join, one can obtain an admissible labelling of T3 -T5
by retaining the labellings «; for T} and ao for T, and by assigning to the new root
some value (A, k) € (A\]',A3?)). The labelling of T;-T5 so arising will be denoted by
[a1 - a2, (A k)]. In addition, given leaf labellings A, of T;, let A; -y denote the leaf
labelling of T7-T5 obtained by retaining the leaf labellings A; for 77 and A, for 75. Thus,
if )\; is the leaf labelling belonging to «;, then \;-), is the leaf labelling belonging to
[ - g, (A, k)]. Having drawn T) and T3 in a plane, with 73 to the left and 75 to the
right, then the leaf labelling A; -\, is given by

Al'AQZ(Ala"' a)\i\h?)\%a“' a/\é\[2> (312)
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and the corresponding tensor product by HA% ®--®Hwn ® H)\é ® - Q@ Hn,. If
1 2

Ny = Ny = N, there corresponds a representation of GV,
D&&(g) — DM (Q) ® D22 (Q) = DH(al) R ® DA{V(GN) ® DA% (al) R ® DAév(aN)

In case of the operation of leaf duplication, the situation is different. Here, given la-
bellings a1 of T7 and ao of Th, their only parts which can be assigned are their leaf
labellings \; and ), respectively. They define a leaf labelling A\;*\, of T by assigning
A to the i-th child vertex of the cherry replacing leaf y of T. As the nodes of T corre-
spond 1-1 to the vertices of T', every node labelling of T splits into a labelling of T" and
an assignment k of a multiplicity counter kY to every leaf y of T'. Conversely, assume
that we are given a further labelling a3 of T" with leaf labelling A3 and an assignment k;
of a positive integer to every leaf of T. If (A, k¥) € (AY, \Y)) for all leaves y of T, then
the node labelling of TV arising from a3 and k5 is compatible with the leaf labelling
A1 *)s, and so the two combine to an admissible labelling of TV. This labelling will be
denoted by [a1 * ag,as, ks]. Finally, having drawn TV in a plane, with the first child
vertex of every cherry to the left and the second one to the right, the corresponding
sequence of leaf labels is given by

Al*AQ = (A%vA%a 7)‘{\[7)‘97) (313)

and the corresponding tensor product by H Al QH A®- - -QH AN QH AV There corresponds

a representation of GV,
DA% () = DM (a1) ® DY (a1) @ -+ @ DM (an) ® D (ay) .

Remark 3.8. Leaf duplication is a special case of (rooted) tree composition, 17 * Tb,
defined as the tree with N1 Na leaves formed by replacing each leaf of T by the root of
a copy of Ts, thereby identifying the leaf edge with the pendant root edge of that copy.
Thus, TV = T*V. Given Ny leaf labellings A1) -» Ay Of T1, one defines the leaf
labelling of T xT5 by

)\N

e N-
Ay * Ay = (Ao Avayr 5 )5 A)) -

(1

It is immediate that tree join and tree composition are subject to the 'distributive law’

(Ty-To)*T3 = (T1+T-(To*T3) .[ ] O

In the sequel we adapt the notations ;-\, and A;* A, given by (3.12) and (3.13) to
weight labels to obtain weight labellings By and [T of the leaves of T7-T% and T,
respectively. There correspond tensor product states \)\1 Ay pyphy) and [A;xAg gk ,u2)
respectively. In the case where T, T5 and T have the same number N of leaves, there
exists a permutation operator II such that

A Ao i) = TIA % Ag o pn,) 17 DM 22 (o)1 = D22 () . (3.14)
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With these preliminaries, we are able to express the multiplication law for quasichar-
acters in terms of the recoupling coefficients. For that purpose, let labellings «q, «s,
ag of T, an assignment k of a positive integer to every leaf of T" and a positive inte-
ger k be given. Let x — A7 be the highest weight labelling underlying o;. We write
(a3, k, k) € (a1, a2) if (A, kY) € (A, \])) for all leaves y of T and (A5, k) € (A}, \5)),
where r denotes the root of T'. We define

-2, (A5 k
Ry {R(T-T|TV){Z;‘Z;fa;,kf] | (03,5, k) € (o1, 02),
0

as.k .
= | otherwise

and the adjoint

R(T)

ajag,k T

*a2,a3,k;
as,k {R(T\/|T.T) %2145227()\%716])] | (a?”k’ k) € <<a17 a2>> )
0

| otherwise.

By (3.10),
rbebek - (R(r)2E )",

It turns out that for our choice of the isomorphism (2.4), the coefficients U in Formula
(2.12) are given by the recoupling coefficients R(T'):

Lemma 3.9. For i = 1,2,3, let \; be a leaf labelling of T, let \; € (\;) and let o; €

LT\, \i). Let k be an assignment of a positive integer to every leaf of T, let k be a
positive integer and assume that (as, k, k) € (a1, a2)). Then,

arag,k A17>\1711§A27>\2712;k
R(T)opr” = Ux, Nalaik ;

where l; is the positive integer corresponding to «; relative to some chosen enumeration

of the elements of LT (\;, \i), i =1,2,3.

Ags

Proof. For any p € w(A3), we have

R(T)2252" = R(T-T|TY )t o2 Ot

as,k (a1 *a2 ag,k]

:<T T; o1 - ag, (A3, k) M‘H}T al*ag,ag,k‘],,u>

RS AN

where IT denotes the unitary transformation given by (3.14). We observe that

N - .
Ilo l[almg ask] = (®i=11(>\§,>\§),>\i,ki> Oy

and that
-[m az,(A3.k)] _ pArAz)A (pgl,m,h ® p/\Q,)\z,b) ‘

Hence, the assertion follows from (2.12). O
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]

Using this lemma, we immediately obtain the following corollary to Theorem 2.4.

Corollary 3.10 (Multiplication law for quasicharacters). For a given coupling tree
T, the product of quasicharacters is given by

~ a % a abk . o ak
X(T ! Z Z R a’ k2 ( )O{ R(T)alang’

a,a’ k.k

where the sum is over all combinable labellings o, o' of T', all assignments k of a positive
integer to every leaf of T and all positive integers k such that (o, k, k) € (a1, a90)). O

For a direct proof of this corollary using the Clebsch-Gordan calculus see the ap-
pendix.

Remark 3.11.

1. As a result, the structure constants of the algebra R with respect to the basis

{(X(T)%'} are given by 3, , R(T )Z}?’kR(T )Zfoi & With free summation indices a3
AL} 3,7 )

and of.

2. For a threefold product, we obtain
X(T) X(T) 2 X(T),,?

. a alby,ko Bhal,ks . B4 B3,k B2,k
=2 2 RO RO EE™ XD RT)gode, ROT) ool
! ko,k
o B3k

This generalizes in an obvious way to n-fold products. O

Remark 3.12. The above formula generalizes directly to the pointwise multiplication
X(T1)-x(T>) of modified quasicharacters for two different coupling trees 77 and T, having
the same number of leaves. The result is expressible in terms of the x(73)-basis provided
by an arbitrary third tree T3 with the same number of leaves, with 1T replaced by
T1+T>, and TV replaced by T,

T (M)t = 3 D R(OTITy) o s 00w Ry IT1a) [0 o

[ xahy,a K] [1-a2,(A5,K)]
az,of kk

where the sum is over all combinable labellings ag, of of T3, all assignments k3 of a
positive integer to every leaf of T3 and all positive integers k3 such that (as,ks) €
{1, a0)) and (A3, k) € (A1, A2)). In this case, the recoupling coefficients measure the
overlap of two 2N-leaf coupling trees, and so each of them entails 2N — 2 internal
labels; including the final coupling to A3 and adding the 2N leaf labels A;, A, they
are thus of (6N — 3)j-type, reflecting the count for structure constants arising from
expanding the pointwise product of two x’s into a sum, 3(2N —1) = 6N —3. The
structure constants reflect the commutativity of the pointwise product because of their
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symmetry (under interchange of oy with ag and o) with of). Associativity on the other
hand is not manifest, but is clearly a concomitant of the tensor-categorial origins of the
recoupling calculus itself; there appears moreover to be a functorial association between
the pointwise algebraic product, and the above combinatorial tree operations. In this
light, it might be expected that the compound structure constants derived above should
be replaced by single, but more elaborated, recouplings involving higher degree tree
operations such as ((T-T)-T|T*((-,-),-)), and their n-ary generalizations. O

3.3 Composite Clebsch-Gordan coefficients

In this subsection, we analyze the combinatorics of angular momentum theory phrased
in terms of Clebsch-Gordan coefficientf Tdr the case of a compact group G. Using this
calculus, we will be able to reduce the recoupling coefficients arising in our quasicharacter
manipulations to products of more basic coefficients (see §3.4below).
Let T be a coupling tree, )\ a leaf labelling and A € (\). For a € LT (A, \), u € w())
and p € w(\A), we define B
CM)pp = QA plT;a, )

Then, for p € w(\), we have

T5a,p) = > C(T)n,Ap). (3.15)
peEw(N)

Since [Ap) and |T; o, ) are common eigenvectors of a commutative algebra of skew-
adjoint operators with eigenvalue functionals i¥(f2) and if1, respectively, we have C(T) , =
0 unless X(f1) = ji. Hence, the sum restricts automatically to u satisfying 2(f1) = /.
In case N = 2, the only coupling tree is the cherry V, with labglling as.sigmimgi)\]L and
A2 to the leaves and (\, k) € (AL, A2)) to the root. For u® € w(A") and pu € w()\), the

coeflicients o (122 0)
CM1:M2:M7 = C(V)(/ﬂ:uzi,u’

are the analogues[df the ordinary Clebsch-Gordan coefficients in the case G = SU(2)
and hence will be referred to as the ordinary Clebsch-Gordan coefficients for G. These
cofficients can be chosen to be real [1]. Occasionally, we will make use of this. The
coefficients C'(T')5 , will turn out to be products of ordinary Clebsch-Gordan coefficients
for G. Therefore, they will be referred to as composite Clebsch-Gordan coefficients for
G. Quasicharacters and recoupling coefficients can be expressed in terms of composite

Clebsch-Gordan coefficients as follows.
Proposition 3.13.

