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Outline of the Theuig

Firab Pards

tne of the proofs of Polason’s forods is
gnmlveads This leeds readily 60 & mebhod of solving
irdeblst’s problen explicitly in poue now cagede

The golubion of Divichlet's problenm ig
sguivaiont o the conforeal wspping of sous glven simply
commmobed yeglon on bhe dnterior of a clrelo. The m}t&;
mobhod for the golubion of Birtellet's preblonm is beabed
by the cenforzul mepping of an ellipee on 4 clrele. Thus
@ Togult provicugly feournd by e diflsrent webhod by Szego
i confivmeds
Sopond Porde

Goms: special types of reglons ave cunsidereds
the metbod of selving Dizickleds provlen dissussed in the
Pirat parbt is applisé bo thege roglong, and thue & new
problem arisess. This mebbod cénslois ceseabizlly in
epproxisebing a given function by o given set of funcbions,
The mosning of “eppooxinstion’ con bo gencrelised by
trirodicing the roblon of funchion gpocpss A naw melrle
is inbroduced thut is cacier to havdle, 7Tho problem iz
pow & proviom in THilborbt aphee e

sn doportant atap lu bhe discusslon consista
in conmidering a “truncated funetion’, lev.; @ function

vanighing identically in sums indervel, ao bedng tha



“wrajoction’ of & functlons  Afher Shis ebop ths
moblen can be restoted ln findte or infinits
dimensional Hilberd goaces

v Too remaining g;m@t of ths thogls soonslsts
mainly of & diooussion of tho netion of "couplobenses’
end b commmobion withk projodblongs A bheopen by
Ealzell and ons by Yibeld svo found %o bu spocisl cspes
of & pororal situstion. The problen ap such rooalns
ungnived ot gome sbops sre vade bovurds ibo solubion
It %3 found Shab the nstdon of “eempletonsss” 1o a
complex opo and thab soversl grudes of souplebuesy

hawe to be discriningbod.



Ibroduction

Folssons Formula.

ich vy © bp the polar coordinates of o point in tke plonsg,
ond et g =¥ e‘s’m; iet 2(z) b amalytic in & veglon G properly
incinding the civole \zl 5 Ry ond ot u($;8) be Bg venl

parbe Tion there exigh conplex ranbers 8, (v = Opl504)

such bhab

(3]

£z) = Z;-%zv PIES:N

it 8, =€ ¥ & Es o Then

{1} u{:f:,@) ;E{m cos v8 « P sin v8) v ¢ DEDPE =7,

Sinoe Z_ &vﬁ is tniformly convergent ot 811 poinbs of the

eirals [l & R, the sories dn ¢1) comverges for Pised T

unifermly weTebe 8, Algo the funghbions 1, con vay sin v8,

{v = 3395ee ) cpn conbiiucus, bonce we may multllﬁg bobh sides

of €1) by cos 0@ or gin e and lutegrate term by torms He gt
af Ei =1 Qii(ﬁ,@) £os 18 48
B P o Qﬁ&,a} sin 08 &8

= + [ | u(R,8) g
Pubting thebe mlma in (i), w geb

wWzs®) = rmg uiflyP) dip # 5 Z_ f w(R,yP) (cop v8 cog vp o

(33. 2 1350 )]

+ gin v8 8in vp) 40 .

But | zY u(Ryp) coo w3 = ¢ 3l S max luer,g)l £
1 B

*

ot

0
p g’ comverges for 0 8 3 < Ry honce the seriss
1 v

;3\
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and since bhe %@fﬁ!ﬁ ave conbimnous wi geb for 0 S p < B Ry

11(1*:,@3 = j u(zy () (i, * ﬁm w8 ~ L?)%h }ay

B(Ry ) ¢on %(@ =} 1s uniforaly csnvwrg@m for 0 Sy < Ba

Pub 2 m’ﬁi R T}) then |
T;p goa nie w lo} mz@.(” “@*‘Z ﬁz/{i«:a}
R ’;‘a‘s’ @E‘;(i - E}% i- ﬂi {?, o 5[ )f
««-rff{ 508 (8 - ta)a-xvjﬂ
1w /R cog (8 - lf)} ¥ PofaS pinc(8 - \p}
B 3.

