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1 | INTRODUCTION
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Abstract

Economic forecasts, such as the Survey of Professional Forecasters (SPF), are
revised multiple times before realization of the target. This paper studies the
sources of forecast revisions. By decomposing the fixed-event forecast error
into a rational component due to unanticipated future shocks and an irrational
component due to measurement error in acquired information or forecasters'
reactions, we derive the conditions under which fixed-event forecasts that con-
tain an irrational forecast error can still possess the second moment properties
of rational forecasts. We show that internal consistency of fixed-event forecasts
depends on the magnitude of the rational and irrational components in the
revisions. As such, fixed-event forecasts subject to irrational error may still be
internally consistent, although they are not rational, as evidence in many
empirical studies. We illustrate our methodology with the SPF inflation fore-
casts data. Our results show evidence of a sizeable and heterogeneous irratio-
nal forecast error component across forecast horizons and a high irrational-to-
news ratio for most forecasters. This finding also provides insight into why
forecast revision effort is not always fully compensated by revision reward.
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consistent with each other, is often used to assess the
“term structure” of fixed-event forecasts across horizons.

The rationality of multi-horizon fixed-event forecasts is
formed on the rational expectations hypothesis that ratio-
nal forecasters efficiently utilize existing information
when forming and updating their expectations. Several
econometric frameworks have been suggested in the liter-
ature to investigate whether information is incorporated
fully and immediately into recently released forecasts.
For instance, internal consistency, which describes that
rational forecasts of the same targeted event that are pub-
lished at different forecast horizons should be internally

Patton and Timmermann (2012) provide a suite of second
moment bounds implied by a sequence of rational fore-
casts. Specifically, as the forecast horizon grows, rational
forecasts are expected to have (i) weakly decreasing vari-
ance; (ii) weakly increasing mean squared errors (MSFE);
and (iii) weakly increasing mean squared (cumulative)
revisions (MSFR).

The empirical evidence on these conditions is often
mixed in the sense that only a restricted set of them is
observed in the data. For example, Figure 1 illustrates the
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FIGURE 1 Mean squared forecast error, forecast variances,

and mean squared forecast revision for the U.S. headline CPI
inflation (%)

sequences of MSFE, variance of the forecasts, and MSFR
from the mean responses of the Survey of Professional
Forecasters (SPF) for the quarter-over-quarter headline
CPI inflation from 1981:Q4 to 2018:Q1." Although the
MSFE and MSFR decline as forecast time approaches the
target date (thus satisfying forecast rationality), the vari-
ance of forecasts decreases contradicting forecast ratio-
nality. Such a mixed outcome is also reported in Patton
and Timmermann (2012),> where the Federal Reserve
Greenbook forecasts for three macroeconomic variables
from 1981:Q2 to 2004:Q4 were evaluated. Similar to the
SPF mean forecasts of inflation (Figure 1), Patton and
Timmermann (2012) find that both the MSFE and vari-
ance of forecasts of GDP deflator decrease as the forecast
horizon shrinks, but the GDP growth forecasts do not
present decreasing MSFE despite the fact that the vari-
ance increases as the horizon decreases.

This raises the question of whether a violation of any
internal consistency conditions in Patton and Tim-
mermann (2012) implies irrational forecast revisions.> In
other words, given that the forecasts are “irrational,” can
they still be internally consistent, and if so, under which
conditions?

To investigate these questions, we consider a bi-error
framework where a fixed-event forecast is decomposed as

!Historical SPF forecasts of CPI inflation rate can be downloaded at
https://www.philadelphiafed.org/research-and-data/real-time-center/
survey-of-professional-forecasters/data-files/cpi, The Federal Reserve
Bank of Philadelphia (2020)

2See Figures 1 and 2 of Patton and Timmermann (2012).

*Irrational forecast revisions refer to the revisions that do not efficiently
incorporate newly available information.

the sum of rational and irrational components (similar to
Chang et al., 2013; Davies & Lahiri, 1995) and document
why mixed outcomes of Patton and Timmermann's
(2012) second moment bounds may be observed in real
data. Specifically, we hypothesize that an unbiased fixed-
event forecast is subject to two types of forecast errors: a
rational forecast error that occurs due to unanticipated
information over forecast horizons; and an irrational
forecast error that occurs due to either measurement
error in news or forecasters’ “irrational” behavior to
news. Unlike the existing literature, we allow for hetero-
geneous variances across horizons for both irrational
error and the newly arrived information in revised fore-
casts. This assumption aligns with the uneven informa-
tion flow discussed in Isiklar and Lahiri (2007), Lahiri
and Sheng (2010), and Lahiri (2012) and is strongly
supported by the empirical analysis of the SPF CPI infla-
tion forecasts (see Section 4.2).

We derive the conditions under which fixed-event
forecasts containing an irrational forecast error can still
possess the second moment properties of rational fore-
casts. We show that the internal consistency conditions
are determined by the variances and correlations of irra-
tional error and newly arrived information and that the
requirements among the suite of internal consistency
properties are not always the same. Therefore, it is possi-
ble to observe only a subset of monotonic patterns in the
second moments of fixed-event forecasts in empirical
data. In essence, our finding suggests that fixed-event
forecasts may be internally consistent but not rational.

In addition, we use the bi-error model to show that
overreaction to news results in a sequence of forecast
revisions that follow a first-order autoregressive
(AR) process with a non-positive coefficient. Therefore, a
Nordhaus-type test for forecast rationality, as suggested
by Clements and Taylor (2001), is likely to be rejected in
the presence of irrational forecast error. We show that
the magnitude of the irrational-to-news ratio (i.e., the
standard deviation of irrational error relative to the stan-
dard deviation of news) plays a key role in this test out-
come. Although a rejection of the Nordhaus-type test
implies that forecasts are not rational, a subset of internal
consistency conditions may still hold. In the empirical
application of the SPF inflation forecast data (see
Section 4.2.2), a Nordaus-type test rejects rationality for
most forecasters due to large irrational-to-news ratios.
However, Patton and Timmermann's (2012) second
moment monotonic patterns are observed for many of
these forecasters (see Table 2).

Literature close to our study includes Isiklar and
Lahiri (2007) and Lahiri (2012), who compare revision
effort and revision reward to assess whether rational fore-
casters react to news in an optimal way. By allowing for
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the presence of an irrational component in the multi-
horizon fixed-event forecasts and a potential non-zero
correlation between the irrational component and the
newly arrived information, this study generalizes Isiklar
and Lahiri (2007). We show that if the revised forecasts
contain an irrational error that is uncorrelated with the
target or is due to overreaction to news, the revision
effort measured by MSFR cannot be fully remunerated by
the improvement in MSFE, meaning that forecast revi-
sions are suboptimal. We demonstrate that eliminating
irrational errors in revisions is not the only reason for
revision effort to be fully rewarded. Remuneration can
also be achieved when forecasters smooth news in a way
that the irrational-to-news ratio does not exceed the the
correlation between the irrational error and news. Inter-
estingly, this finding implies that the equality between
the MSFR and the reduction in the MSFE does not neces-
sarily suggest an efficient use of newly arrived informa-
tion or a rational forecast revision.

The remainder of this paper is organized as follows.
Section 2 discusses fixed-event forecast decomposition.
We derive the conditions of internal consistency using
the bi-error model in Section 3. Section 4 illustrates our
methodology with a panel of the SPF inflation forecasts.
Finally, Section 5 concludes. Additional proofs are
included in the appendices.

2 | SETUP
Let y, denote a target event and y,,_, be a fixed-event
h-period ahead forecast of y, before the target date ¢
(i.e., h<t), where h=1,2,...,H. The initial forecast, j)m,H,
is made at the longest horizon h = H and is then updated
as the forecast horizon shrinks. The long, medium, and
short horizons will be denoted by I, m, and s, respectively,
hereafter, and we assume that [ >m >s. We can decom-
pose y, (see Davies & Lahiri, 1995) as
Yt:y;\kt—h""%h’ (2.1)
where J;,_,, is a rational forecast at horizon h (i.e., the
unobserved value y, would take on for time ¢ if no shocks
occurred from horizon h until t). The term A, represents
the cumulative effect of unanticipated shocks that occurs
from horizon & until ¢, that is,

(2.2)

h—1
Ath = E Wi t,
i=0

where w;; are independent across i and ¢, each with a
zero mean and a finite variance o2, (i.e., 0 <02 <o), and

i

are uncorrelated with y;, ,. In this representation, we
refer to Ay as the rational forecast error (Davies &
Lahiri, 1995). Figure 2 illustrates the timing of rational
forecast JA’thf , relative to aggregate shocks that occur after
the forecast is made. Rational forecasters update the pre-
viously made forecast ﬁ[thhfl by incorporating newly
arrived information wjp; but do not anticipate future
shocks wp_1y,...,w0,. Therefore, 4, is orthogonal to the
rational forecast component y,, , by construction, that
is, Cov(ith,leFh) =0, and as a result, we have
Cov(iuny) = Y1y 02, > .