1. For every coupling tree T, leaf labelling A\, X € () and o,a’ € LT (A, \), one has
R o o o * 1 N
WD @= Y Y e, (CI),) Dinalen)- - D (an).

new(A) pop’€u(A)
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2. For i = 1,2, let T; be a coupling tree, \; a leaf labelling, A\; € ();) and «; €
LT\, N). If Ay = 0()y) for some permutation o and Ay = A1, then

R(TIT)e = 3 (G, ) CT,
HEW(A) a

for any p € w(Ar).

In both situations, the sum over x (and p') restricts automatically to contributions
where X (1) = fi.
Proof. Point 1 follows by plugging (3.15) into (3.7). Point 2 follows by plugging (3.15)
into the definition of R(73|T%) and using that (Ag p, [II|A; p1)) = 5ﬁ27g(ﬁl), where II de-
notes the unitary transformation permuting the tensor factors according to o. O

Let us introduce the following terminology. Given a coupling tree T, a leaf labelling
Aand p € w()), for every vertex x of T, let 4* be the sum of ¥ over all leaves y among
the descendants of x. We refer to the assignment x — % as the weight labelling of T'
generated by p. Given, in addition, a € £7()) with underlying highest weight labelling
x +— A\*, we say that p and o are compatible if 4% € @(A\?) for all nodes = (for the leaves
this holds true by construction).

Lemma 3.14 (Product formula for composite Clebsch-Gordan coefficients). Let T' be
a coupling tree, A a leaf labelling of T, X\ € (\), a € LT\, N), p € w()) and p € w(N).
Let  — N\* be the highest weight labelling and z — k% the multiplicity counter labelling
underlying «. Let x — (% be the weight labelling generated by p. Then, C(T)iu =0
unless p and « are compatible. In that case, ;

o Az’ a2 e g
C(T)H7p’ - Z H <C(ﬂzl7ﬂzl)(ﬂz”,ﬂzu)(ﬂz7ﬂz)> 9 (316)

i x node of T

where o', 2" denote the child vertices of x and where the sum runs over all assignments
x> gt =1,...,myx= (") of a weight multiplicity counter to every internal node x.

Proof. The proof is by induction on the number N of leaves. For N = 2, the assertion
holds by definition of the ordinary G-Clebsch-Gordan coefficients. Thus, assume that it
holds for N and that T has N 41 leaves. Let r be the root of T'. For clarity, we write A*
for A\. The child nodes r’ and r” of r are the roots of subtrees S’ and S”, respectively.
Accordingly, A splits into leaf labellings A" of S’ and A\ of S”, u splits into u/ € w()\)
and 1 € w()\"), and « splits into labellings o/ of S’, o/ of " and o = (A%, k*) of the
root. For convenience, let us introduce the notation @ for the induced labelling of the
cherry V made up by the nodes r, r’ and r”. Thus, & consists of the leaf labels A*', A*"
and the root label a*.
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Since Hy = Hy ® Hy» under the bracketing associated with T', we may expand
|T; o, ) with respect to the orthonormal basis vectors |S’; 5,v/) @ |S”; 58", v"). To
compute the expansion coefficients, we observe that the diagram

Hyr @ Hyr - Hy
Dt/ Dé/l o
\LPS/(@DS// ipT

Hyw @ Hy P Hy:

commutes, by construction of the projections involved. Thus, for the corresponding
injections we have

. . / . " .
15 = (15, ® 15,,) o 1;{ .

Hence,

Tiop) = (i§ @50 ) o (IX4)
)\r/ >\I‘// >\I‘7k;r . ! . 1 ! 1!
Z CMI7ILN7N7 <1§/ X l§//> (|Ar ,U/) X ‘)\r /,L//>)

! 11

wew(N) wew(x")

(]

/ 1
o 1S el ) @18 ) (3.17)

I
Q

wew(X) pew(x")

Using this, we find

C(T)z,u _ <AH‘T; a, M> _ Z C)\r/,)\r//,)\r,ksr <A/ H/‘S/; OCI,M,><A” H// S”; a//“u//>.

wop'
w eu(Ar’)
u”EW()\r”)
We have (X p/|S"; ¢/, 1) = 0 unless i/ = S(7') and (X" p”'[S”; 0, 1) = 0 unless " =
(). Moreover, X(j') = i and B(p") = it It follows that C (T);; . vanishes unless
i € w(A\T) and g7 € w(A\T). In that case,

a i )\r/Ar”ArJgr o' o'
C(T)Hvu - Z Z O nr!! !’ C(S )ﬁ/,(ﬂr/,ﬂr/) C(S )EH7(ﬂr// Vr//) .

(ﬂr’ 7ﬂri ) (/J' nu'r ) /J' ?

Since S’ and S” have at most N leaves, the induction assumption holds for the two
composite Clebsch-Gordan coefficients on the right hand side. Since the nodes of S’ and
the nodes of S” make up the internal nodes of T, the assertion follows. O

3.4 Reduction of recoupling coefficients

In this subsection, we are going to express the recoupling coefficients R(T") appearing
in the multiplication law for quasicharacters in terms of the elementary recoupling co-
efficients R(V) for a cherry V. The latter correspond to the recoupling between V-V
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A A

()\1,](11) ()\Qak'Q)

( )041042 k

Figure 4: The elementary recoupling coefficient R(V relates the coupling tree V-V
with labelling [a; o, (A3, k)] (left) with the coupling tree VY with labelling [ g, a3, k]

(ﬁ'ght). Combinatorially both V-V and VY are identical with the balanced 4 leaf tree.

and VY, see Figure 4. One may organize the parameters entering this coefficient into
a matrix symbol as follows. For i = 1,2, 3, let a; be a labelling of V assigning )\11 and
A? to the leaves and (\;, k;) to the root. Given an assignment k = (k!, k?) of positive
integers to the leaves of V and a positive integer k, one defines

ALA2 N Ry
AAZ Nk
AA2 Ny ks
KOk k

= R(V)2192 %

as,k

In case G = SU(2), where the multiplicity labels may be omitted, these matrix symbols
reduce to the ordinary Wigner 95 symbols, up to a dimension factor. Therefore, we
will refer to them as 9\ symbols. By construction, the entries #1,...,#4 of any full
row satisfy (#3,#4) € (#1,#2)), because the a; are admissible labellings of V. We
refer to this statement as the full row property. We may extend the definition of the
9 symbol to arbitrary weights in the upper left (3 x 3)-block and arbitrary positive
integers as the remaining entries by putting it to 0 whenever the full row property does
not hold. Moreover, by definition of the recoupling coefficient on the right hand side,
the 9\ symbol vanishes unless (a3, k, k) € (a1, a2)). Thus, it vanishes unless the entries

, #4 of any fumumn Tﬁy (#3,#4) € (#1,#2)). We refer to this statement
as tlrg

full column pr

Remark 3.15. By point 2 of Proposition 3.13 and (3.16), one finds the following expres-
sion of the 9\ symbol in terms of ordinary Clebsch-Gordan coefficients,

AL A AL mag (fi1) Mg (fi2) ™) (A5) M3 (A3)

N ED VDS Crg)
A3 A A ks e P uloud m

kl k2 k Hily  H1= 2= fiz=1 =1

(C,\;,\g,\Q,kz) (CAV\W\&’“) C,\}l,\;,\;,kl CA%A%A%,]& AAZ)A3,ks
ny p3 pe K1 B2 p3 By owh py B3 op3 p3 T py op3 ps
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for any ps € w(A3). Here, the outer sum runs over p, € w(A;) and p, € w(};) such that
fui = i+ 42 €%(N;), i = 1,2 and 4f := g + 45 € w(\§), n = 1,2, and we have denoted
wi = (fui, f1i), i = 1,2, and pf := (4%, 1), n = 1, 2. Clearly, the sum over Hys M, may be
further restricted to pairs satisfying fi; + fio = fi3. On the other hand, by orthogonality,
in the summation, any relation between the weights may be omitted, so that the sum
runs over independent p1, € w();), i =1,2,3, and p; € w(N;), i =1,2. %

We need the following two special formulae for the recoupling coefficients of tree
joins.

Lemma 3.16. Fori = 1,...,4, let T; be a coupling tree, \; a leaf labelling, \; € (\;)
and «; € £T(Ai,/\i). For ¢ = 1,2, assume that T; and Tiyo have the same number of
leaves and that \; 5 can be obtained from A; by a permutation of entries.