ﬁ - P N}__
;mcoa(a =} 2

,3' o~
5

Honge for O = 1 <R,

wr,®) =1 ? {Xi -z )u(ﬁ;w -t
ET‘”{:‘R - B¢R cos (B = QD)-?*'r\ \
ol this is knoun as Folsson's futeprsl “az'fmzls. u{r,9) is

‘ bormonic Inpife the cirele |zl R and 15 uniquely determined by

i%s values mthe Bouwndury of ths circle. However thoss boundary -
values must consish of the rodushtions onlzl = B %o o funebion

of & of the real part of & funobion enalyhic in G.

Dazichleh’n Froblom,

The problom of detoramining o funcblon harmonie in a glven region
and hoving as lindting funchion on tle boundery & given

n
copbinuons Puncrbion is kpown as Diricklst's oroblem. Polosos's
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formuls has been dopived by apsuning thob u(r,@) ds the

roal part of o funstion analytic in o vegion properly

including the oirele (5| % R, Bogsuse of Yhis regprichion

the furmila does nob yob provebthe existehes of a polubion of
Dirighlet's mwblen for tie circlo. However, the formuls can

be obtpined by othor webbods without requiring bhe obove

| rostriction end thus solves Dirichlet's problen for the @:iralﬁ:si}

Coneralirebion of Polgson's Formdo,

Supposs G is & roglon bounded by & olvcle. Lok Y bo & ssnple
clozed ourve groperly ineluwded in G such Ghet AT 0, Hhe
contre of Gy i3 bhe crigin of the poler coordinmten v, @
then 0 g insido bub nob on v and eny stvelght Lims bhrough O

hes oply bwo pointe in commen with Vs

Then in partiouler if £(z) i avalytic in G end 2(z) = Za g’
ingide Gy then zavsv comverges wilfornly slong ¥, lees
converges uniformly in the sob of poinks conprising Ye



Eﬁ& é = ple) along Ve this 30 & ;aﬁ.%g&s; valusd mmim,

'3;'{@3' = %{é %» EQaleh 8, = o + wﬁ@ Then  the coxies
i(éavcm @ = [oin v8) ‘x*{éf"am@gw WALortly eltele 8

to w(r{9},8)s Thug vhon the sbove conditdons on G and ¥

apo eatistied, the funcbions i, #(8) ccn ve, +(0) sin v

(¥ = 29g0s) 0ant bo uzed to wiifornly approxinate any
functdon whieh can be capressed as the Yeduction on Y to &
furicbion of & of vhe resl parb of an apalytic fubobicn in G,
Honge 1t do pogelbisy oo the following thocren shows, 4o solve
i bouadary value (festriotod to the olass of conbimuons
funstions dofined ebove) problen for G by the same method ap i
heve ueed for the oircle, S
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a)
Eermsek’s Thoovens

b G be nuy cliosed ropion in the plore, ond leb 5%3 be

en infinito sequence Of functions hevmonde in Ge I bhe
sequency converges uniforaly on the bowndery ¥ of G 16
gonverges updfornly throughoub Gy ond the lindt U den
hapoondg 10 Gy

Iroofe ﬁmp - Efn, is hermfole in G, hovce by the mesdnmm
modudus ﬁhﬁmg} » 50 sithor constand or atbaing is ﬁaéﬁfsm
valus on Ye
Honce for P ‘@:,, e Y,

| gy = 0000l (2) = )]
Bub oo sxbilvary €20, thovo enluby o pesibive inboper W

such thab

|G, (B3 = ULpe )] < € fo n YN andl PrE Y
ond henge |
‘gg;.q.p{‘ijj - gm@‘g)' <€ b t " P eGs

fote U, ] comverges undfornly o Ge

Mooy & vnilwnly comergent sequcnce of conbliwous funeblong
has o contdomone funecbion ag 1iedd ond henes thy Rdnit U

of the soquence io eombirmotis 30 G and on Ye

ot P be on arbilrany polnd of G Take o olvele £ wbich lics

in & ond coubaling ¥ in dds luberfdps Ucing the contre of K as
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origin, let the polar coordinates of P be ry 8, and R be the radius

of K. Then by Polsson's farmuls,
1

2 2
U (ry®) = 551\ __ (B -x7) U (Ry0) dp
* R? - 2rR cos (e -v) + 27
Let f(r,e,\?) = 2 R2 - :r.'2
an _2 2