Now, consider the following decomposition of the
forecast y,_,, (similar to Chang et al., 2013; Davies &
Lahiri, 1995)*:

}A}t\tfh :.)A)[Tt—h =& (2.3)

where —¢,, is the irrational component added to the
rational forecast to form a fixed-event forecast. The irra-
tional component (—¢&;,) is orthogonal to rational forecast
errors that are unanticipated future shocks.

Irrational component of fixed-event forecasts may
exist for various reasons. First, noise or measurement
error embedded in the information received by fore-
casters is uncorrelated with the true effect of shocks to
the target, thus rendering forecasts irrational. For
instance, Jeong and Maddala (1991) identify that errors-
in-variable lead to rejection of the rational expectations
hypothesis. Lovell (1986) characterizes the type of error
uncorrelated with the realization as an “implicit” forecast
error on the basis of the implicit expectation hypothesis
by Mills (1957). Second, the irrational forecast compo-
nent may be correlated with the target if forecasters have
incentives to ignore or partially update newly arrived
information. Schotese (1994) models forecasts based on
the objectives of both accuracy and reputation and argues
that forecasters who attempt to cultivate a reputation for
producing stable forecasts intentionally underutilize the
currently available information in order to smooth fore-
cast revisions. The evidence of information rigidity in
professional macroeconomic and financial forecast revi-
sions has been empirically documented; see Abarbanell
and Bernard (1992), Coibion and Gorodnichenko (2015),
and Andrade and Le Bihan (2013). Because smoothing
aims to reduce the impact of available information, a
negative correlation between the irrational forecast

“Chang et al. (2013) decompose forecasts to econometric model-based
forecasts and an expert's intuition for investigating relationship between
current revisions and lagged revisions. Their econometric model-based
forecasts are defined as conditional expectations of the target based on
the data generating process and hence are essentially the same as our
rational forecast component.
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Time when forecast J;|¢_(n+1) is made

FIGURE 2
timing of forecasts and the range of

Illustration of the

aggregate unanticipated shocks

Time when forecast J;|;_p is made

component and acquired information of the target cap-
tures such an “irrational” behavior of forecasters. Third,
forecasters may overreact to new information. For
instance, stock market investors may overlook the impact
of news on the fundamentals when forming their expec-
tations on stock prices, which could explain why the
stock price movement is much more volatile than that of
the counterpart macro fundamentals (see Bordalo et al.,
2018; Shiller, 1981). As such, overreaction to news
requires the irrational forecast component to be posi-
tively correlated with newly available information.

To account for all these various settings, we consider
the following assumption on the irrational forecast error
&, and the unanticipated shocks wy,;.

Assumption 2.1. (a)é; are independent
across t and h have zero mean and variance
oi(h) =0z, for h=1,...H; (b)Cov({y,wie) =0
ifl#Zhforany h=1,...,H.

Assumption 2.1a implies that the usual monotonic
pattern of the rational forecast component is no longer
guaranteed, as this variance may increase or decrease
with h. Assumption 2.1a also characterizes the irrational
forecast component as being uncorrelated across hori-
zons (as opposed to the rational forecast error) and non-
autocorrelated over time. Assumption 2.1b indicates that
Cov(éy,w;) 70 only when [=h. This assumption
allows the irrational forecast component to be correlated
only with the newly arrived information, not with any
earlier news that have already been incorporated in pre-
viously released forecasts.

Under Assumption 2.1, forecasters smooth newly rev-
ealed information when the irrational forecast compo-
nent, —&,, is negatively correlated with the
unanticipated shock wp,, that is, Cov(—&,,wn,) <0, and
they overreact to newly revealed information when —¢&,, is

Range of unanticipated shocks over horizon /

positively correlated with wy,, that is Cov(—¢, , wp,) > 0.
Because we have Cov(&y,,wh) = 0h0,,0:,, Where 0y, is the
common correlation coefficient between &,, and wy, for
all ¢, the condition for smoothing news is equivalent to
0 < 6, <1 whereas the condition for overreacting to news
amounts to —1<6,<0, given any forecast horizon
h=1,...,H. Clearly, 6, measures the reaction of fore-
casters when new information arrives. In this perspective,
implicit forecast error occurs when Cov(yy,_, &) 7 0 and
Cov(y,, &) =0 for all ¢ given any h.

From (2.1) to (2.3), it is easy to see that the forecast
error made at each horizon, eyn =y, —y,,_;, takes the
form

h—1

€th = Zwi,t + <o (2~4)
i=0

where the summation term is the rational forecast error
due to unanticipated information that occurs after the
forecasts were made and &, is the irrational forecast
error.” Equation (2.4) characterizes a bi-structure of the
forecast error ey. A similar expression was given earlier
in Davies and Lahiri (1999) under the assumption that
w;; are independent across i and t. Equation (2.4) shows
that forecast revisions are made due to two reasons. First,
forecasters update their forecasts due to the amount of
new information aggregated after the forecasts were
made. Second, forecasters update their forecasts to adjust
the irrational forecast error components. Specifically,
note that we can express the difference between short-
horizon and long-horizon forecasts (for the same target
¥,), under (2.4), as:

°It is important to remember that the rational forecast error made at
horizon h is by definition uncorrelated with the irrational forecast error
component.
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N ~ -1
Aest :=Yir—s — V1= Zi:sa)i’t +&n—&is- (2.5)

The first term Zﬁ;;wi,t is the aggregated amount of
new information relevant to the target y, that is incorpo-
rated in the updated short horizon forecast. This revision
component is the reduction in rational forecast error. The
last two terms indicate an adjustment to irrational fore-
cast components. Note that the irrational component of
the short-horizon forecast (i.e., —&;,) may be correlated
with w;; but is uncorrelated with w1, ...,@;-1, The next
section characterizes the conditions for internal consis-
tency of fixed-event forecasts under the bi-error
structure (2.4).

3 | INTERNAL CONSISTENCY

A simple but powerful testing framework for fixed-event
forecast rationality is to investigate the monotonicity
properties of second moment bounds across multiple
horizons. In this section, we discuss the internal consis-
tency of fixed-event forecasts subject to both rational and
irrational forecast errors. Patton and Timmermann
(2012) characterize internal consistency of fixed-event
forecasts by second moment bounds of forecast errors,
revisions, and the target. In this study, we extend the con-
cept to include a comparison between forecast reward
and forecast effort, which are both measured by the sec-
ond moments of fixed-event forecasts.

It is well-known that rational forecasts are internally
consistent across horizons (see, e.g., Lahiri, 2012; Patton
& Timmermann, 2012). However, because the bi-error
decomposition (2.4) incorporates an irrational compo-
nent, an understanding of the extent to which this model
may still deliver internal consistency is of paramount
importance for both forecasters and policy makers. In
this section, we use the framework of Section 2 to
establish the necessary and sufficient conditions under
which fixed-event forecasts are still internally consistent
under the bi-error model. These conditions are for
(a) monotonicity in the variances of forecasts, forecast
errors, and forecast revisions; (b) monotonicity in the
covariances related to forecasts, forecast errors, and the
target; (c) monotonicity and bounds on covariances related
to forecast revisions; and (d) remuneration of revision
effort by the revision reward. The details of these condi-
tions are included in Panels A-D in Table Al of Appen-
dix A. The table also summarizes the implication of these
conditions on the bi-error model parameters, which gen-
erally take the form of inequality constraints between
variances and covariances. A step-by-step derivation of
these conditions is presented in Appendix B.

Our main goal in the following subsections is to show
that in the bi-error model, fixed-event forecasts may still
be internally consistent even when they contain a signifi-
cant amount of the irrational component.