1. FOT all)\ S <)\1,)\2>ﬂ<>\3,)\4> and k‘lg = 1, Ce ,m(>\17/\2)(/\), k‘34 = 1,. . .,m(>\37)\4)()\),
we have

R(Tl 'T2’T3'T4) {Z;Zii&::z;} = O xs Oxgha Okiokys R(T1’T3)z; R(T2|T4)Zz’

2. Given, in addition, \; € ();) and o/, € LT (N, Ni), i =1,...,4, then for all

(A12,k12) € (A1, A2)) s (X34, k34) € (A3, M) 5
(M3, k13) € (A1, A3), (A2a, k2a) € (No, X)),

all X € <)\12, )\34> N </\13, )\24> and all

k=1,.. ,,m(/\127)\34)()\) , k= 1,.. .,m(,\137/\24)()\) )
we have

[[ : 7(>‘ 1k )}[ : 7(>‘ 7k )]7(>‘7k)]
R((T-To)-(Ty- T)[(T2-T5) - (T2-T1) (s a7 (rvieas) -y vy ot o) )
A A A ko

A3 A Asa ks

— (5041,&’1 e 5014,042 )\13 )\24 )\ k’l
ki koa K
Proof. 1. In the proof, we use the shorthand notations
i = T;° Ty, Tiji = (T;°Ty) (Ty*T7) -

Let 013 and o024 be the permutations turning A; into A3 and )y into )4, respectively.
They define a permutation o turning A;-)y into A\3-\,. By point 2 of Proposition 3.13,
for any p € w(\),

ag-az2,(\k ay-az,(Ak * as-aq,(N ks
BTl = 2 (@™ ) cmafn it @as)
ﬁlew(ﬁl>

1o €w(A2)
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Clearly, K, and «; are compatible for i = 1,2 iff and [aq-a, (A, k12)] are compatible.

If this COn(fllefl is violated, then Proposition :4 |! yields that C(Tlg)z.lﬁ';ﬂ()"k”)} = 0.

Hence, for y nonzero contribution to the right hand side of (3.18), compatibility
oy . . [a1-ab.(AB12)]

holds true. Then, Proposition 3.14 implies that C’(le)ﬁl.lﬁyu 2 and C(T, )u (28, )

for any ji; = 1,...,m,\i(2(&.)), i = 1,2, can be decomposed according to (3 16) It

follows that

aq-ag,(Nk
C(le)[ﬁl.lHQ,i( 2l = Z Z C(Tl)u i C’(Tz)u o 0211222)"“]?127

where ave denoted fi; := X(f,) and pi; := (fu, fi;). Since X(f,) = E(o13(4,)) and
Y(f,) = [X(024(f1,)), an analogous argument yields that for every nonzero contribution
to the right hand side of (3.18), we have fi; € w(A3) and fi2 € w(\4), and

mag(f1) ma, (A2)

[o3-aq,(Nk3a)] _ Z Z Qs A3\, k3a
C(T34)a(u1,u2 )skt 013 H)oH3 C(T4)024(ﬁ2),#4 0“3 Hap 0
fi3=1 fig=1

where we have denoted ps := (fi1, f13) and pyg := (fiz, f14). Grouping the factors and
decomposing the sum accordingly, we obtain

R(Ty-T5|T3 .T4)[a1~a2,(/\,k12)

[az-aa,(Ak34)

]
]
myy (f11) ma, (f2) mag (1) ma, (f2)

= Z Z Z Tl /(j1 Ml)* C(T3)gfs(ﬁl)vﬂ3

Ap€R(ANE(N3)  fin=1  fio=1  fg=1  fia=1 #y€w(Ar)
fg€u(Ag)Ni(Ayg)
(') * (o7} /\1 )\2)\ klg )\3)\4)\ k:34
Z (C(TQ) 7#2) C(T4)024(g2),u4 (Cul w2 ) CHS pap (3.19)

H,EW(A2)

Using |A3,013(H1)> = ng\gl,&% where Ily3 is the unitary transformation permuting
the tensor factors according to 13, and (3.8), we find

> (c@y, m) C(T:%)?fg(gl),us = > (Tusan, mlAy gy py [Tas| Ts; 0, o)
Hlew()\l) H1€W(>q)
= (T1; a1, p1 |13|T3; a3, p3)
= Oxxs Ogis R(T1[T3) -

By analogy, the second expression in parentheses equals dx,x, /i R(T 2\T4)Zj. Then,
by unitarity of the isomorphisms (3.2) chosen, the remaining sums yield

AMA2), lm MAoNkss
§ : E : Cm ey Cm 2 = Okyzhys -

p1€w(A1) p2€w(A2)
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2. We proceed by analogy. First, we use point 2 of Proposition 3.13 to rewrite the
recoupling coefficient under consideration as

[lot-az2,(A12,k12)] [az-aa,(Aza,ksa)], (A K] )
Z Z ( (T1234) uuﬂggg@u )
Ew()\ ) RS (Ag)

[[of -af,(M13,k13)]-[ah -y, (N2a,k24)],(NE)]
: C(T1324)(ﬁ;ﬁg§(ﬁzﬁ4)vﬂ 2 (3.20)

for some chosen p € w(\). For i =1,2...,4, put g; := E(ﬁz) Then, we define cherry
labellings a2, asq, a by, respectively,

>\13 >\24

A1 Ao
Yo M Y

and the multiplicity pair k := (k13, k24), check compatibility and use (3.16) to factorize

[[o1 -2, (A12,k12)] (s s, (As4,k34)], (A K)]
C(T1234)(g1ﬂ2)(g3g4),u
Aq (ﬂ4)

fia—1

D

fr1=1
[[of o, (A13,k13)] [ -0y, (N2a,k24)], (A E)]
C( 1324)(&;'&3)3(&2&1)7“ 2

my (1) m
it

4
C(T)% VAV, [a12-a34,(A, k)]’
(]‘—11: ( )'ui’m> ( )'“12 Baygott

mxq (ﬂl) m>\4(ﬂ4) (

V [0112*0434,04 k]
e, ) e,

=1

see Figure 5. Here, we have denoted p; := (fi;, fi), p; = (fu, ft;) and 1y = (i, p15),
u’] (ul,,uj) i,j = 1,...,4. By grouping the factors and decomposing the sum, we
find that (3.20) equals

mxy (A1) mx,(fa) [ 4

> Y Y (X (emg,) emy,

pr€a(A) =1 pa€a(As) fa,y=1 \=1 \p, €u(};)

) A ylezeasa, (A k)] * Vi [a12%034,00,k]
(o(v V) ) OVt (321)

> (O ) Oy = DT s, gt | T 0 1) = G O
B €w(A) y
(3.21) boils down to

4
(H ) )DREED DI CRAD i Il G0 5 e

i=1 pr€w(A1)  pacw(Ag)
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/ / / / / / / /
Tl,al T27a2 T3,O(3 T4,O(4 Tl,Oél T3,Oé3 TQ,O{z T4,Oé4

(A2, k12) (N34, k3a) (A3, k13) (A24, k24)

1

Figure 5: The coupling trees (11-1%)-(15-T4) and (T1-12)-(T5-T4) of point 2 of Lemma
3.16. The root labels o’ and " of T; contain the weight labels \; and A}, respectively.

4
= ([ 0asar | ROV)SIZOE
O [ ] (z‘l l) h

where we have used by point 2 of Proposition 3.13. ]

Theorem 3.17. Let T be a coupling tree. Fori=1,2,3, let oy; be a labelling of T with
underlying highest weight labelling x — A{ and underlying multiplicity counter labelling
x — k. Let k be an assignment of a positive integer to every leaf of T and let k be a
positive integer. Then,

YD VD VO
)\z/ )\x” AT kT
R T ajag,k — 2/ 2// 2 2
( )aa,E Z H PLANIDY SEND A 1 ’
x node of T

kx’ k:v” kT
where ' and z” denote the child vertices of x and k¥ = k in case x 1is the root of T.
The sum is over all assignments of an integer k* =1,. .. 7m(>\ﬂf,>\g)()\§) to every internal
node x of T.

In each of the multiplicity counter assignments, the sum runs through complements
k and k to an assignment of a multiplicity counter to every vertex of T, and so in
the formula given, k¥ denotes the multiplicity counter assigned to vertex x irrespective
of whether x is a leaf (where k* is prescribed by k), an internal node (where k% is a
summation variable) or the root (where k% = k).
Proof. Let r denote the root of T. By definition of R(T)'%**  we have to show that

asg,k
the right hand side of the asserted formula vanishes unless

(Oég,k, k) S «051, 052>> (3.22)
and that, in that case, it coincides with R(T -T|T v)tifi’(&\f”:})]. The first statement
follows from the observation that, otherwise, we have either (Aj, k) ¢ (A5, A])) or there
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! / i 1 ! / i " ! ~/ ! ~! i ~1 i ~1
S oy || S, of S ah || ST a4 S", ol Shah || ST, e |l ST, oy

Figure 6: The coupling trees 1-T with labelling [a; - ag, (A5, k)] (left) and T with
labelling & (right) used in the proof of Theorem 3.17.

is a leaf y of T such that (A, k¥) ¢ (A}, A\])). In the first case, the factor contributed by
r to any of the summands on the right hand side is a 9\ symbol with a column having
the entries A\], A5, A3, k. Therefore, this factor vanishes by the full column property. In
the second case, the factor ibuted by the parent of y to any of the summands on
the right hand side vanishes by the full column property as well.