R” - 2rR cos (e-\F)-o-r
Then At
! f;(r,e,\?) (G, (R:"{’) - U(Rﬁ)) d\o‘ ¢ & g}l f(r,e,lQ)\ dtf’for n> N
a.ndoarbi*brary &7 0. Since S@ l f(r,e,%)\ dy is finite,

32 2
e =& [ e -shuemn ey
R = 2R cos (9-1?)4-1'

Thus U is represented in the interiar of K by a Poisson integral
over the combtimons boundary valuss of U, so that U iS/hermonic
function inside K and hence is harmonic in the neighbourhood

of Py But since P is am arbitrary point in G, U is harmonic
throughout G,

Conformal Mappinf of Simply Comnected Domains.

The solution of the boundery value problem for harmonic functions
leads readily to the conformel mapping of simply comnected
domains on the interior of a circle.

Suppoge G is a simple closged region with boundary Y, and 0 is a
point inside Ge. Let (x,y) be the Certesian coordinates and r, o

the corresponding polar coordinabes of a point in G weTebe Oe



Suprose %m‘@ximm a fmzﬁtigm‘ w{%y); mm in & with
boundery velwos = og ¥ on Y, et
U= dog v ¢ w(iey)
Then U= 0 on Y and U 49 hofmonie in G excepb ab ¢ £V is
the havmonle ﬁm@tﬁm. saxzjaga’ba 0 Uy
e i¥= 5?(45‘? z.g) = #{8)
in enalyble as a funchtdon of the complew werdsble 2w w4 4y
in g - {G;Z mﬁi hog & sfopderily ob O« The ouwrve ¥ lolongs o
the z!?amﬁ.‘.*g pl etrves U & consbant and the limes V = congtont
are the orthogonal trajectories of the family, Lot O bs o
erRoGtH. cloged owEve o G - {0} containing 0, In passing aronsd
C onoo 4n the peditive songe; V inérceses by a pericd k vhich
Injopondent of the puFticuler cholee of G

k= jfﬁ;’g ay ds
jﬁﬁu

whsre & G6notés ars length on be lob = » x(a)s ¥ = y{s) on O,

Than b g{zfﬁ? dz + & ?} da
. «}K {2

By e Cauchy-Ricmann oquabions,

x—.«..jwaa.a 1w a_z) da
Ty ds  Ox de



L= f U ds wvhere 3 dsmotes tho normel depivebive
[

§§ n
K%B Jogr ds + g wW(x;y) ds
“on - ¢ w’g )
T
frde ;de’v vhere w' io thoe hawnonls conjugets of
o C

vut S= g(a) = B =gl oY

¥, fEy = , 18l =4,

In one conglobe revolubiom on Y, #{z) charges from em 3 %)
ﬁi{%?i ¥ -

fenns YV i nspoed onbn the eircumferenss of the unit cirgls
TS| = 85 Thus the roblem of the conformsl mepping of sinply

commeoted domsdng on a olwcle con be subordinmted o Dipichlcohbs

WMi}?lB o



Sonformal Mapping of an Edlipce on g Girclo.

Lot & B on ollipss of eccentrisity € avd major axis 2h wikh
bowrdery Ve 1ot 0 by & Dooug ard 1y 8 Lo polar cooydinghes
dofived waredbe 0 and the mojor axis of the ellipses Themon ¥

T o= Hl,-&."\)ur_
1+ Coos 8

Ghviously the fubichions L,0000 vETEIN VB (v = 1,3,ee) Sre not
orthononal on Y, end bepoo the task of spprexingbing the
function - log  on ¥ by these funchlons would be tediong.
Horever 42 wo chift the origin o do thoe centre of the ¢llipsé,

define rectangiler o of Xy y as contimpbions of the major
epd ninor axes of the ellipse respochively, and use ng bhe
bosie ool of aredyble funchions in Gy {a cogly vay v = @,1”.})
{z =%+ 3y) wve £ind thyt the harmonie funchions connisting of
the veal and imaginawy portr of tho above, vediwe on Y to the

telgonometric functions which ave orbhogonel on Yy From this

poins ths golubdon of the problem follows ap mreviously oublived.