3.1 | Monotonicity in the variances,
covariances, and bounds on covariances

We first study the condition for monotonicity in the vari-
ances of forecasts, forecast errors, and forecast revisions.
As discussed in Section 2, a rational forecast error is
information yet to be available to forecasters at a given
horizon. Hence, the irrational forecast error made at the
same horizon is independent to the rational error compo-
nent. Consequently, the MSFEs are characterized by the
variances of the two errors, that is,

h—1
MSFE;;_j, :=E(¢},) = > o +03, h=1,.,H. (3.1
i=0

Comparing the values of MSFE between h =s (short
horizon) and h =1 (long horizon), we get

AMSFE, 5 = MSFE,,_; — MSFE,,

-1
32
i Rt 32
i=s

that is, the changes in MSFE are due to either a reduction

. . -1 .
in the rational forecast error (*Zizs Gii) or a correction

of the irrational forecast error (Jé —aé). The relative

size of these two sources determines whether MSFE can
be improved by forecast revisions. Clearly, we see
from (3.2) that

-1
E(el) <E(e}) < Z(fii > Ui - 6?1, (3.3)

i=s

which suggests that nondecreasing MSFE with horizon h
can be observed under the following two scenarios. First,
when revisions lead to a smaller size of irrational
forecast error, we have 6?& —oé <0, and hence,
MSFE,;_s <MSFE;,_;, and revisions improve forecast
accuracy. Second, when revisions incur a larger size of
irrational forecast error, as long as the information accu-
mulation during two updating points of time
(i.e., rational component of forecast revision) outweighs
the increment in 642”;1’ revisions are still able to improve
forecasting accuracy.

We can also express the cumulative mean square fore-
cast revision (MSFR) made at the short horizon s for
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revising forecasts made previously at a longer horizon
h> s in a similar way as the MSFE, that is,

h-1
Zam —&—aSg —&—05 —2Cov(wsy, &)

i=s

MSFR; g, = ( mh
(3.4)

Because the covariance term in (3.4) does not depend
on the forecast horizon #, it is straightforward to see that

-1
MSFR; s, <MSFR, g < Zo

wj —

05 —05 (3.5)

i=m

That is, MSFR; g, increases with horizon h (for h>s)
when (i) the variance of irrational forecast error
decreases as the horizon shrinks or (ii) the variance of
irrational forecast error increases as the horizon shrinks
but the increment is less than information accumulation.
This result explains why, more often in empirical studies,
MSFE and MSFR share common patterns across forecast
horizons.

We now focus on the variance of the forecasts. From
the decomposition ey =y, —y,,_, Where e; is given
in (24), it is straightforward to see that
Var(yy,_,) = Var(y,) - Zfl o 0y, 0%, —2 Cov(wn, Em)-
Therefore, for forecasts made at the short horizon (h=s)
and at the long horizon (h =1), it is the case that

-2
E(yt|t—s) yt\t I <:>z:6w —Géz _Gé

2Cov(wsy, &),

(3.6)
+2C0V(0)l,t’§tl) -

which is stronger than the conditions in (3.3) and (3.5) for
the MSFE and MSFR, respectively. In particular, to
observe monotonic patterns in forecast Varlances the
rational forecast revision component, Z , Must now
be greater than the difference in the Varlances of irratio-
nal components between a long and a short horizons plus
twice the difference in the covariances between the irra-
tional errors and the associated unanticipated shocks.

If the irrational forecast error is only a noise irrele-
vant to the target (i.e., Cov(wps, &) =0), and if forecast
revisions were made to reduce the noise

(ie., o} >0; >o02), then incorporating newly available

. . . -1
information (i.e., Zi
tonic pattern in MSFE and MSFR for rational fixed-event
forecasts, even if the noise in the revised forecasts out-
weighs the amount of newly revealed information; thus,
forecasts are subrational.

2 ) leads us to observe a mono-

0}

Under Assumption 2.1, along with (2.1)-(2.4), we can
also derive the conditions that guarantee monotonicity in

the covariances related to forecasts, forecast errors, and
the target. Indeed, it is straightforward to see under those
conditions that for any forecast horizon h, we have:

Var(y,)

Zdil —Cov(wns,&m)s  (3.7)

COV(yt’JA’ﬂt—h)

h—1

= 02, +Cov(wnsEp)-

i=0

Cov(y,,em) (3.8)

Therefore, from (2.4), the covariance between the
short- and any longer horizon forecasts (h > s) is given by

h—1
COV()A)I‘FS,)A/I‘[ n) = Var(y,) — ZU o — Cov V(@ntsEn)-
i=0

(3.9)

The following two equivalences hold under (3.9):

COV(J"nJA’t\zfs) 2 COV(ynJA"ﬂtfl) ACov(y,,ess)

< Cov(y,,en) @Za > Cov(ws, s, &) —

wj —

COV(wl,t:é:zl)’
Cov(Vyi—s:Vijt—m) ZCOV(JA’t\t—s»JA’t\t—l)
-1
< Z ‘73)1- > Cov(@m,>Eum) — Cov(@is,&n).-
=m
(3.10)

Under (3.10), monotonic patterns in covariances
between forecasts, forecast errors, and the target are
observed. We see that for the three covariances to exhibit
monotonic patterns, the accumulated variance of new
information between two updating points must be greater
than the difference in the covariances between irrational
error and contemporaneous information at the two hori-
zons. In empirical applications where the irrational fore-
cast error is simply noise or a measurement error, the
covariance of irrational forecast error and contemporane-
ous information is zero. Therefore, the above conditions
are always met, and monotonic patterns of covariance
are observed over forecast horizons, even if multi-horizon
forecasts contain a substantial amount of forecast error
irrelevant to the target. However, irrational forecast
errors may occur due to smoothing newly available infor-
mation (i.e., Cov(wp, &) >0). In this case, when the
forecaster's smoothing ability is weakened as the forecast
horizon approaches to the target date, the accumulated
variance of information over the two updating points
always prevails. As a result, forecasts and associated
errors covariate with the target in the same monotonic
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patterns as rational forecasts. In a scenario where fore-
casters always overreact to news (i.e., Cov(wp,&) <0),
the strengthening impact of overreaction as horizon
shortens leads to the accumulated variance of informa-
tion over the two updating points to prevail, so that the
covariances in relation to such subrational forecasts evo-
Ives across horizons in the same pattern as rational
forecasts.

We can also establish bounds on the covariances
related to forecast revisions that are made due to both
information adoption and adjustment to the irrational
forecast component. In Panel C of Table Al in Appendix
A, we show that Cov(yy,_s,dism) < Cov(Yy,_s,des) if and
only if Zﬁ;inaii > Cov(wmy,Eim) — Cov(wyy, &), while
Cov(eyn,d;sm) < Cov(ey,d; ) if and only if
Zﬁ;}noi)i >0} —o; for any forecast horizons I>m>s.
These conditions are obviously the same as those
established previously. In the absence of an irrational
error, forecasts are revised only for updating the informa-
tion that has occurred over the period since a previous
forecast was made. Intuitively, the longer it takes to
release an updated forecast, the more information it is
expected to encapsulate, thereby making the newly
released forecasts more relevant to the revisions. How-
ever, in the presence of irrational error, the relevance
between revised forecasts and revisions does not always
increase with the forecast horizon, as it depends on how
irrational forecast error and newly acquired information
change over forecast horizons. The covariance between
the forecast error made at a longer h horizon and the
revision occurring later at a short horizon s, however, fol-
lows a nondecreasing pattern in & under a requirement
of information adoption compared with the difference in
the variance of irrational forecast error only. The type
and the size of irrational forecast error do not affect this
monotonic property.

Patton and Timmermann (2012) propose that the
variance of rational forecast revisions is bounded by its
relevance to the target; that is, we must have
Var(d;s1) <2 Cov(y,,drs) and Var(dem) <2 Cov (Vg dimi)
for any I>m>s. In our bi-error model, these two condi-
tions are equivalent to Zﬁ;;aﬁh_ >0} 407 —2 Cov(wy,&y)
and Eﬁ;:naii >0} +of —2Cov(wy,&,), respectively.
Again, the conditions are similar to the ones previously
discussed. These bounds clearly require the accumulated
unanticipated shocks to be larger in the case of
overreaction than in the case of underreaction. This is
because the variance of bi-error forecast revisions is
higher when the irrational component is made due to
overreacting to contemporaneous news than when it is
made due to smoothing contemporaneous news; see
Equation (3.4). The condition i )02 >0} +0}f—
2 Cov(wyy, &) suits the scenario of a target event

being unobserved. The upper bound is then the covari-
ance value of the revision and the shortest-horizon
forecast.

3.2 | Remuneration of revision effort by
revision reward

In this section, we are interested in the condition under
which the forecast revision effort is compensated by the
revision reward. Isiklar and Lahiri (2007) and Labhiri
(2012) advocate an alternative method for testing rational
fixed-event forecasts, which is also based on the second
moments of forecasts. They compare improvement in
forecast accuracy, measured by a reduction in the MSFE,
with the amount of effort that forecasters make in the
revision process, measured by the MSFR. When revisions
efficiently incorporate newly available information, revi-
sion effort can be fully rewarded by an improvement in
the forecast. Thus, they suggest that the difference
between the two measures may indicate how forecasters
react to new information. Here, we characterize the nec-
essary and sufficient conditions in the bi-error model
(that incorporates irrational forecast error) under which
the forecast revision effort is fully rewarded by forecast
improvement.