Thus, in what follows, we may assume that (3.22) holds. The main step in the proof
will consist in splitting R(7-T|TV) 2205 L)

a1*a2,03,k
with T replaced by subtrees as follows. The i:hild nodes r’ and r” of r are the roots of
subtrees S" and S”, respectively. By restriction, for i = 1,2,3, «; induces labellings
of §" and « of S”, and ); splits into leaf labellings \; of S" and A/ of S”. Accordingly,
k splits into k" and k”. We have

into a product of analogous coeflicients

T=¢5-5", a; = [af -l af], i=1,2,3.
Consequently,
7T =(5"8")(8"8"), lon-az, (A5,k)] = [[0) - of,a]] - [a5 - o, a3], (A5, k)], (3.23)
see Figure 6, and
TV = 8"V-5" [a1 * ag, as, k] = [[of * o, o, K] - [of * o, a5, k"], af] . (3.24)
Consider the intermediate rooted binary tree
L] 7= (55557 (3.25)
with leaf labelling A := (X;-M\5)-(\Y-\4). By (3.11), we have the decomposition

aq-ag,(N5,k ~\ [ -aa, (A5, k ~ &
R(T-TiTY) el = S R T)S e SO RO, L n - (3:26)
ﬁ aeLT(AN3)

According to the decomposition (3.25), the labelling & of T induces labellings & of the
i-th copy of S" and &/ of the i-th copy of S”. Denoting the roots of S’-S” and S”-S” by
7’ and 1, respectively, we can write

a = [[dll : d/27 df,} : [Nlll : 5/2/7 df”]? ( §, ];r)] ) (327)
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where k¥ is the multiplicity counter assigned by & to r. See Figure 6. In view of (3.27)
and (3.23), Wﬁcan @ply point 2 of Lemma 3.16 by identifying 77 with the first copy of
S’, T, with the first copy of S”, T3 with the second copy of S/, and Ty with the second
copy of S” (as shown in Figures 5 and 6) to get

AN g
R(T-T|T) N5 = | T 6011 60000 ;2 ii ;g g‘f . (3.28)
i=1,2

FOF k

Here, we have written out &° as (A*,k*) and a&* as (A, k*"). In view of (3.27) and
(3.24), we can apply point 1 of Lemma 3.16 to Ty = S-S, To = §”-8", T3 = S’V and
Ty = S" to get

(T|TV) (a1 *xaa,a3,k]

noan g

///\/[aa,a] 1", Ql af-ay,ar ]
= Oxerxe O ne Oprgs ROS™STIS™) or 0t o w TP+ |’]€jai*a2”a”k”] (3.29)

Here, we have used that (A ) T = /\r/ and (A" = A3". Substituting (3.28) and (3.29)

into (3.26), renaming k* = k¥ o — k™" and taking the sum over &, we obtain
mui’ﬂ{@g) Mg 05 (AT AL A
R(T.T’T\/)[al-az,(%,k)] _ Z Z A5 AL A kg
[o g, 03, k] / 4 )\5/ )\gu )\g ]{7§
KT =1 KT =1 ! !
K'Y K k

1. ol arvaled ag:()\g &) ooy a1y a27(>\3 )

R(S"-5'|S )[al*a2 ol k] R(S"-S"|S ) i*aé’ ol K
Now, we can iterate this formula by replacing T by S/, S”, thereby replacing successively
r by the root = of a subtree and k£ by x%, until we arrive at the situation where one of
the child nodes of x, x’ say, is a leaf of T. In that case, the subtree S’ with root z’ is
the trivial coupling tree consisting of 2/ alone, so that both S’-S” and S’V are cherries,
and we have o = \* and k' = k%, 50 that [ -, )\' ] and [o] x ab, af, k'] differ
only in their multlph(:lty counters x%, k¥ . Thus, the recoupling coefficient is in fact a

coupling coefficient, so that unitarity of the representation isomorphisms (3.2) implies
1. g arvylat-ah, (8 k)] _
R(S"-5"|S )o/l*a k] = 0, ol ot -
Summation over x* then yields that in the 9\ symbols, K gets replaced by k*', with the
remaining summation being over those k¥ where x is an internal node. This completes
the proof. O

Exdmpje 3.18 (Structure constants for standard coupling). Consider the standard tree
(caterpillar tree) of N leaves and let labellings a; with leaf labellings \;, i = 1,2,3, be
given. As in Example 3.3, we number the nodes of T by assigning, for n = 2,..., N,
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Figure 7: The tree join T - T, the subtrees S’ and S”, and the intermediate coupling
tree T’ constructed in the proof of Theorem 3.17, for the standard coupling tree T'. Here,
r is the root of T' and r’, r” are its ckﬁ'}d nodes.

the number n to the parent of the n-th leaf, see Figure 2. Then, the nodes numbered
2,...,N —1 are internal and node number N is the root. Accordingly, the labels of the
internal nodes are ;™ = (A", k™) and the multiplicity counters one has to sum over
are k™ =1,..., m(ATn)\;n)()\gn) forn =2,..., N —1. In this notation, the formula given

in Theorem 3.17 reads

1 2 T2 T2 T n+1 Tn41 Tn41
NN AT Ny
T T x 1 1
R(T)OCIOQ,IC _ )\2 )\2 )\22 k22 )\Qn )\g )\2n+ k2n+
as,k T )\1 )\2 A2 L2 Tn n+1 Tn41 Tn41 )
- 2 N-1 3 73 73 3 n—29 A" A3 A3 ks
k*% . k® k‘l k‘2 kT2 - kTn kn+1 feTn+1

where k*N = k and where the summation range is given above. The subtree S’ used in
the proof of that theorem consists of the leaves 1,..., N — 1 and the nodes 2,...,N —1
and has the shape of the standard tred pn N — 1 leaves. The subtree S”, on the other
hand, consists of the leaf NV only. The join 7T and the intermediate coupling tree T,
together with the subtrees S’ and S’, are shown in Figure 7. %

3.5 The special case G = SU(2)
In the case of G = SU(2), the highest weights A of irreps correspond to spins j =

0, %, 1, %, .... The elements of the weight system of the highest weight corresponding
to spin j are nondegenerate, and correspond to spin projections m = —j,—j +1,...,7.

Therefore, we write j for A, j for A\, m for p and m for p, and we omit the weight
multiplicity counters. Thus, (H;, D7) is the standard SU(2)-irrep of spin j, spanned by
the orthonormal ladder basis {|jm) : m = —j,—j + 1,...,j} which is unique up to a
phase. Let us denote

d; :=dim(H;) =2j+1, dj :=dim(H;) =2(j1+---+jnv)+ N.
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In contrast to the general case, in the decomposition of the tensor product of two irreps
into irreps the multiplicities are equal to 1. Thus, we need only one type of bracket,

<'7 ’>7 given by
G727 =it =L = P+ L =+ A

for any two spins j', j2, which is known as the triangle rule. The unitary representation
isomorphism (3.1) reads
Hp®Hp— @ H.
JEG5?)
Accordingly, the bracketing schemes and their description in terms of coupling trees
simplify: a labelling « of a coupling tree T" assigns to every vertex x of T" a spin j*. It is
admissible if for every node z one has j% € (j*',;%"), where 2/ and 2’ denote the child
nodes of x. The modified quasicharacters read
J
mmz’ (0) = > (T50',m|DXa)|Tsa,m), v’ € LT(G.5).  (3.30)

m=—j
Computation of their norms (2.8) yields [16]

/ 2 d 182 (d? 2
UT)S ()| = (ry?/2 S M (3.31)
J

where [ is a scaling factor for the invariant scalar product ( | ) on g defined by
1

Formula (3.8) giving the recoupling coefficients reads
(T; vz, mo| 1| T1; 1, 1) = 6y o Gy sy R(T2| T1) (3.32)

The latter are the recoupling coefficients (Racah coefficients) of angular momentum
theory [3]. Explicitly,

R(To|Th).! = (To; a0, m|T|Ty; a1, m) (3.33)

independently of m. The recoupling coefficients are real. Hence, we have the symmetry
relation
(3.34)

The labelling of join and leaf duplication simplifies as follows. For ¢ =1,2,3, let j, be a
leaf labelling of T', let j; € (j,) and let a; € ET(li,ji). For T-T, the label of the new root
reduces to j € (ji,j2). Hence, labellings of T+T read [aj - ag, j]. For TV, node labellings
compatible with the leaf labelling j, j, are given by labellings a3 of T satisfying the
condition that for all leaves y one has

R(T2|Th),? = R(T1[T2)

a1
g’

73 € (41, 73)
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that is, j7, 75 and j§ satisfy the triangle condition. The corresponding labellings of 7"
read [ag * ag,as]. If; in addition, also ji, jo and js satisfy the triangle condition, we
will say that a1, as and ag satisfy the triangle condition. Then, the definitions of the
recoupling coefficient R(7T") and of its transpose read

. [Oé Q 7j ] . . ..
R(T)102 . R(T T|TV)[ai*a22’is] | a1, a9, as satisfy the triangle condition,
: 0 | otherwise
and
V. lensag,as] . . ..
R(T)e = R(T |T T) (10 js] | 1,9, as satisfy the triangle condition,
e 0 | otherwise,

respectively. Since the recoupling coeflicients can be chosen to be real, we have

R(T)g3™ = R(T)aa, - ]

In this notation, the multiplication law for quasicharacters given by Corollary 3.10 reads

R0 (T = 37 R(T)™ (D)2 RT3, (3.35)

! /
as,ag

where the sum is over all combinable labellings g, o of T such that aq, ap and as
satisfy the triangle condition.