b w=agceophin=us+iv
Than o =g cosh % 008 ¥y
v = g ginh x 2in'y,

end it follows thak

L s ¥ s

e mentms
a“cooh®n &dﬁiﬁﬁﬁﬁ{
>y (=4
w oo oa oo . w e
2T RN
a” sog ¥ a” sin’y
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1,

lpnea Ghe lincs x = congtant, y = constants on the zeplans

are popped inbo confoeal ellipses, hyporboing, reopechively,
v

5.}3 the w=planae

jx=¢
]

=t N /

t
! !V:E
=~ =z

Leb uy* iv, =w,=agcoch vay 8, =a; (v

ES
i
.
»
.
L

Conoider the ellipoe B = ¢ (056} in tha w=-plang, with hmmiary o
n¥

wy = &y GO vy, ¥y =}y sin vy,

wHhere

Gy = a cosh vey P~ @ sinh v

angd

logdu® +v* =loga %"% log (cos'y + sinh ©) = g{y) (say)
g(y) is conbinuous, has perded 27, and m%eniy a finite
npdber of mexima and minime for 0 F y & 2T, Hemeo ibs Fourior
soriss converges to gly) for d2y= ETT, and we may write
Qy) = A ¢ vam vy « Bysin vy)y, 0=y Saf,
whore.

A= - 2:’ (eos"'b 3 sizﬁfc) dt - log a4



s

Ur
4y = ’“5‘} So log {dos's ¢ ﬁﬁni;r;;) ces vh db
By = = Exlag {cog’t + olnk’s) gin v db
The fonetdon '

logJu” ¥ ¥ + Ao Z{sw 30 % iy 9)

YRy By

= log ol e 2% i{ﬁv@/ﬁ“‘, 33\;\% dw )

g
Py
od)

m@é‘iﬁg ® e o ¥ er v =3 Bv))
' oy b
io mere on Y, tence the im“tf:im

#e) =lozgosh B ¢ & ® Z_{Av ~ % By) cosh vz
vi‘t,, Py

ip enalybic oxcophb ob g = :?.T;~ el @,é €""}}ﬂ % Og

Uhe voctougls 0 o, 0Ty ST g e g-@:.,.&m is oopped
conformaily onto the ollipse {z & ¢) in thY weplove. Pach =

in the recboorde is popped imbo 4 polubs, ove in sach guadrant

of the @ﬂi@ﬂﬁo

p

Defite ${u) fnnide the oliipes by pubting

(1) w) = Floveosh w)
a

Thon L{w) iz cardybio except ab w s 0 ad @» {2(w)) d8 mere

on Ys Mence 8= LY uips the dmderior of the ellipsscm@ormally
oubo the interior of the wnib cirelo \Sl= 1,

w9 choll now cvaluald our copalents.

By porbinl ir:%sag«;,._::@i@n w £ind thsb

xvv’zwi Hin ¢ ’bdlﬂ%}’*‘ a%
Ty goos % + goph Bo

20 4 v i odds



el -

B, = 5&1&1 b cos vh . Gb
'ﬁ“‘\? 0oZ 56 4 COBR BG

=0 i v is odde
Phe obovg fnbeprals cpe ovoluated in bhe following by the
calonluy of rouidues,
b o= eit ¢ Yhen ds = 4 2 QY and

NS

gin b ein avb -«( ){m -yl )
uRg &b + cooh Zu i) L™« 87°) » cozh 2o

ﬁm (8" = 1) (z7 - 33
BT (5t + 3 opoE 26 2% 1)

Thus we gob the couplon integrel spound the undly oivgle lal = 2

in Bhs geplanes
Bgy B 4 mﬁ.}“ V1) dn
Zvd o f*‘*"*‘ (zt < Eﬂle;;ﬁh He v :}.)
=1
‘and sindliayly

o q.
By #= 3 |tz =)V aty oz
2 (gt » Ofconh B¢ + 1)