Consider forecasts made at a long horizon h and sub-
sequently revised forecasts made at a short horizon s < h.
From (3.2) to (3.4), the difference between MSFR,g, and
—AMSFE, 4, is

MSFR; g, — (—AMSFE; ) = 267 —2Cov(ws,&). (3.11)

We see that this difference depends on the size and
property of the irrational forecast error in the revised
forecasts. If the irrational forecast error exists in the
revised forecast but is simply a noise uncorrelated with
the target event, (i.e., oz, 7 0 and Cov(wy,¢;;) =0), then
the left-hand side of (3.11) is always greater than zero.
Therefore, the revision effort cannot be fully compen-
sated. The same conclusion can be drawn if the irrational
error of revised forecasts is made due to forecasters'
overreaction to contemporaneous news (i.e., if s #0
and Cov(ws, &) <0). This latter implication is consistent
with Lahiri (2012). However, it is possible to observe that
revision award exceeds revision effort. If forecasters
smooth new information when making revised forecasts,
the irrational component offsets the true amount of news
that should be incorporated into the revision. This may
result in the MSFR being reduced due to the smoothing
behavior in forecast revisions. Because the forecast
improvement measure, —AMSFE; g, is not affected by
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this type of irrational forecast error &, it is possible that
news-smoothing leads to MSFR; ¢, < — AMSFE, g,.

Isiklar and Lahiri (2007) find that MSFR is signifi-
cantly less than —AMSFE in private sector forecast data
for real GDP growth of multiple countries. Our bi-error
model provides a framework within which one can char-
acterize the condition under which this occurs. By noting
that Cov(ws, &) = 050,,0¢, Where 6; is the correlation
between w;; and &, (with 6;>0 for news-smoothing),
along with the fact that o > 0, it is clear from (3.11) that

MSFR,,; < — AMSFE, <=0, > -5

s

(3.12)

This means that for forecast improvement to at least
cornpensate revision effort, the irrational-to-news ratio,
that is, 2= . , must not exceed the correlation between the
irrational forecast error and contemporaneous news.
Intuitively, a small value of §; may indicate that smooth-
ing to contemporaneous news ws; is a less dominant
attribute than the irrational forecast error &, and a larger
amount of variation in & is noise that is irrelevant to the
target. As discussed earlier, if the irrational forecast error
is purely a random noise, the forecast revision effort is
less than the revision reward. Thus, in the case of
smoothing contemporaneous news, the noise component
of &, needs to be much smaller than the news in order to
possibly lead to forecast improvement to be at least as
large as forecast effort. Clearly, the equality between
—AMSFE,;y and MSFR;y is a necessary condition for
rational forecast revisions. Rejection of this equality will
suggest the existence of an irrational error component in
revised forecasts that may be caused by either
overreaction to news, underreaction to news, or noise
irrelevant to news. However, retaining the equality does
not necessarily guarantee rational revisions; it can be a
result of smoothing newly arrived news when %i =0;.

Remark 1. (The Nordhaus-type test in the
bi-error model). Clements and Taylor (2001)
provide a theoretical implication of smooth-
ing news in the Nordhaus-type test. Let

dt,h :j’[\tfh _}A}l\tf(m,l), (3.13)

where h=1,...,H —1 denote the difference between the
forecast of y, made at horizon h and the forecast of y,
made at a previous horizon h+ 1. Thus, d;, is the revi-
sion made between two adjacent updating points t—h
and t—h—1. In the absence of irrational forecast error
&y in (2.3), Clements and Taylor (2001) show that

forecast rationality implies that the sequence of revisions
{d;n},h=1,..,H —1 is a white-noise. Therefore, the test
for weak efficiency of forecasts can be formulated as test-
ing for the null hypothesis of #, =0 in the regression

dep = Prdipi1+Ein (3.14)
with {,;, being a white-noise error term. In our bi-error

model (i.e., when &;, is present in 2.3), it is easy to see
from (2.5) and (3.13) that

dip :wh,t+§t(h+1) — S (3-15)
dent1 = Onire + Sinrz) — Eithr)- (3.16)
Therefore, we have Cov(dip,dipt1) =Oni104,

+1o¢,,, —oF , where the first term on the right hand
side is the covariance between the newly arrived informa-
tion at the time when (h+1)-ahead forecast is made,
wp+1r, and  the irrational forecast error of the
(h+1)-ahead forecast, &, 1)- The second term aéhu is
the variance of the irrational forecast error & 1).

Two implications regarding the process of
revision can be drawn from our bi-error
model. The first is that the sequence of revi-
sions {d;;} follows a negative AR(1) process
if Op1 < “r1 This inequality must be satis-
fied if forecasters overreact to news (6.1 <0).

Yet, other scenarios can also validate the
inequality and thus result in a negative S, in
Equation (3.14). For example, when irrational
forecast error is uncorrelated with the newly
arrived information (6,,1=0) or when
forecasters smooth news but 0<6j,; < Pehi1

Second, the absence of irrational forecast
error is not the only reason for observing revi-
sions that follow a white-noise process. If
forecasters smooth news (6p41>0) in a way
that ), = ‘f"“ then Cov(d;j,dip1) =0 so
that g, =0. Consequently, the estimated value
of g, in the regression (3.14) will be close to
zero. Therefore, when testing whether
Hy:p,=0 in (3.14), retaining Hy does not
simply suggest rational forecasts.

3.3 | Conditions for internal consistency

Let Cov(wi, &) = Okoa0¢, for any k € {s,l,m}. Theorem
3.1 gives the necessary and sufficient conditions for
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internal consistency of fixed-event forecasts in the bi-
error model in which forecasts may contain a substantial
amount of the irrational component.

Theorem 3.1. Suppose that (2.1)-(2.3) and
Assumption 2.1 are satisfied. Then for | >m > s,
the necessary and sufficient conditions for
internal consistency of fixed-event forecasts are

-1
(a) Z o2, Zmax{(r5 aé, —(62—63)—4—26160,165
1=

2 2
_203'0—(1)50—5:, QSUMU; - 910—(»10-5” O, +6‘fl

-1
—2016,0¢} N Y 07, >max
i=m

{dém — aé,ﬂmdwm o¢, — 016,,0¢, o‘ém + Ué — 2616, 0'51}
(b) 0<Os<1 A G> 7=

The proof of Theorem 3.1 follows from the derivations
in Appendix B; therefore, it is omitted. The theorem states
that internal consistency may still hold in multi-horizon
fixed-event forecasts that incorporate a substantial amount
of the irrational component. The practical implication of
this result is that forecasts that fail to reject the rationality
test based on the monotonicity of the second moments and
the equality between revision effort and revision reward
may not be rational, even if they are internally consistent.
Because the conditions required for observing monotonic-
ity can be different for various second moments, it is
highly likely that mixed outcomes will be observed in
empirical applications of fixed-event forecasts.

4 | EMPIRICAL APPLICATION

We explore the forecast error characteristics and internal
consistency properties of a panel of SPF forecasts of the
inflation rate. In Section 4.1, we discuss the data set and
the strategy employed to estimate the variances, as well
as the correlation over forecast horizons, of new forecast
information and irrational forecast errors. We then pre-
sent the main results on the internal consistency condi-
tions and discuss their implications in Section 4.2.

4.1 | Data and methodology

The sample of SPF inflation forecasts consists of 146 tar-
get quarters from 1981Q4 to 2018Q1, but most of the fore-
casters do not report their forecasts for all target quarters.
The initial forecast for each target quarter is made 4 quar-
ters ahead, and a sequence of three forecasts is updated
every quarter, with the shortest horizon forecast at

1 quarter before the target quarter, that is, h=1,2,3,4.
The forecast values are for annualized quarter-over-
quarter U.S. headline CPI inflation,® and we compute the
realized values of CPI inflation based on the historical
CPI published in the vintage of 2018Q2.”

Davies and Lahiri (1995) propose a methodology to
estimate the rational and individual specific idiosyncratic
errors and their variances for a panel of multiple horizon
forecasts. However, they assume that the process that
governs new information arriving between consecutive
horizons (i.e., the news) is homoskedastic (constant vari-
ance across forecast horizons) and that the idiosyncratic
error may be subject to individual heterogeneity but has
a constant variance over horizons. Our bi-error model
allows us to relax these strong assumptions by assuming
different variances across forecast horizons. We thus
modify the estimation strategy of Davies and Lahiri
(1995) to allow for horizon specific o, and o7 .