Finally, we observe that the combinatorics based upon Clebsch-Gordan coefficients
boils down to the combinatorics of angular momentum theory. According to Lemma
3.14, for a given leaf labelling j, j € (j) and a € LT(j, j), the composite Clebsch-Gordan
coefficient

C(T)gm = (Gm|T;0,m)

m,m

vanishes unless |m*| < j* for every node x, where m* denotes the sum of m¥ over all
leaves y descending from z. In that case,

!
T

o, = [ ¢

m® m= ' mz’

(3.36)

nodes x

where 2/, 7 denote the child vertices of x. Here, C#,ﬂ%f;m?, are the ordinary Clebsch-

Gordan coefficients of angular momeijum theory. It f@s that the composite Clebsch-
Gordan coefficients are real. The formula expressing the recoupling coefficients in terms
of composite Clebsch-Gordan coefficients given in point 2 of Proposition 3.13 reads

R(T»|Tv) Z C(To; 2, 0(m)) C(T1;01,m) (3.37)

where o is the permutation turning J, into j, and the sum is over all spin projections
m of J, summing to m for some fixed spin prOJectlon m of j.

31



AlP

Publishing

Finally, the decomposition of recoupling coefficients into a product of primitive 9A
symbols given by Theorem 3.17 boils down to the decomposition of Racah-recoupling
coefficients in terms of 95 symbols of angular momentum theory. In more detail, the 9\
symbols become (3 x 3)-arrays,

A [ROIg | e ) forall i = 1,23,
g5 0 | otherwise.
Jz J3z J3

ajan

Here, o assigns ji, j2 to the leaves of V and j; to its root. By definition of R(V)aio2,
these symbols vanish unless all rows satisfy the triangle condition. They are related to
Wigner’s 95 symbols {-} via a dimension factor,

it Ji h it it o5
gy 33 g2 | = \Jdidjdydiz gy 53 2y (3.38)
j3 3 Js j3 3 js

By Theorem 3.17, for every coupling tree T and all labellings a1, s, a3, we have

-/ !’ -
31, ]1” Ji

RO = 11 |\# 55 5. (3.39)
z node of T' ]:gf, jgfﬂ jg

where 2/ and z” denote the child vertices of z. For the standard coupling tree, this
decomposition formula was already found in [9].

4 Hamiltonian lattice quantum gauge theory

4.1 Background

Let us consider a (finite) lattice gauge theory with compact gauge group G in the Hamil-
tonian approach. For details, see [22-24]. Let A be a finite regular three-dimensional
spatial lattice and let A%, A' and A2 denote, respectively, the sets of lattice sites, lattice
links and lattice plaquettes. For the links and plaquettes, let there be chosen an arbi-
trary orientation. Gauge potentials (the variables) are approximated by their parallel
transporters along links and gauge transformations (the symmetries) are approximated
by their values at the lattice sites. Thus, the classical configuration space is the space
GA' of mappings A — G, the classical symmetry group is the group GA” of mappings
A® — @G with pointwise multiplication and the action of g € GN onaeGM s given by

(g-a)(0) == g(x)a(C)g(y) ", (4.1)

where (z,y) = £ € A! with z and y the source and target df 7,[Tespectively. The classical
phase space is given by the associated Hamiltonian G-manifold and the reduced classical
phase space is obtained from that by symplectic reduction, as developed in [28, 33, 34].
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Dynamics is ruled by the classical counterpart of the Kogut-Susskind lattice Hamiltonian
[24].

In gauge theory, it is convenient to perform the symplectic reduction by two stages.
First, one perfoms regular symplectic reduction with respect to the free action of the
normal subgroup

{g € G\ g(xzg) = 1} (4.2)

of pointed gauge transformations. Here, 1 denotes the unit element of G. The quotient
symplectic manifold carries the action of the residual group of local gauge transforma-
tions which is naturally isomorphic to G. By choosing a maximal tree 7 in the graph
A" one finds that the subset defined by the tree gauge,

[ faeG" :a(t)=1foralltcT}cGN,

intersects every orbit of the subgroup (4.2) exactly once. Hence, the quotient manifold
may be identified with the direct product G of N copies of G, where N is the number
of off-tree links. Then, the action of the residual gauge group turns into the action of G
on G by diagonal conjugation,

g-(ay,...,any) = (galgfl,...,gaNgfl). (4.3)

To this action there corresponds a Hamiltonian G-action on the cotangent bundle T*GY
and the second stage of the reduction procedure consists in zero level symplectic reduc-
tion of that Hamiltonian G-action. If G is nonabelian, this action has non-trivial orbit
types and thus requires singular symplectic reduction. The resulting reduced phase space
‘P then carries the structure of a stratified symplectic space, where the strata are given
by the connected components of the orbit type subsets of P. It is well known that these
strata are invariant under the dynamics generated by the classical counterpart of the
Kagut-Suskind Hamiltonian.

The quantum theory of the above model is constructed via canonical quantization.
We refer to [10,22,23] for the details, including the discussion of the field algebra and
the observable algebra of the quantum system. The (unige up to isomorphism) rep-
resentation spaces for the field and the observable algebra are L2(GY) and L2(GN)%,
respectively. It turns out that the quantum model so obtained may be, equivalently,
ddrived by Kéhler quantization and, in this context, the classical gauge orbit strati-
fication may be implemented at the quantum level. As regular reduction commutes
with quantization [23, Thm. 5.2], we may start with the partially reduced phase space
T*GN. The latter is endowed with a natural Kahler structure as follows. Trivialization
by left-ihvariant vector fields and polar decomposition define a G-equivariant diffemor-
phism between the cotangent bundle T*G? and the complexified Lie group G’g . On the
one hand, according to [13], this diffeomorphism allows for combining the symplectic
structure of T*GY with the complex structure of Gg to a Kahler structure. Kahler
quantization with subsequent reduction leads to the Hilbert space

H=HL*(GN¢
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of square-integrable G-invariant holomorphic functions on Gg . Via the Segal-Bargmann
transformation, this Hilbert space is unitarily isomorphic to L?(G™ )G and thus may be
taken as the Hilbert space of the quantum lattice gauge theory under consideration.

To study the question whether the strata produce quantum effects, we follow the
idea to model the classical strata in quantum theory by appropriate subspaces of the
corresponding Hilbert space, forming a costratification in the sense of Huebschmann
[15,16]. This will be briefly explained in the next subsection.

4.2 Calculus for bi-invariant quantum operators

Consider the following classes of bi-invariant operators on H.

1. The elements of the algebra R of G-invariant representative functions acting as
multiplication operators on H.

2. The bi-invariant linear differential operators on H.
3. Any linear combination of operators of the above type.

Let us discuss the first class. As the normalized G-invariant representative functions

XDy (4.4)
IXE(T)E | '
associated with a chosen reduction tree T' form an orthonormal basis in H, any element
r of R may be expressed in terms of them and, thus, the matrix elements of the corre-
sponding multiplication operator € may be computed explicitly. In more detail, these
matrix elements are given by

~C o
e MG ,
PT)2 ) = TRy M(T)2 (4.5)
HX (T)ﬁ
where the coefficients M(T')%) [; are defined by
XM =MD ERET) (4.6)

BB

Now, the matrix elements are computed by first expanding rC with respect to the basis
elements (4.4) and then applying the multiplication law for quasicharacters given in
Corollary 3.10.

Concerning the second class, recall the following well known facts. A differential
operator on Gg is called left (or right) invariant by G if it commutes with the action
of G by left (or right) translations. The algebra of left invariant linear differential
operators on Gg can be identified with the complexified universal enveloping algebra
U(g) of the Lie algebra g of G. Bi-invariant operators, that is, operators which are both
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left and right invariant then correspond to the elements of the centre Z(g) of U(g). The
centre is spanned by the so-called Casimir elements. By Schur’s Lemma, in any irrep
of g, the Casimir operators roportional to the identity and, thus, the constants of
proportionality can be used to classify the irreps of G. On the other hand, the irreps
are spanned by the quasicharacters given by (4.4). Thus, these quasicharacters are
eigenfunctions of the Casimir operators and, thus, are eigenfunctions of the bi-invariant
differential operators. This implies that their matrix elements are given in terms of the
corresponding eigenvalues.

We may of course build[linear combinations of bi-invariant operators of the first and
of the second type. The Hamiltonian of quantum lattice gauge theory is of that type,
see the next subsection for the case G = SU(2).?2 One meets Hamiltonians in many other
branches of physics having also that structure, see e.g. some models of nuclear physics.
We conclude that the calculus developed in this paper reduces the study of the spectral
problem of a Hamiltonian of the above type to a problem in linear algebra, see the next
subsections for more details.

Next, let us explain how this calculus may be used for the implementation of the
classical stratification on quantum level: one can show that the G-equivariant diffeomor-
phism T*GY = G¥ descends to a homeomorphism between P and the quotient G¥ //G¢
of Gg with respect to Gc-orbit closure equivalence. Then, given a stratum S C P, let
r1,...,7n € R be chosen in such a way that

1. the zero locus of the complex analytic extensions r?, . ,TS to GV, viewed as
functions on GY //Gc, coincides with the image of S under the homeomorphism

GN//Gc 2 P (zero locus condition),

2. the ideal generated by ri,...,r, in R is a radical ideal (radical ideal condition).