Tel=i-
Lot ;3 2 %ﬁh ol I %'m
( a + ap sﬁ & i} = {f e a’dg) (a° + t:a”“’@}"i

g”y = }\. k3 3}.*
=3 ) (™) )" (@)
Tho mmﬁ‘f“c.mn@ et n oV in dhe expepsion of the ohove ig

( 3.} § u"glﬂ e @vﬂtﬂzp.w mﬂs) = gwi}v ~e i= $§G{‘U‘§'&}

i“aqc

= (e-i) ginh (3ve & 2a)
ssmi} 3;:

2 -
in (ﬁ%-«r 12 (ﬁ + 2;’33@3 23

2l honke Uhe coefficlont of .s‘%

is
(mﬁ.} sinh (3ve3 4 8@} + f{eilV ginh (8%3 -~ D0
ainh 20 ginh 2o

® '{-t:%’} © gosh Sve
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¥e shidl sow detersins the wesidues dnside the oirvels |al= g

of tho funcbion
‘ %-x

Yo &4 { w33 = 5w o
ﬁl\ " &3@"- # 1 =N (mTe 2jas e 1)

B An i) (o e d)
A AT e DTy n & At ) (g - iﬁ““’}

Rea (k(a)) = (~3_§\ 3 cogh Bve
Res (h(is")) =

fop (B{-4c")) =

Fnoe w b
g«&m S W(z}a =

2=y

Aoy B} ®

Thorrvopidues of the funcbion

sy = (2¥a 1y (ﬂ@ 2L
W (g & &2 ) {_"’ * ﬁ,{i"") (B = ié-"}

= ﬁt‘?? ui) {gé o i} R ﬁe @ X o
5.:& & Eizﬁz* @ % gav-ﬁl (aq & 35‘21% i)

aie gvon by
Res (10)) = (=)' 2 cosh Bve

Bos (Uds™)) = _ (o tVC # 1) (672C » 1) ,
§ ( )3 i (»i}vﬁ‘“\%a {9 EV A gaag} 33 QQC

= {—-:é} cosh Ave



it

Bes (=20 = . " o 1) (7% 4 )
oo ._& i) 9~L2wa7c/ (g - @%423 { gg"c)

= (=1)" coshi 2ve
Yapos we gel
, vl Cai¥
3 1 Me)ydn = {=-1) ~ 3 cogh Bve ¢ {«1) & cosh.Zve
Jzi=1 & £

dee By ®= 0O
an

= 44, + Jog a) + 3Wog 2 = Li@gg {ocog 2% » cosh 88} &
MW L0

a:a,f oixh Bg __ do dt +
9 oeos Zb ¢ cooh 2e

kA1)

o fzm {cos 86 + 1) 8k

<
2 J Joginh o &b do e
¢o ¢og 2t + cosh 2

£

iifi N

. 2 “’fl@g (2 eag™) db

?ifﬂ Qc:..j g de
io !quuézl*i

3}

+ 3Wiog 2 + églmg sin ¥ dx
dut § M = , dz
e 2z » -t oy "

- g ?jjﬂ EX 1 1=t ( g L)(u 4 4.6 3( -~ *«G )
- I L )
ZIBC (655 6 wilg d o B
sinh d¢
[
Henoe w4 4, @ loga) = E’J AMdg + S{=Tiog 3)
. (o]
= 4Fc - 4Ndog 3
and Ao log o @ log (Bafﬁl‘«

From cquobion (1)

o0
£lw) = log w/a + log (%e ) = log a * Z{ﬂ)vﬁﬁ cf.vsﬁah wamaﬂm}“
Y= ya& coshave ‘ 7
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or

(%) 1@53 = log (ae w‘}i{-s,z 3 cosh v(ercoshu/a)
Ve Y (09 1)

Lub oosh vg = 473 (cosh 3 » sinh B Yo 1/2 (cosh z = sirh ﬁ)’v

ord we noy rowedds (3) ao :