As the methodology developed in this paper applies
to unbiased forecasts, and it is well documented that the
forecasters in SPF data may be subject to individual spe-
cific bias, we first estimate the individual bias and then
remove it from the forecast error made for a target time ¢
at horizon h, so that the remaining forecast errors have a
bi-error structure. Specifically, let ¢; denote individual
j€{1,2,..,N}, where N is the total number of forecasters.
Averaging individual forecast errors over horizons and
target time yields an estimated individual bias:

5 1 I H A
b; _EZZ (yt _yj,t\tfh)'

t=1 h=1

(4.1)

The bias-adjusted forecast error made at horizon & for
a target time ¢ by forecaster j is thus €, =y, — ;- — (Zj
and the rational forecast error is estimated by averaging
€ OVer j

(4.2)

. 1
At = N ;ej,th-

Given Equation (2.2), the newly arrived unanticipated
information for forecasts made at horizon h, wy,, is esti-
mated as

SThe individual forecasts can be downloaded at https://www.
philadelphiafed.org/research-and-data/real-time-center/survey-of-
professional-forecasters/data-files/cpi, The Federal Reserve Bank of
Philadelphia (2021a).

“Real-time CPI can be download at https://www.philadelphiafed.org/
research-and-data/real-time-center/survey-of-professional-forecasters/
data-files/cpi, The Federal Reserve Bank of Philadelphia (2021b).
Quarterly CPI values are firstly computed by averaging monthly CPI
within the quarter and are then transformed to quarter-over-quarter
inflation, expressed in annualized percentage points.


https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
https://www.philadelphiafed.org/research-and-data/real-time-center/survey-of-professional-forecasters/data-files/cpi
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Cf)h,tzju[(h+1) _jvth forh=1,..,H—1. (4.3)

Following Davies and Lahiri (1995), the irrational
forecast errors for individual forecaster j at horizon h and
target time ¢, &; ,, are estimated as

éj,th =€jth — jth- (4.4)

Under the assumption that E(sz,,h) :aéh (i.e., the
variance of irrational forecast error is allowed to vary
across forecast horizons), con51stent estimates of 05 can
be obtained by regressing §zh on a constant for each
horizon h. Similarly, as E(‘“h,t)*"ih for h=1,.,H—-1,
the variance of newly arrived information for
forecasts made at horlzon h,o?, , can be consistently esti-
mated by regressing a)h,, on a constant.8 From Theorem
3.1, the internal consistency conditions depend on the
variances of newly arrived information and irrational
forecast errors, as well as their correlation ;). We esti-
mate 0y, directly as 6, =56, Cov(& 4, @n,), which
varies across forecast horizons and is specific to each
forecaster.

We select 22 forecasters who report at least one fore-
cast for no less than 50% of the targeted quarters. A total
of 12,848 forecasts are expected if each of the 22 fore-
casters reports all 4 forecasts for every targeted quarter
within the sample. However, we only have 6725 forecasts,
and about half of the forecasts are missing. Following
Davies and Lahiri (1995), when estimating various types
of forecast errors by taking averages, such as in
Equations (4.1) and (4.2), we replace the missing values
with zeros and divide the summation by the number of
non-missing values. To obtain the estimated values of
variances and correlations, we compress the data by
removing the targeted quarters that are associated with
any missing forecasts. More specifically, the newly
arrived information, @y, estimated using Equation (4.3)
has a dimension of 146 x 3 with no missing values. How-
ever, as individual forecasters report forecasts for a subset
of targeted quarters, the estimated irrational error for
each forecaster, éj,m, computed as in (4.4), has many rows
that contain missing values. To ensure that the variances
(%h and 05 ) and the correlations () are estimated
from the same sample of targeted quarters, we compress
the sample errors, éj’,h, by removing the rows that contain
any missing value and construct a matrix of newly

®Davies and Lahiri (1995) assume that the variance of disaggregated
news is constant across horizons. This implies that E(12,) = ho?,. As
such they estimate 62 by regressing the pooled TH- d1mens10nal vector
& . on the pooled vector of horizon indices h=1,...,H.

arrived information ®;,; where the targeted quarters
match those in the compressed &; , for each forecaster jl

4.2 | Main results
421 | Heterogeneity of irrational forecast
error across horizons

Table 1 reports the estimated variances of the irrational
error (éj’h) and newly arrived information (@;;) across
forecast horizons h, as well as their correlations for the
22 forecasters. The first column of the table reports the
forecasters' individual identifier (ID), and the other col-
umns contain the estimated variances and correlations.
The numbers in parentheses are the standard errors asso-
ciated with the reported estimates.

First, the table shows that the variance of the irratio-
nal error is relatively large across horizons, indicating
that the reported forecasts contain sizeable irrational
forecast errors for all 22 forecasters, irrespective of the
forecast horizon. As seen, there is evidence of a strong
heterogeneity in the irrational forecast error across hori-
zons as its estimated variance varies substantially with
forecast horizon h. This finding contrasts with Davies
and Lahiri (1995), who assume that the irrational forecast
error is homoskedastic across horizons. The key assump-
tion of our bi-error model, that is the variance of the irra-
tional forecast error may depend on forecast horizons, is
sustained in the data. Considering columns 2-5 of
Table 1 and moving from the left to the right, we see that
for many forecasters, the estimated variance of the irra-
tional error does not follow a decreasing pattern as hori-
zon shrinks. For instance, consider forecaster 518. The
estimated variance of the irrational error for this fore-
caster when h=1 (1 quarter-ahead forecast) is twice the
size of the estimated variance when h=2 (2 quarters-
ahead forecast), and more than 3 times that of the esti-
mated variance when h=4 (4 quarters-ahead forecast).
This increasing pattern of the variance of the irrational
error with h decreasing hinges on the possibility that
some of the internal consistency conditions discussed in
Section 3 may not hold, especially if the information
accumulation during the forecast updating process (ratio-
nal forecast revisions) is less than the increment in the
variance of irrational forecast errors.

Despite the existence of sizeable irrational forecast
errors in the CPI forecasts across horizons, it is also evi-
dent from Table 1 that the revised forecasts contain small
but significant newly arrived information, as shown by

The number of target quarters in @j e and Ej,th for each forecaster j is
reported in Table C1, Appendix C.
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TABLE 1 Estimation results of forecast errors for individual forecasters

h=4 h=3 h=2 h=1 h=3 h=2 h=1 h=3 h=2

D &2, &2, &2, &%, &2, &2, 62 0 P

20 1.049 0.937 0.982 0.931 0.050 0.068 0.088 —0.439** —0.420%*
(0.248) (0.195) (0.201) (0.178) (0.014) (0.015) (0.018)

40 0.293 0.328 0.373 0.272 0.295 0.424 0.290 0.172 0.167
(0.066) (0.089) (0.079) (0.061) (0.134) (0.217) 0.117)

65 0.385 0.370 0.317 0.353 0.087 0.076 0.097 —0.263** —0.236%*
(0.078) (0.088) (0.062) (0.069) (0.023) (0.018) (0.024)

84 0.224 0.207 0.265 0.222 0.224 0.172 0.244 0.504** 0.145
(0.060) (0.041) (0.102) (0.046) (0.053) (0.043) (0.108)

407 0.277 0.309 0.249 0.244 0.070 0.063 0.121 0.270** 0.196
(0.083) (0.085) (0.053) (0.042) 0.014) (0.014) 0.072)

411 0.329 0.220 0.209 0.532 0.082 0.067 0.175 —0.074 0.090
(0.080) (0.038) (0.053) (0.124) (0.020) (0.016) (0.088)

420 0.282 0.226 0.456 0.251 0.063 0.039 0.072 0.042 0.412%*
0.071) (0.061) (0.281) (0.093) (0.022) (0.011) (0.016)

421 0.261 0.218 0.134 0.156 0.064 0.064 0.121 0.203 0.014
(0.033) (0.027) (0.021) (0.029) (0.013) (0.012) (0.061)

426 0.217 0.305 0.187 0.347 0.068 0.047 0.108 0.010 0.044
(0.034) (0.063) (0.029) (0.079) (0.013) (0.010) (0.052)

428 0.210 0.265 0.291 0.253 0.053 0.057 0.070 0.264 0.112
(0.050) (0.063) (0.061) (0.058) (0.012) (0.013) (0.013)

429 0.281 0.223 0.355 0.253 0.052 0.080 0.084 0.241 —0.127
(0.058) (0.047) (0.196) (0.061) 0.012) (0.016) (0.019)

433 0.178 0.153 0.167 0.169 0.051 0.057 0.063 0.181 0.147
(0.047) (0.026) (0.025) (0.037) (0.009) (0.011) (0.010)

446 0.120 0.099 0.135 0.218 0.050 0.041 0.133 0.147 0.354%*
(0.024) (0.015) (0.030) (0.091) (0.010) (0.009) (0.068)