By Hilbert’s Basissatz, such finite sets of relations exist. The subspace of H associated
with S consists of those elements which are localized at S in the sense that they are
orthogonal to all elements which vanish on S. Since S is the zero locus of r({:, ...,mC, one
has to evaluate the multiplication operator 1;;(: on H defined by ri-c foreachi=1,...,n.
Now, this can be done by computing their matrix elements with respect to the basis
(4.4) as explained above.

In the remainder, we will present the quantum Hamiltonian for G = SU(2) and we
will show how to compute the matrix elements for two instances of relations r;, one for

G = SU(2) and one for G = SU(3).

2Clearly, a priori, we rather view the Hamiltonian as an operator on the Hilbert space LQ(GN )G. But,
via the Segal-Bargmann transformation, we can transport it to . Thereby, the Casimir is extended in
an obvious way to a differential operator on G¥ and the multiplication operator becomes a multiplication
operator on H..
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4.3 Examples
4.3.1 The quantum Hamiltﬂnian for G = SU(2)

The pure gauge part of the quantum Hamiltonian® for the case G = SU(2) reads as
follows, see [9] for the details:
g 1

¢ — 9. (4.7)

H="
20 g%0

Here,

C:= ) Ej(0)Eu(0)
LeA?
is the Casimir operator (negative of the group Laplacian) of SU(2)" and

W= > (W(p)+W(p)),

peEA?

where W (p) is the quantum counterpart (multiplication operator) of tra(p), called the
Wilson loop operator. For details, see [23], [11], [24]. Recall that the representative
functions of spin j on SU(2) are eigenfunctions of the Casimir operator of SU(2) corre-
sponding to the eigenvalue
¢ =4j(j+1).

It follows that the invariant representative functions are eigenfunctions of € correspond-
ing to the eigenvalues

€j:€j1+"'+€j1\r. (48)

The summand 27 is a G-invariant multiplication operator, whose matrix elements can
be calculated as explained above. In a multi-index notation I, J, ..., with real quasichar-
acters denoted by X, one obtains the following eigenfunction equation for H:

> {(92256J — &) ok ~ 9;5 > wh(Cfs + Ciy) } vl =0, (4.9)
J 7

for all multi-indices K. Here, we have written €; for the eigenvalue of the Casimir
operator € corresponding to the eigenfunction x s, given by (4.8). The numbers C{S are
the structure constants in the multiplication law of the quasicharacters and W' are the
expansion coefficients for 20 in the basis {x7}. Thus, we are left with a homogeneous
systf linear equations for the eigenfunction coefficients /. The eigenvalues & are
determined by the requirement that the determinant of this system must vanish. Note
that the sum over I in (4.9) is finite, because there are only finitely many nonvanishing
WY, Moreover, it turns out that also the sum over J is finite for every fixed K. Thus,
we have reduced the eigenvalue problem for the Hamiltonian to a problem in linear
algebra. Combining this with well-known asymptotic properties of 3nj symbols, see [3]
(Topic 9) and further references therein, we obtain an algebraic setting which allows for
a computer algebra supported study of the spectral properties of H.

3Here rather viewed as an operator on L*(G™)¢
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4.3.2 A stratum relation for G = SU(2)

The case N = 1 has been treated in detail in [16]. In the case N > 1, there are 2V + 1
secondary strata; 2V of them have orbit type G and one has orbit type U(1) x U(1) (the
subgroup of diagonal matrices). Tlg strata of orbit type G consist of isolated points
and hence the corresponding subspaces of localized wave functions are one-dimensional.
They can be constructed without using relations, see [8, Rrem. 5.4]. For the stratum
S of orbit type T, a system of relations satisfying the zero locus and the radical ideal

condition is given by

rij(a) = tr([ai, a;]%), 1<i<j<N, (4.10)
Tijk:(@) = tr([ai,aj]ak), 1<i<y< k<N. (4.11)

Let us consider the case N = 2. Here, the only reduction tree is the cherry, and a
labelling is given by two leaf labels j! and j2 and a root label j € (5!, j2). For simplicity,

the corresponding modified quasicharacter will be denoted by

[] [] i g2,

According to (3.39), the multiplication law (3.35) reads

-1 .9 . 2
]11 .7% Wil c
lelulm X]%y]Qa]2_ ]2 J% ].2 Xj1 52,55 - (4.12)
[ ] i 3 s

By (3.31), the norms are

3/2 d; 6552(‘1]2.1 +d?2)/2

— 156,201 = (m)2 [ | (4.13)
The system (4.10), (4.11) reduces to the single relation
r(ay, az) = tr([ay, ag)?).
In [9] it has been shown that
[ ] rC = )A((1C,0,1 + %C,Ll + 3)2(51,0 - 25((51,1 - 3)2((():,0,0-

By (4.12), then

1 0 1\° 0 1 1\°2 1 1 o0\?
C X, = Z VAR A A B A L LR B R N O LR L
J ] ] ]/1 ,]/2 ,]/ jll ]/2 ]/ ]/1 ]12 ,]I
1 1 1\
.1 2 .
—2 ]/1 ?/2 ‘7/ -3 5]‘17]'/1 6]'2,]"2 (53'73'/ ijl 52,5
A
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1 [

From this, we can read off the matrix elements via (4.5) and (4.6). Expressing the 9\
symbols in terms of Wigner’s 95 symbols according to (3.38) and reducing the 95 symbols
containing a zero entry to Wigner’s 65 symbols according to the rule

0 £k k 5 . .
PP p = A (e { A .”2}
jll j/2 j/ \/ djldk J J ‘7, 7
we obtain
(,’/;(C)]/l g .7/ d d lld 2 ehﬁ2(d2 +d2 _d2/1 —d? 12)/2 ) d:d 1 jll jl ?
—_ 22 Af Ain § . . .
3152, djldJZd/ AL DL T
. 2 . . 2
I } I
+(51/1d d/2{. . : +36:d2d:n . 7. .
77 j j2 ]/2 137 J j jl ]/1
1 1 1)?
- 6d] dj/l dj/2 jl j2 j - 3 (5]'17]'/1 6]'27]‘/2 5‘77]/) .
j/l j/2 j/

These coefficients vanish unless (1,51, 1), (2,52, 5) and (1, 7, j') form triads.

4.3.3 A stratum relation for G = SU(3)

In the case N > 1, there exists 3" 4 3 secondary strata; 3%V for orbit type G and one for
each of the orbit types U(2) (embedded e.g. as the lower right 2 x 2-block), U(1) x U(1)
(the subgroup of diagonal matrices) and U(1) (embedded e.g. as the lower right corner).
In case N = 1, the last stratum is nof present and the stratum of orbit type U(1) x U(1)
is principal. As for SU(2), let us consider the case N = 2 and let us focus on the stratum
S of orbit type U(1) x U(1). Using McCoy’s Theorem [31], one can show that S is the
zero locus of the 15 invariant functions

ri(a1,az) = tr([a1, az]arag) ,

ro(ay, as) = tr([a1, az]atas), r3(ay, as) = tr([a1, az]aday),
rq(ai,az) = tr (( ay,azlay) 2) ) rs(a1,as) = tr (([al,ag}aQ)Q) ,
re(a1, az) = tr([ay, as)?),

r7(ay,az) = tr (([al, ag]a%)Q) , rg(ay,as) = tr (([al,aﬂa%)z) ,
ro(ai,az) = tr (([al, CL2]CL1(I2)2) ,

rio(a1, az) = tr (([al, ag]a%ag)z) , rii(a1,as) = tr (([ g}alagal)Q) ,
ria(a1, ag) = tr (([a1, aglaga?i)?) ri3(a1, ag) = tr (([a1, aglazar)?)
ria(ar, az) = tr (([a1, as]asaraz)?) 7“15(@ 2) = tr (([a1, az]ara3)?) .

Let us discuss the matrix elements of the multiplication operator 7“1 For that purpose,
we need some representation theoretic basics about SL(3,C). The highest weights cor-
respond to pairs (n,m) of nonnegative integers, each representing twice the spin of an
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appropriate SU(2) subgroup. For example, (1,0) corresponds to the identical represen-
tation, (0,1) to the contragredient of the identical representation (the representation
induced on the dual space) and (1, 1) to the adjoint representation. We write A, ,,, for
the highest weight corresponding to (n,m), D™™ for the corresponding irrep and dy,
for its dimension. Recall that

1
dpm = §(n—|—1)(m+1)(n+m+2).
As for SU(2), due to N = 2, the only reduction tree is the cherry, and a labelling is given
by two leaf labels, A\p, m, and Ap,m,, and a root label, (Apm.k) € (Animis Angms))-
Thus, the elements of £Y((Anym1s Angme)s Anym) are enumerated by the multiplicity
counter k. Therefore, the quasicharacters are labelled by the triple (An, m,, Ang.mas Anm)
and two multiplicity counters k’, k. For simplicity, we will denote
~C k' IS (()\n ,m 7)\77, ,m )7(An,m7kl))

(anml,n2m2’nm)k T (v)(O\ni,mi7>\nz,mz)7(/\n,mvk)) ’
In addition, we will omit the brackets and the multiplicity counters k, &’ in case the
multiplicity is 1. Let us compute the norms. By (2.8),

|

To compute the exponent, let a; and ag be simple roots of s((3,C). Then,

k/2

-C _ dum 8 (1 Ang g +2+ Ang,my ol
(anml,ngmg,nm)k - 7(77‘”) € ( L " 22 | )

dnl ;1M1 dn2 ;12

2n+m n 4+ 2m
= +

p=oa1+a, Anm 3 ™ 5 2
and hence ) )
P + pl? = (n+1)°+ (m+ 1)3 +(n+1)(m+1) o,
where we have used that |a;| = |ae| and Hopon) (Cartan matrix). Since sl(3,C)

las |
is simple, the invariant scalar product in su(3) can be written in the form

(X,V) = —2;2 fr(XY)

with a scaling parameter 5 > 0. Then,
’Ofl|2 - 452 )

so that, altogether, we obtain

I iyt G ) (4.14)

dnl PO an 12

/
([CE—

with
(n+1)2?+(m+1)%+ (n+1)(m+1)).