(3) 1og3 = og C‘aw’} # >_(-‘* Wedu o Jw -a® Yy (wﬂ&g .28
Y

Y ey et (@‘”"' + £0

I w pub a =1, & se¥, then
§ = m
gi'vw * oLV

@ tve i{
ami log Zsfe = 30z 3
g&z—;ﬂa ) \i

wl,
Defining V by w =82 (T+V )= cosh log Vy

1/ o » ’%f‘"v) = cogh vlog V = cosh Hexessh )
= Tfu) (say)
equatdon (2) begones

{4) dog > S-x log2 + Z(wi) 2R =SV g
B =y BEFeE™

This formuia hes been obboimed, wsing e difforent method, by

To i)

Szogo, ine Mabhy Nos BY, Dp 4P4e470,; 1960,

(4) ma};:;a condormally the e:}.ﬁ'.:?.psa in the weplane with m;}w nEds
B+ 4y ninor exio K = 1/8; and food ab bhe points w =52
outio bhe wnit civcls 13\= 4 in tho 3 -plase.
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Gampiote dots on the Noundury of a Gimple Domnin.
Yot & e 2 closed plano rogion beunded by o mef@ﬁé‘a’mﬁ CUIvE
Yo Singe ¥ in o closed curve, muy two Alffevent poimbs £, P
on ¥ detornine two dishivet porbs of ¥, 4o gholl denote
{moaguring in the posilivo semse) B By B Wy Y.; Ya
ragpochively, and ohall moasuws ave Eﬁngﬁ;/im Y fpom Py oudh
thaton¥, 0Fas<a adonY, aas<b, |
e defin i for ofp <a

Mg} =

0 for 2@ ¢db

hafs) = 4« o) for 0Fa <b
Leb §,5 % = 558,008 b on infinito sob of functions hovmonis -
in O3 w0 may wite Yy as & funsbiony Y, (s} , of the om verlabls s
ouly on e
et € bo o e.rbain class of Pwobions defined on 0S5 < b
oueh thet for any £ € G, M nay ke undforaly approxinaiod by
e set of functions 3% Ay n= 3,,3,\..:& for v & 1,2ped%
e pib cerlain rostrictions on € we con usc the functions “fw
{nn = 1y3350e) b0 unifonly apeoxinete o olorents of € on
05 g <bs
For oxanple, if G is o cirvenler dige of unil redius ard ry
ave podor corpdinates dolined werebe tho contye O of & ond
the 1ino OP
SL\?"; v = 1,3,,,,% w %3., TVeos vey vVpin vey v = 3»;399'73

awl 0 < a <317 b = 3, then § iz the clase of all funcbions



‘ ' e 5)
which are gbsplubely conbimgus and periodie fov G : g < 370,

feturning to tle gensyel caps, lob r = z{a) ko the distento
noasuved from o fixed point O dnside G of the point on ¥ &b

& disbance 5 along ¥ feon Pl Now A log r ds an elomenb of the
rostricted olass C w esn, vadng the meblod (veviously established
{ppS=7), map G conlormally onte a cirouler diges Howsver; sincs
blia %mﬁiam P {n = 1,30e) will in goneral nob bs mzmmm,
tho cs/éemamﬁs.on of he constent coeffielents of the seriss
oppearing in the veppingd famwmis vl nob bo eats_y, Crihonormad e
=ablon of bhs :i’umii@m Yn {8 = $50,00) Wil mlw this swoblemy
the rew functions 8o formed replacing bhe Yo la the prodesss.

Bt since wo oan orly find e finitommber of the crbhonornal

. funehicng, the final napping formila so produced will only &é
appuoximstes In pracbical applieations of any serdes fm*mula,
howover, only approxinabions cen be used; s¢ that the above approris

-ate formule {s sufficiont.