456 0.416 0.339 0.259 0.279 0.047 0.036 0.056 0.163 0.325%*
(0.092) (0.066) (0.039) (0.058) (0.011) (0.009) (0.014)

463 0.185 0.173 0.188 0.332 0.059 0.048 0.135 0.188 0.268**
(0.060) (0.059) (0.039) (0.090) (0.014) (0.010) (0.068)

472 0.185 0.241 0.310 0.861 0.066 0.050 0.075 0.274 —0.025
(0.036) (0.073) (0.066) (0.267) (0.018) (0.012) (0.019)

484 0.119 0.146 0.256 0.474 0.050 0.053 0.154 0.007 —0.139
(0.024) (0.028) (0.070) (0.204) (0.011) (0.012) (0.080)

504 2.480 2.264 2.122 3471 0.061 0.036 0.149 —0.151 0.147
(0.715) (0.437) (0.650) (1.204) (0.018) (0.011) (0.092)

507 0.262 0.296 0.276 0.304 0.044 0.045 0.080 0.287 0.188
(0.056) (0.063) (0.066) (0.054) (0.010) (0.011) (0.020)

508 0.276 0.173 0.371 0.482 0.026 0.013 0.103 0.026 —0.468
(0.141) (0.066) (0.161) (0.249) (0.010) (0.004) (0.048)

510 0.743 0.384 0.669 0.742 0.058 0.040 0.138 —0.132 —0.003
(0.250) (0.115) (0.166) (0.228) (0.015) (0.010) 0.074)

0.319

—0.296**

—0.437**

0.091

—0.091

0.098

—0.080

0.008

0.150

—0.160

0.162

0.613**

—0.014

0.284**

—0.271

0.465**

0.122

0.227

—40.417

0.192

(Continues)
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TABLE 1 (Continued)
h=4 h=3 h=2 h=1 h=3 h=2 h=1 h=3 h=2 h=1
ID &2, &2, &2, &%, &2, &, 62 0;3 0;2 1
518 0.164 0.212 0.253 0.509 0.056 0.037 0.060 0.059 —0.102 —0.088
(0.033) (0.056) (0.063) (0.138) (0.017) (0.010) (0.013)

Note: Column 1 reports the ID of forecasters. Columns 2-5 report the estimated variance of irrational forecaster error across horizons h =4,3,2, and 1 quarters,
and Columns 6-8 report the estimated variance of newly arrived information for the revised forecasts made at horizons h = 3,2 and 1 quarters. Estimated
standard errors of the variance estimates are in parentheses. The last three columns report the estimated correlations between irrational forecast error and
newly arrived information for the revised forecasts. Numbers with double asterisks indicate that the correlation estimate is significant at 5% level of

significance (the p values are computed using the MATLAB corrcoef function).

the variance estimates of news, 63)}'}1 for h=1,2 and 3. In

addition, comparing (Ailm across horizons, we see that the
news incorporated into the forecasts made at the shortest
horizon seems more volatile than those that have gone
into the previously revised forecasts. However, for most
forecasters, the estimated variance of newly arrived infor-
mation is much lower than that of irrational forecast
error at the same forecast horizon (6@/_}1 < 6%,1). The only
exceptions are forecasters 40 and 84, who have at least
one of the irrational-to-news ratios, ‘%’ less than
1. From (3.12), we know that values of the irrational-to-
news ratio above 1 imply that the revision effort (mea-
sured by MSFR) cannot be remunerated by the revision
reward (measured by improvement in MSFE). The esti-
mation results suggest that for most SPF inflation fore-
casters in the sample, their revision effort cannot be
remunerated by the revision reward. Furthermore, as dis-
cussed in Remark 1, the slope coefficient in the
Nordhaus-type regression for forecast revisions is nega-
tive if the irrational-to-news ratio is greater than 1. There-
fore, a Nordhaus-type test of forecast rationality is likely
to be rejected. We will detail these results further in
Section 4.2.2.

Now, focusing on the last three columns of Table 1,
we see that the estimated correlations between irrational
forecast error and newly arrived information are rela-
tively high for many forecasters. Again, this indicates a
presence of irrational forecast error in the CPI forecasts.
However, the irrational forecast error for some fore-
casters can be simply considered as a noise uncorrelated
with newly arrived information. For example, the esti-
mated correlation is very small across horizons for fore-
casters 420, 426 and 518. We also observe that although
some forecasters (for example 20 and 65) consistently
overreact to news over horizons (with significantly nega-
tive éh over h), the irrational forecast behavior of others
may change over horizons. For example, the estimated
correlation between irrational forecast error and new
information for forecaster 84 has changed from a large
positive value when h =3 to a large negative value as the
forecast horizon shrinks to h=1, thus suggesting that

forecaster 84 smooths news when revising forecasts
3 quarters ahead but overreacts to news when revising
them at just 1 quarter before the target. One of the main
contributions of our bi-error model with horizon specific
variances and correlations is that the model allows us to
capture and quantify how the irrational behavior of fore-
casters evolves across forecast horizons.

422 |
forecasts

Internal consistency in the inflation

In this section, we first investigate whether the internal
consistency conditions may still be satisfied for these
inflation forecasts that consist of a substantial amount of
irrational forecast error. These conditions are discussed
in Equations (3.3), (3.5), (3.6), and (3.12). Table 2 reports
the estimated difference between the left and the right
hand sides of each of the four equations. The values of
the differences are calculated based on the variance and
correlation estimates of the irrational error and new
information reported in Table 1. Intuitively, large positive
values indicate that internal consistency conditions are
likely to be satisfied, whereas large negative values signal
their rejection. As seen in Table 2, some forecasters meet
at least a subset of internal consistency conditions; see,
for example, forecasters 40 and 84. Moving to the last
three colgmns for the remuneration conditions, we see
that 6 — ;’ < 0 for all forecasters. This result implies that
for all forecasters, the improvement in forecast accuracy
is not sufficient enough to compensate the revision effort.
As discussed in Section 4.2.1, these large negative values
were expected as some forecasters overreact to news
(e.g., forecasters 20 and 65 with és<0), and most fore-
casters consistently have an irrational-to-news ratio
higher than 1 across forecast horizons.

In Remark 1 of Section 3.2, we have discussed that
overreaction to news, large irrational-to-news ratios, and
irrational errors with zero correlation to news can all lead
to a negative slope in the Nordhaus-type regression
model and thus a rejection of forecast rationality. To
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TABLE 2 Examining internal consistency conditions for individual forecasters
For MSFE For MSFR For variances For effort vs. reward
I ) I Gt ) ran-(4-4) 4
—2Cov(@n,én)
+2Cov(dne,én)
ID 1=2 1=3 1=4 m=2 m=2 m=3 1=2 1=3 s=1 s=2 s=3
1= 1=4 1=

20 0.139 0.161 0.323 0.022 0.184 0.162 0.012 0.099 —-3.681 —4.233 —4.759
40 0.392 0.771 1.031 0.379 0.639 0.260 0.236 0.732 —-0.649 —-0.771 —0.883
65 0.060 0.190 0.291 0.129 0.231 0.102 0.097 0.141 —-2.207 —=2.277 —=2.330
84 0.287 0.401 0.642 0.115 0.356 0.241 —0.064 0.011 —-1.391 —-1.094 —0.456
407 0.126 0.249 0.288 0.123 0.162 0.038 0.098 0.071 -1.329 -1.790 —1.826
411 —-0.148 —0.069 0.122 0.078 0.270 0.191 0.422 0.518 —-1.832 -1.677 -—1.711
420 0.278 0.086 0.205 —-0.191 —0.072 0.119 —0.216 0.152 —-1.767 —3.018 —1.849
421 0.099 0.248 0.354 0.148 0.255 0.107 0.119 0.053 —1.213 —1.431 -1.649
426 —0.051 0.113 0.093 0.165 0.145 —0.020 0.262 0.196 —-1.783 —1.960 —2.104
428 0.108 0.139 0.138 0.031 0.030 —0.002 0.042 0.090 —-1.756 —2.149 —1.965
429 0.187 0.134 0.244 —0.052 0.058 0.110 —0.022 0.095 —1.890 —2.237 —1.822
433 0.061 0.104 0.181 0.043 0.119 0.076 0.069 0.137 —1477 —1.558 —1.553
446 0.049 0.054 0.125 0.005 0.076 0.070 0.373 0.480 —-0.669 —1.468 —1.268
456 0.036 0.151 0.276 0.115 0.240 0.124 0.010 —0.012 —2.247 —2.354 —2.529
463  —0.008 0.024 0.095 0.033 0.103 0.070 0.348 0.425 -1.282 -1.712 —-1.529
472 —-0476 —0.496 —0.486 —-0.019 —0.009 0.010 0.495 0.538 —-3.666 —2.523 —1.636
484 —-0.064 —0.122 —0.098 —0.058  —0.035 0.023 0.655 0.785 —-1.289 —2.345 —1.699
504 —1.199 —-1.021 —0.744 0.178 0.455 0.277 1.592 1.679 —4.697 —7.496 —6.246
507 0.052 0.117 0.126 0.065 0.074 0.009 0.138 0.138 -1.720 —-2.304 —2.318
508 —0.007 —0.193 —0.063 —0.186 —0.056 0.130 0.093 0.236 —2.577 —5.825 —2.530
510 0.064 —0.181 0.236 —0.245 0.172 0.417 0.336 0.698 —2.128 —4.105 —2.701
518 —0.196 —0.200 —0.193 —0.004 0.004 0.008 0.305 0.350 —2.998 —2.732 —1.883