[GVIN V)

Cn7m =
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According to [6], the Clebsch-Gordan series for twofold tensor products reads

min(n,m’) min(n',m)

DM Dn’,m’ _ @ @ DnJrn’fifj,erm’fifj
=0 7=0

min(n—i,n/—j)

® @ Dn+n’—i—j—2k,m+m’—i—j+k
k=1

min(m—j,m’—1)
® @ Dn+n/—i—j+k,m+m’—i—j—2k ) (415)
k=1
For the ordinary Clebsch-Gordan coefficients, we introduce the shorthand notation

Cn1m1,n2m2,nm,k R C)‘n1,m17>‘n2,m2 7>\n,m7k
J1 52514 T HLLE2, ’

with the convention that k can be omitted whenever the multiplicity is 1. For the
computation of these coefficients, see [1].
Now, we can express r1 in terms of the modified quasicharacters. Putting

ti(ar,a2) := tr ((a1a2)?), ta(ay, az) = tr(ata3),

we can write
ri:=t; —tg.

For t1, we find

ti(ar, a2) = Z Dxlflouz(al)Dfltéous(a2)D;1¢30u4(a1)DL1tlou1(CL?)
,LLZ‘GW(/\]”())

= Z (A0, 1] ® (Ar0, 3] [ D0 (a1) ® DV0(a1)||A1,0, p2) ® [A1,0, a))
wi€w(A1,0)

- ((A1,0, 2] ® (A10, pal|[ DV (az) ® DM(ag)||A10, p3) @ [Ar0, 1))

= E 10,10,A1 ~10,10,A1 ,~10,10,A2 ~10,10,\2
o Z Z 0#1#371/1 CMQ,M,V{ Cﬂ2yu47l/2 C/j,g,ul,ljé

pi€w(A1,0) Ai=X2,0,20,1 v, vi€u(N;)

A A
. DV11V{ (al) Dyjyé (CLQ) y
where we have used that the ordinary Clebsch-Gordan coefficients can be chosen to be

real. We have
10,10,01 __ _ ~10,10,01 (10,10,20 __ (~10,10,20
B2,pa,p T B2, B2, Hsph L2,

Thus, by orthogonality,

Z (110,10,20410,10,20 ~10,10,20 ~10,10,20 s

R RN g T N 2R e 1 TP T WIZ WIS Y :5%1/ 51/,;/7

pi€u(Ai,0)

10,10,01 ,~10,10,01
§ : 010,10,01010,10,010 0,08 A20,2U, :*5;1,1/’6

M3, 01 s 25V o ! s, v,
Hi€w(A1,0)
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whereas the mixed terms vanish. Hence,

ti(a,a) = > Did(a)Did(az) — Y Dpyp(a)Dyl(ag). (4.16)
w,v€u(A2 ) psv€w(Xo,1)

To express t1 in terms of modified complex quasicharacters, we compute the expansion
coefficients with respect to the ba@s of complex qaracters. According to Corollary
2.3, it suffices to compute the scalar products of the restriction of ¢; to G? with the
normalized real quasicharacters. According to point 1 of Proposition 3.13,

§ : § : Cnlml,ngmg,nm,k
1,2,

kl
(anml,ngmz,nm)k (a17a2) =

dnl 1M1 an ,1M2

d
e Pt €5(Any my ) HEW(An,m)
k' ~n1,m no,m
. oM neme, ok pynayma oy pnema oy
AN AT (a1) i a2 (a2)
Using
1
ni,mi n2,Mms2 R
<DM1V1 ‘Duzvz >L2(G2) - d 5n1,n2 6m1,m2 5#1#2 6V17V2 )
ni,mi
we obtain
((x )k’ fhiee) = On1,20m1,00n5,20m,1,0 Z (20:20,nm,k (~20,20,rm. k'
nimsi,nama,nm G — ’ ’
k r d20 /dnm , v RV
) ) wop' €w(Xg o)
vew(An,m)

. 6n1,05m1,15n2,05m171 Z COl,Ol,n,m,kCOLOLn,m,kz’
7 W op,v NI % )
dO,l dn,m .U‘v//‘le"’(/\o,l)

vew(in,m)

By (4.15), we have
D2’0 ® D270 — D4,0 D D2’1 @ DO’Q, DO,l ® DO,l — D0,2 D Dl,() ) (417)

Hence, k, k' = 1 and the relevant values of (n,m) are (4,0), (2,1) and (0, 2) for the first
sum and (0,2) and (1,0) for the second sum. Using

20,20,40 _ ,~20,20,40 20,20,21 20,20,21 20,20,02 _ ,~20,20,02
Cu’,u,v _Cu,u’,l/ ’ Cu’,u,v __Cu,u’,v ’ Cu’,u,v _Cu,u’,v
01,01,02 _ ,~01,01,02 01,01,10 _ ,~01,01,10
CM/#W *Cmu’,v ’ CM’,M,V T v

and taking the sums over weights, we finally arrive at

_ oC ~C ~C ~C ~C
11 = X20,20,40 — X20,20,21 T X20,20,02 — X01,01,02 T X01,01,10 -

A similar calculation leads to
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_ 10,10,A1 +10,10,A1 ~10,10,A2 10,10, A2
tz(al’ ag) o Z Z Z C,ul,m,vl C;,Lg,y,g,l/i Cﬂ3,u4,l/20u4,u1,u§

pi€u(A1,0) Ai=A2,0,A0,1 14,V €w(A;)
A1 A2
Dulz/i (al)Dllgllé (a2)

and

@)= Y eamBean 3y

dx. dy, d
Ai=X2,0,A0,1 AL BAz Bnemecu(A o) vEW(Anm) iVl Eu();)

< (anml,ngmg,nm) k

C].O 10 )\1 10 10 >\1 10 10 )\2 10 10 >\2 )\1,/\2,nmc>\17>\2,nm
I:l H1,042,01 M27M3:V1 H37N4»V2 u4,u1,y2 V1,2,V Vl,y2,1/

Here, in addition to (4.17), the Clebsch-Gordan series D*? @ D%! = D?! @ DY oc-
curs, showing that, still, k, k" = 1 throughout. Evalution of the sums using the online
calculator [1] yields

~

1. ¢ 1. ¢ 1. ¢ L ¢ L ¢ I ¢

_ oC
l2 = X20,20,40 — 5X20,20,02 = 5X20,01,21 ~ 5X01,20,21 + 5X20,01,10 + 5 X01,20,10 + 5X01,01,02

so that, altogether,

3 1
N N N ~C
P = —X2020,21 T 5 X20,20,02 + 5 <X20,01,21 + X01,20,21)

1 3 ¢ 3

.C ~C ~C
) <X20,01,10 + X01,20,10> ~ 5 X01,01,21 + 5 X01,01,10 - (4.18)

To illustrate the computation of t@natrix elements of 7T, we restrict attention to the

case where (rl,le[r, s) = (0,1) and (rg, sz)ﬂ, 0), thus deriving a specific row of
the matrix. First, we compute the coefficients (4.6). As an example, consider the
contribution of the term )2(50’20721 to (4.18). According to Corollary 3.10,

(20,20,21),(01,00,01),k / ~ I

~C ~C _ (nimi,nema,nm,l)k
50,2021 X61.0001 = Y BOV) oo o mir) . Koy mgmanm); B(V)

(20,20,21),(01,00,01),k *

where the sum is taken over ny, my,ne, mo,n, m, k, k satisfying

Animis k') € (A20, A0 s (Anamas k) € (A20, M0 »
()\n,my k) € <<)\2,17 )\0,1>> y ()\n,my l)7 ()\n,mv ll) € <<An1,m1a)\n2,m2>> .

Clearly, the second condition yields (n2, mg) = (2,0) with k? = 1. Since
D20 g POl — p2l o plo
the first condition implies that (n1,m1) = (2,1) or (1,0) with k' = 1. Since

D2,1 ® DO,l — D2’2 D D3,0 D Dl,l
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the third condition implies (n,m) = (2,2), (3,0) or (1,1) with £ = 1. Then, due to

D2,l ® D2,0 — D4,1 D D2,2 D D3,0 D DO,3 D Dl,l DLO ® D2,0 — D3,U D Dl’l
the last condition implies that [ =1’ = 1 and that (nymq, nemse, nm) can take the values

(21,20,22), (21,20, 30), (21,20,11), (10,20, 30), (10,20, 11).