,//‘,,, T 1/ S - {\\\
- !/
- /) N\
e '/ t" ’\\‘-{, S =0
4 / “®
% / Yis=b
[
Q
G
G /
——r
e g
N ) i o \,2 \\.\___//
\.“/ﬁ

S=%
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ihe Jppe of vegion for which sucg a situabion ccouwrs may be
{lluastroted by the Lodlowing. leb G bo o clrevlar dise of wnib
rediug and cenbre ab 0 with & s1ib aleng the line 8 = O from
r=1/3 %0 v = 1, ket ¥, bo tho civcunference of he civcle and
Y5 be the olib, 1.0s consist of tho tup bonders which are

>
—

coincidental, of the regionss /2 58> 0, .1[3 Er & 1, ond

~Tf2 % ecogtfz 2r 21, /\
™ &
' ¥ /\\S
/ A

T :
o8\ N

*4_1_3}(_‘;: NS
%

Tho Punctions defimd by (1) are harmonic in G, 0o ¥,

(2) fo,} = {13 cop v, oinvsy v = 3.,3,..{} DEg< 2T

grxl on “fg

BA

¥
(3} i\pﬁj = {13 {g) sy = :1,2,.;.§ 27 = g< 2M=+ 2
vhere T4 1 = 3, 3T S g< 274 1/2
v(g) = .
8- 23T, 3+ i/:? 2= pd 3We f.

4341 ‘*fi, =3, logr(s) =0, O £ge a7, and the seb of functions
(2} noy obviously bo used So uniformly approximste bthds function,
the cooiticionta are oll zoros. Un ’1’3 vo ars vegquired to unifornlty
approdisnbe the funchion {leg 2{g); aN Speame 1} by the zeb
of funchbions {(%)e Laicrastrass' tmgramsz neoves the

foasibiliby of thip oporabtion gince wll  $he Iunckions
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concérned ave. symmetrdie choub the poddt & = 3T + 3/3,
Hovever itis not ab ol cbvious bhat the functions (4) ¢an

: e uged to widfornly appooxinebo 4o log {e) on Ve The ghotok

graph drawvs below shovs the typs of funebions with uhich e

are’, connornsds




Trepeibion to Hitbert Spaces

Yotrde Shacose

AsetfL is cnlled e motwic opace providsd thers s defined

on the sob of all erdered puirs (Xy) of elemprbs of JL an
overyRtere ?iﬂiﬁe&, rosl velued function P soblafying the
7

pegbulaton
Is  Fer svery xed)l, p (=%} = 04
Ife ¥ my yy mell , then

p{y) ?-:() (252} + 0 (257 )s
The functiom f’ is ealled the distonce funchion. Cne of the
sinplogt exsmples of a weldic apacn is the rual mmbcy gyobom
wibh 'D dofined by pubbing

P (mpy) = |% - y\.
Lob %@\,; ¥ o= &,3,..3 be & gequence of polwbs in B notrio
opate and 18t x, be o point in the spaces We pay theb the
fequenees convorgep tomm, provided theb fop overy nposibive
real oumbsr & bthere oxiste a | pogitive intoger p. such thsbd
if n > ng,

f(z”‘"\'&xu}“’“ﬁ »

Hi3bert Spacas

20

A Hilborh space H de/fot vith clements astisfying the foilowing

postuletess



3)
The elementg of * H. form a veghor ppacs.

fof
®

Ii. To sveyy ovdered poly of elemenbe of I corresponds o
complex meder (Xy)y colisd the goeler prodich of ¥
wnd y, with the propsrbiogs
(1) (o) = alzy) s ¢ conplexs
(31) (% 207) = (hp¥) * (Sy)

(321)  (my) = (@x) vhore (Fex) is the conplex
confugate of (Zy¥)e
{1} (%} > 0 for x diffevent from the il olemond
of H.
Tho nop-regebive mmbey (‘zxgﬁ}é ig called the noen of x apd
io denoted by lxzlle 12 the disbense from o vectar k to &
wackor ¥ 18 defined to be U x - vl ; then, with roopest 4o

this ddgbonce funcbion, H iz o ostrde speos, IL (Xyy) % O

we gay % is orbhogonsl to yp, and wpile 21 ¥

I%Is (lmlom of complotoness) If a ssquencse %xv; Y= 4,0 phz

of clements of H sebiofics the condition
Unl e, exll w0 ‘

MR 90

then Here oxists an elomont x of H guel thad

P lzex | =0

>0

Ve H i3 soparablo, 1.0., 5080 exists on comerabls soquence
§3v3 ¥ = £,25005 in H auoh that, i€ £7 0 ond y X ave
arbitrerldy givony ome ot least of the elemenhs y, catipfieg

| eyl <2



2"?’ -

Foncbion Spaecds

Conaidor tho sob 8 of all regl velued functions £(x) dofined ond
bounded for 0 & x % 1. 15 can gonpider the clements of S as
Torming o vector opace M w deflm P o ¥ ¢+ g as