Note: Column 1 reports forecaster's ID. Columns 2-4 report the estimated difference between the left and right hand sides of Equation (3.3). Columns 5-7
report the estimated difference between the left and right hand sides of Equation (3.5). The estimated difference between the left and right hand sides of
Equation (3.6) is reported in columns 8 and 9. Finally, the last three columns refer to the condition of remuneration of revision effort by revision reward that is
captured by Equation (3.12). Abbreviations: MSFE, mean squared forecast errors; MSFR, mean squared forecast revisions.

implement this Nordhaus test formally with the SPF
inflation forecasts data, we consider the regression

dip = Po+ Prdinr + Cons h=1,2, (4'5)
where  dip =Yy p—Vy-nr1) 1s the revision made
between consecutive horizons. Table 3 reports the esti-
mated slope coefficient g, (h=1,2) from this regression.
The associated standard errors are reported in parenthe-
ses, and the numbers with an asterisk indicate the esti-
mated values are significant at a 10% level of significance.

As seen in the table, most estimated slope coefficients are
negative. These results are consistent with our finding

that individual SPF inflation forecasts are characterized
by irrational-to-news ratios above 1. These high

irrational-to-news ratios, along with the fact that éh+1 is
negative or very close to zero for many forecasters, yield

Othi1

Ou

éhﬂ < for all h=1,2; that is, a negative estimated

h+1

slope coefficient is expected for all h=1,2. As such, the
forecast rationality test with the null hypothesis of g, =0
against the one-sided alternative of 8, <0 is rejected at
least once at a 10% level for 19 out of 22 forecasters.

Overall, this application illustrates that the SPF
inflation forecasts are subject to a substantial amount
of the irrational forecast error that is heterogeneous
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TABLE 3 Nordhaus-type test for individual forecasters
h=2 h=1 h=2 h=1 h=2 h=1
ID Pa h ID Ba h ID Pa B
20 —0.218* —0.261% 426 —0.509* —0.199 484 —0.041 —0.096
(0.161) (0.169) (0.119) (0.160) (0.203) (0.167)
40 0.167 —0.241* 428 —0.170 —0.326* 504 —0.224* 0.179
(0.208) (0.169) (0.150) (0.156) (0.110) (0.198)
65 —0.323* —0.120 429 —0.300 —0.260* 507 —0.490* —0.412*
(0.132) (0.125) (0.328) (0.161) (0.189) (0.165)
84 —0.007 0.098 433 —0.325% —0.395* 508 —0.517* —0.459*
(0.166) (0.187) (0.104) (0.129) (0.237) (0.317)
407 —0.305* —0.216* 446 —0.357* —0.331* 510 —0.499* —0.515%
(0.138) (0.138) (0.162) (0.117) (0.108) (0.142)
411 —0.347* 0.383 456 0.252 0.130 518 —0.548* —0.348*
(0.131) (0.344) (0.210) (0.216) (0.165) (0.170)
420 0.590 —0.343% 463 —0.198* —0.542*
(0.315) (0.142) (0.118) (0.195)
421 —0.261* 0.194 472 —0.370* —0.512*
(0.123) (0.188) (0.149) (0.321)

Note: The table reports the estimated slope coefficient f,, in the regression din =y + Bydihr1+ i, Where dip =y — Vyyi—(ns1) and h=1,2. The associated
standard errors of these estimates are included in the parentheses. The asterisk indicates significance at a 10% level.

across forecast horizons and forecasters. The correla-
tion between irrational forecast error and newly
arrived information also varies across horizons and
forecasters, and the irrational-to-news ratio is consis-
tently above 1 for most forecasters across forecast hori-
zons. The sign of the correlation may change with
horizons, suggesting that forecasters do not always
react to newly arrived information in the same way
over horizons. While some of the internal consistency
conditions are satisfied despite the presence of an irra-
tional forecast error, the high value of irrational-to-
news ratio has led to the improvement in forecast
accuracy insufficient to compensate the revision effort.
The high irrational-to-news ratio has also resulted in
the rejection of forecast rationality for most forecasters
when the Nordhaus-type test is applied.

5 | CONCLUSION

This paper explores the extent to which multi-horizon
fixed-event forecasts may still be internally consistent
when subject to both rational and irrational forecast
errors. We propose a bi-error model under which multi-
horizon forecasts y,,_, can be decomposed as the sum of
rational forecasts (Jy,_,) and an irrational component
(—¢&4,)- Focusing on both the monotonicity of the second

moments (see Pattong & Timmermann, 2012) and the
property of fully compensated forecast revisions
(see Isiklar & Lahiri, 2007) within this bi-error
framework, we derive the necessary and sufficient condi-
tions under which revised forecasts that contain an irra-
tional component can still possess the internal
consistency property of rational forecasts. These condi-
tions generally require that the accumulation of unantici-
pated information between two forecast updating points
be larger than some threshold values that depend on the
sizes of the irrational forecast error variance and its
covariance with the most recent news. The correlation
between irrational forecast error and the most recent
news is also required to be no less than the irrational-to-
news ratio for revision effort being remunerated by revi-
sion reward.

We illustrate our methodology with a panel of SPF
inflation forecasts data. Our results show that a subset of
the conditions required for the second moment properties
featured by multi-horizon rational forecasts is satisfied,
while a sizeable and heterogeneous irrational forecast
error is observed across forecast horizons and forecasters.
There is also evidence of high irrational-to-news ratios
and overreaction to news, which provides insights into
why the revision effort of SPF inflation forecasters is not
remunerated by the improvement in the accuracy of
inflation forecasts.
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APPENDIX A: CONDITIONS FOR INTERNAL
CONSISTENCY FOR BI-ERROR FIXED-EVENT
FORECASTS

This appendix summarizes the necessary and sufficient
conditions under a bi-error structure that are discussed in
Section 3.

The first column of Table A1 lists the second moment
properties for internally consistent fixed-event forecasts,
and the second column lists the necessary and sufficient
conditions that we have derived for each property.

APPENDIX B: PROOFS FOR INTERNAL
CONSISTENCY

This appendix provides a formal derivation for the second
moment bounds of multi-horizon fixed-event forecasts
that are subject to both rational and irrational forecast
errors. We list the variables defined by our models, which

Internal consistency in second

moment error structure

Panel A: Variances of forecasts, forecast errors and revisions

Necessary and sufficient condition under bi-

will be used in the proofs in the following subsections, in
Table B1.

B.1 | Variances of the forecasts, forecast errors,
and revisions

Using the expression of the forecast errors in Table B1,
the variances of forecasting errors
Var(ep) = 3062 >, 0% since irrational forecast error
at horizon h do not Correlate to the future unanticipated
information. For two forecasts made at horizons h=s
and h=1,Var(e;) — Var(e;) = — Y _\o o, +o} —a}.
Therefore, if and only if >\ lo2, >0} —o}, then
Var(ey) < Var(e;) and MSFE,; < MSFE,,.