Since in addition R(V) is real and thus coincides with its transpose, we obtain

C Ne _ 2 Ne
X20,20,21 * X01,00,01 = Z W imy nm Xnyma,20,nm » (4.19)

(n1mq,mm)

where the sum runs over the tuples
[ J(namy,nm) = (21,22), (21,30), (21,11), (10,30), (10,11).
Here, according to Theorem 3.17, we have expressed R(V) in terms of the 9\ symbols

A2  A20 A1 1
Aot Ao Ao 1
)\nl,ml AQ,O >\n7m 1

[ 1] 1 11

According to Remark 3.15, the 9\ symbols can be expressed, in turn, in terms of ordinary
Clebsch-Gordan coefficients. Since the latter are real and since

Wn1m1,nm -

(4.20)

A20,0,A,1
CM17M27N3 - 5#1#3 ’

we obtain

2 : 020,20,21 CQl,Ol,nm 20,01,n1m1 Cn1m1,20,nm

an nm — 1,2 1 1,1 ,1 1,2
1, R R G R N A G P B35 7 5145

9

w2,k pd

for any given p§ € w(A,m). The ranges of the summation variables are

piopg €wMlo),  pfew(hon), p3€whaimy).  pg €w(Xoa).

Using the tables of isoscalar factors in [20] and t%e tabulated values of SU(2) Clebsch-
Gordan coefficients to compute the Clebsch-Gordan coefficients in (4.20), we find

V3 V6 1 V10
Warge =1, Waiz0 = — 5 Wai11 = — 7 Wioz0 = 3 Wioa1 = e

This can also be checked using the online calculator [1]. Thus,

V3 o Vo ¢ | . VIO

~C ~C _ oC o “ “ ~C
X20,20,21 * X01,00,01 = X21,20,22 — 5 X21,20,30 — 4 X21,20,11 + ) X10,20,30 T 4 X10,20,11 -
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[]

The corresponding contribution to the factor M i‘@ﬁ) can be obtained from the right
hand side by replacing the modified icharacfers by appropriate Kronecker deltas.
By analogy, we determine the contributions of the other terms in (4.18). Putting all
of this together, and computing the norm ratios using (4.14), we finally arrive at the
following formula for the elements of the row of 7% under consideration:

~C\n1mi,nomo,nm.k'k
(71 )01 00,01

3 1 LT L i
=——=2z 9 ——z0 +-2z70 )yt —= 25
/30 0,(21,20,22) ~ 0,(21,20,30) T 5 (),(21,20,03) S\f 0,(21,20,11)
30 1 7 V3 g
+ —=20 +—=2"0 +—2"0
o/15 27 0(),(21,01,22) \/62 (),(21,01,30) — 12\ﬁ ,(21,01,11) 4 27 0(),(02,20,22)
1 1 NG 1
BTG 27 0(),02,20,11) — 75 5 8 8(),(02,20,00) + 12 ? %8(),(10,20,30) to1%2 % 8(),(10,20,11)
NG 1 7 1
Y 27 6(),(02,01,03) + 1 22 6(),(02,01,11) — 12\[ oot ¢ 2 6(),(10,01,00) -
Here, ,
2= ehB/3

and the double bracket () in the Kronecker delta symbols is a shorthand notation for
(nim1, noma, nm).

5 Outlook

For future work, the following tasks will be interesting.

1. There is a deep relation between rooted binary trees and trivalent graphs [2,35]. Tt
would be interesting to study whether our methods may be reformulated in terms
of trivalent graph theory.

2. For a systematic investigation of G = SU(3), it seems reasonable to start with
continuing the analysis of the strata subspaces and their orthoprojectors for N = 2,
the simplest situation where all the strata are present.

3. In future work, the spectral problem of the quantum Hamiltonian for both G =
SU(2) and G = SU(3) should be studied along the lines explained above.
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A A direct proof of Corollary 3.10

Here, we prove this corollary by means of the composite Clebsch-Gordan coefficients.
Let T be a coupling tree. For simplicity, we assume that the leaves of T" are numbered
., N. For i = 1,2,3, let \; be a leaf labelling of T, let \; € ();) and let «; €
LT(X\;, \). Let k be an assignment of a positive integer to every leaf of 7' and let k be
a positive integer. Assume that (as, k, k) € (a1, a2)).
Under the identification Hy \, = Hy, ® H),, the vectors [TT;[a1 - az, (A, k)], 1),
where (A, k) € ((A1,A\2)) and p € w(A), can be expanded with respect to the tensor
product vectors |T; aq, p1) ® |T; g, p2), where p; € w(\;), and vice versa:

7T far oo, (R )y = Y. D O
}Llew()\l) QGW()\Q)

mx(f1)
IT; 00, 1) @ [Tz, ) = Y > (CRn2a™) | ToT5 o - g, (W B)] i), (A1)
(M) p=1

p1) @ |15 oo, p2)

where [i := fi1 + fio and p := (fi, i) and where the sum is over (A, k) € (A, A2)) such
that w(\) contains fi. Similarly, under the identification

N
HAl*AQ = ® (HA? ® H)‘;) )

n=1

the vectors ‘TV; (a1 * ag, 043,@],/0, where p € w(\3), can be expanded with respect to
the vectors

Vi (AL A3 (A3, BY), 1) @ @ vy (A, A, (AL EY)), 1),

where p" € w(\%) for all n. Here, (A}, A%, (A}, k™)) stands for the labelling of V assigning
T, A3 to the leaves and (Aj, k™) to the root. To find the expansion coefficients, we first
expand with respect to the tensor product basis,

TV lanwazaghmy = > Y COIEE Awdg o). (A-2)
153 Ew()\l) HQEW(/\Q)

In view of (3.16), we may factorize the composite Clebsch-Gordan coefficient as

malL 1(f13) AN N (B3)
VA [ kao,a3] Z )\ A )\g,k"
C(T ) Hpithy ot B C “37“ H17#27N3 ’
fi3=1 iy =1
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]

where (1% := A + 45 and pf = ({5, fi). Decomposing the sum accordingly, from (A-2)
we obtain
|TV7 [061 * (g, 043],/,L>
Al PUBYINNL
= >, cpu | K CoOmimt ™™ T ) @ A3 )
g€u(Ag) n=1 \puyew(A}) pzcu(Ag)

Since

SN O A @ 8 ) = [Vi (AT AR (N8, ")), )

ppew(A) ppew(Ap)

we may rewrite

TV [on # ag, sl ) = Y C(T)E, Vi (AL Az, (Mg, k1)), p)y @ -+
K EW(A3)

I:l | | | | e ® ‘V3 (/\{\77)‘9[7()‘5]3\[7]‘71\[))7”3]‘)\7>' (Af?’)

Now, we use (3.7), (A-1) and (3.14) to calculate

= > > AT;al,m|D*(a)|T; an, 1) (T; oy, 2| D22 (a) | T vz, o)

= > Y ((Thah, m| @ (T;ah, pa| [DA22(a)| [T a1, 1) @ |T 2, o) )

m(fa+fiz) my(fa+pz2) L
- X X 2 X 2 Cees Caktime)
(T3 [ - b, (VK] (i + o
(AK), (XK EALA2) pew(A) p'e z(:
(T3 [ - b, (VK)o

=3 > (TTi[of - ah, (A K) ]nDM’% ‘TT a1z, (LK), 1)
Akk! pew(N)

=
=
m
-y
>
2
=
[V
m

>D* 2(a) | 7T a1 - az, ()], (i + fizs 1))

o, fl
A2 N (oA Ak
Yoo DL Calnnt Gty
N) pr€u(Ar) pocw(Az)
X% (@) 7T [ - 0z, (A, K)], 1)

where the sum is over A € (A1, A2) and k = 1,...,m(y, »,)(A). In the last step, we have

used
AL A2,N K A A2, K
Z Z Cor izt (Cmvuzu ) = O Okt Oy -
p1€w(A1) po€w(Ae2)
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Inserting the unit operator

= Z Z TV [a1 * g, s, K], s ) (T [on * oz, 3, k], s

ask 13

twice and using the relations

<T T [al a2,(A k 'U'|H‘T al *a2?a3ak]7ﬂg> :5)\,)\’ Oyt R( )0/10/27]67

sy Oz&k’
(T [on * g, o3, k], pg| T TT5 Jog - g, (A, K], 1) =02 Opup R(T)szmk,

we obtain

- oh a Labk as.k

XD @) (T2 (@)= 3 D> RTE" RTG,
az,of kk' k
: (Z (TV; [0} * oy, oy, k'), p| D22 (a)| TV [an * an, a3, k],u>> ,

I

where ag and «of assign the same highest weight A3 to the root and p € w(A3). We
plug in (A-3) and use unitarity of the isomorphisms (3.2), as well as (3.15) and (3.7),
to rewrite the sum over p as

Z(T\/ o) x oy, ol kK M‘DJ 172 }T [ * ag, a3, k], 1)

= Y Y (emp)om,

o peu(dg) pwew(dy)

N
-<H<v;( PN (O R). " DY @ DY (@) [V (N7 X5, (5, k7). ”>>

n=1

=0 2 D D (CR,) O (A [ D*(@)]2s )

Boopew(dg) pew(dy)

=0, ), O/ Z<T 0‘3#“D/\3 )T e, p2)

= Ox, ), Ok X(T)Z3 (a).

3

Plugging this in, we finally obtain the assertion.
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