Using the expressions of the bi-error forecast revisions
in Table B1 and the assumption that irrational forecast
error £, may only correlate with the contemporaneous
news, Var(dgm) =1 i —|—a§ +02 —2Cov(ws . &ys),
and Var(d,g) =Y ""'¢? +0% +0f —2Cov(wss,&). The

=S (U
differences in two variances Var(d;g,) — Var(dg) = —) _;
Therefore, if and only if

1.2 2 2
m awi—|—0'§m O,

TABLE A1l
consistency under bi-error structure

Conditions for internal

Var(yi—s) 2 Var(By—1) ﬁ;sl()',zw 2051 — +2[C0v(a)“,§ﬂ) Cov(wgy,&))]
1—
Var(e) S Vort) DRCELE
Var(d, <Var(d =1 5 2 2
o) <Vor(i DR
Panel B: Covariances between forecasts, forecast errors, and the target
Cov(Fye—sVeit—m) = COV(Pry—gsVtie-1) Zf }naf, > Cov(wmt,Em) — Cov(@yr, &)
Cov(y,,eis) < Cov(y,,en) 202, > Cov(wsy, &) — Cov(wys, &y)
Cov(ys,Pri—s) = Cov(Ve, Vris—1) f ;oﬁ > Cov(wgy, &) — Cov(wig, &)

Panel C: Covariances related to forecast revision

Cov(en, dism) < Cov(en,dis) S imol, 20—
-m%a, O,

Cov(y;—s:drsm) < CoV(Vy, s dist) S 62 > Cov(@ms Em)

l=m- w; —

Var(des) <2Cov(y;,dis)

i=s“w; =

— Cov(wy,&y)

El 152 > Gé _H;é —2Cov(w1r,&y)

Var(dym) <2Cov(Jy,_s, dimi) Sls2 > 6} +aof —2Cov(wyr,&y)

l=m- w;
Panel D: Forecast effort v.s. forecast reward

MSFR, g < MSFE,, ; — MSFE,,
Zs < g

Oos —

Note: h represents a generic forecast horizon and h=H,H —1,..,,I—-1,...m,m—1,..,

Forecasters smooth contemporaneous news and

s,s —1,...,0, where H

is the longest forecast horizon and [ > m > s. The first ten second moment bounds listed in column 1 are the
properties of internal consistency possessed by rational fixed-event forecasts (see Patton &

Timmermann, 2012). The last second moment bound is from Lahiri (2012). Column 2 shows the necessary
and sufficient condition for each moment bound be satisfied in our bi-error structure model.
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TABLE B1 Expression of the fixed-event forecasts, forecast The covariances between two forecasts
errors, and revisions COV(Yt\t s Vifi—m) = Cov(y, — Zlf a)lt SissVi—
Variable Expression Zl 0 wl ¢ = Sm) = Var(y,) - ZH) Cov(l . Eim)-
B B 2
Tareet - h-1 Similarly, Cov(Vy—gVyi—1) = Var()’t) >_i—oCu, — Cov
g Ve =Yynt 2iso Wit
: (011,€q)-  Thus, we have Cov(Vyr_Pe—m) — Cov(
Bi-error forecasts yt|t =Y Zl 0 @it — En — Therefore’
Bi o1 ylufs,f’mfz):zl nCa; —COV(@m, f[m)+C0V<w1r,§xl)
i-error forecast errors en =" + &y, ’ )
Cov(yt\tfs’yﬂtfm) 2 COV(yl\tfs’yl\tfl) if and only if

7 .. il
Bi-error forecast revisions degnt = 3 h@is +Eg— Enp
between h=Iland h=m

Bi-error forecast revisions
between h=mand h=s

dt,sm = Zl :lwlt+§zm s

Bi-error forecast revisions
between h=I[and h=s

-1
dt,sl = Zi:s Wi+ 511 - é:ts

Note: We use h to represent a generic forecast horizon and
h=H,H-1,..,L1-1,.,m,m—1,..s,s—1,...,0, where H is the longest
forecast horizon, and horizons [ > m > s. The rational forecast error is
Zi:olwi.r’ where w;; have mean 0 and variance U(ZU( and independent across i
and t. The irrational forecast error &, have mean 0 and variance aéh and are
independent across target time ¢ and forecast horizon h.

PO o2, >0} —o, then Var(d,sm)<Var(dyy), and
MSFRt|tfs < MSFR[“,I.

The variance of forecasts is given by Var(y,,_,)=
Var(y,) + 150 02, +62, —2Cov(y; Am) — 2Cov(ns. &) =
Var(y,)— Zf’ o o2, +a§h -2 Cov(whl,ém) Therefore, Var

Vyi—s) — Var(yy,—y) = Zz s a) +‘7.§ - 0'.5 2Cov(wss, &)+
2Cov(wyy,&y). If and only if SO ;ag) >0} — o} +2Cov
(0s.,&15) —2Cov(wis,&q), We have Var(yy, ) > Var(y,, ),
and MSFzs > MSFtl.

B.2 | Covariances between forecasts, forecast
errors, and the target

Using the expression of the target and bi-error forecasts,
the covariances between the forecasts y,, , and the
target y, are given by Cov(y,y, )= Var(y,)— Yo
o' —Cov(wns,&p). Then  Cov(y,yys) — Cov(y,y, ) =
zl_; 2 _ Cov(wss,Es)+Cov(w ,&;). If and only if
Zf Sw”>Cov(wS,,éjtS) Cov(wis, &), then we have

COV(YzaYt\tfs) 2 COV(yz:Yt\tfl)-
The covariances between the target and forecasting

errors Cov(y,em) = 1= 01 02, + Cov(wns,&y). Therefore,
Cov(y,,es) — Cov(y,eq) = . ;ofj —Cov(wyy, &) + Cov

(wss,&5), and if and only if Zl_sl o2, > Cov(wy, &)

—Cov(wys, &), then Cov(y,,es) < Cov(y,,eq).

S 002, 2 COV(@mes Eim) — COV(@ye,y).

B.3 | Covariances related to forecast revisions
We first derive Cov(ﬁm s»drsm) using the expression of
Vir-m and dign in Table Bl. Cov(yy_g dism)=Cov
(yt Zf oWit — gts’Z:nslwlt“"ftm gts) —ansl p +
+CoV (W tsErm) — 2CoV( w5y, &) + Uéx

Similarly, Cov(Vy,_s,drst) = Zl 162 + Cov(wy,&y) —

lS{H

2Cov(wsy, &) +6§ Therefore, ~ Cov(Jy;_,drsm) —
Cov(Yys—srdrst) = Z am + Cov(wmssEim) — Cov(myy, Ey)-
If and only if Y 02, 2 COV(@mt,Em) — Cov(wys, &),

then we have Cov(y,;_s,drsm) < Cov(Vy_s, dis1)-

When h =m, the covariances between forecast errors
and forecasting revisions Cov(eyn,drsm) = Cov
-1 -1 1
(Zinio Wit +§xm,2ﬁs Wit + Em _‘ftS) = szs g Jro-'fml 1
Cov(wsy,&)- Similarly, Cov(etl,dl,sl) > s

o, +0; — Cov(w, éts) Therefore,  Cov(eyn,dism) —
Cov(ey,dg) = —Zl mOu, +0; —0cf. If and only if
Zﬁ;inaii >0} —of, then we have

COV(etm’ dt,sm) < COV(E[[, dt,sl)-

Lastly, we work on the variance bounds for forecast
revisions. Using the expression of d;y in Table B1, we
have Var(d,g)=Y"l6 o, + 07 40z —2Cov(ws,,& ). The
covariance between the target y, and d;q is
Cov(yp,dist) = COV(P + 3 iZg@1+Eus 2o iy @i+ En — i) =
Cov(wy,&y )+ S0 o, —Cov(wss,&). Then we have
Var(dg) — 2Cov(y,,dig) = =Y. l6 0, +0% +062 —2Cov (wir&y)-
To have the variance bound condition satisfied by the
bi-error forecast revisions, that is, Var(d; ) <2Cov(y,,d; 5),
we need Y|"1o?, >0} 402 —2Cov(wy,&y).

Similarly, for the revision made at the medium
horizon, dt&m I we derive the variance
Var(dym) = Y00, + 07 + 07 —2Cov(@my, &), and
the covariance with the short horizon forecast
Cov(YVyjs—s» Aemi) = Cov(a)lt,fﬂ)—i—zl @ — Cov(@ps,& ).
It is then clear that Var(dt mi) <2Cov(yt‘t odem) if and
only if Z ol > aém +"§1 2Cov(wis, Ey)-
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TABLE C1 The number of targeted

D No. of targets ID No. of targets D No. of targets ) )
quarters with all 4 forecasts being

20 41 426 79 484 32 reported by individual forecasters

40 40 428 51 504 45

65 59 429 29 507 42

84 39 433 78 508 15

407 57 446 61 510 56

411 47 456 40 518 46

420 34 463 61

21 67 472 44

Note: This table reports the number of targeted quarters used for estimating the variances and correlations
of the irrational error and newly arrived information for individual forecasters.

APPENDIX C: INDIVIDUAL SPF CPI INFLATION

FORECASTS irrational error and newly arrived information in
Section 4. Although the sample of panel data consists of
146 targeted quarters, the number of quarters for which a

This appendix provides the number of targeted quarters forecaster reports all 4 forecasts from horizon h=4 to

used for estimating the variance and correlations of  horizon h =1 is much less than 146.
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