Fa) = 2(x) » glz)
apd G = A§ as 0

Glx) = M 8=}

%A
HA

Th, vector apsce so forved is called o funchion npace. If we mow
introduce a metrie in § the question orises: wiwmb does
m g = 2

meon-§ Supposs we deline the medric as

CHEE - REORY- )
Then if tho poguence {fni COnVOrges Welebe this motric to £,
the ssquence of functiobs gfn{x;g comverges uuifornly o £{z)
for = x = 2, In Hilberb ppecs i norm ig rolabted to the meitric,

el = o (g50%

isnce if wo reguive a Hilbuerb space, wo must defins

Lel = sup | gtz)l, -

0% xé)

but this porm doss pot satlsly e pevallislogran lang} and honce

connot bo derived from o scalay producht. tenps the above teiric

space is mwb a Llbori spacoe



3.

Tho Ellbest Spaco 12,
g f(x} is & m&l v&lw& Iﬁam@gue waawaab& fanction on tiw
Intorund (o ,n). z,hen wasy ﬁmu Fix} bolones Lo tln Lekosgue
mtmn gpage L (a,b) if J? £7(=) dx ezighs ap o lobegpue

inho gxml. Since countoble sebs &mr»a zore Lebeogue mosowo w write
(eph) for the closed, holf-open or opon intervale
In Laﬁa,b} bl staler zm:’ﬂmt io defined by
{£p0) = Li‘ﬁx) glx) dx
and tins the nors s g,:?.van by
Lol = ([P ax )
ohs moteis do civen by '
f(i’aw = (j (£(x) - gm}) s )
Bid | Lim :ﬁ‘n = :?

[EIES

means thab

m f(f {z) = f(x)) A® = 0,

neYen

L (a,‘in otwicualy sabmﬁe&a the Livsh *txm ﬁﬁm spage peratv:&ﬂtes,
bhe Ricpa-fischer *thwem °) digpogen cﬁ' g:»s:amiaua Ii%. L {a,‘b}

aloo pebisfiea postuloie IV a and ie thug & Iﬁlm%u BPaCE.



.

Coupdote Sebs i Hilbort Spece.

Since Hidbert epuco is o motele vechor spucs, ths following
definibion of complotonsgs of a seb in o motrle voobor apace
spplieg to Hilberh spacse

T bo overy clemewd z of a nebvic voetor spacs B tlore corresponds
& gegyonce of fintbe limvar cerbinetions of elepents of a

oubget & of T which comverges to x, wo ooy that § 4o conmplels

in e
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The Iroblon dun Hilbovt Spage,
lonsider the problon babod on ppeldeiB. © can bo considered

as o fuoction sposte If we definc the spoledo in this opace by

(%) fifsé) @ﬁgg‘ 2{z) - fs‘(x}l
Lhen 19 ’%i 5 &

fapilden het £ {x) -y (=) uniforaly o8 Bi—e o Thus W nay
vorbabo Yo problen nors getorally sa followgs

ot {L?u‘;ﬂyﬁ,; n = iﬁ,n} e conpiote 4n {}"*@ £ fe é:;g s ¥ Agie
Doos Viie doply that fU 5 1 = 3,30 § 8 complote in 67
fieneper € dofined with the mobeic (1) ia sob o Albord spocoe
To ovbain Yie sushigouy mroblen in (lbert mposce v roplace

€ . ond the rebtede (4) by the space &Emg‘ﬁ} ard :3;*@:&3' metrice
The molden oy then be witben eo followss |
Lot Y, CLO(04D) {¥ = 8p2yes) ouch Wheh  (NY .3 B = Lp3pes §
ie conplete in {k@fg e Lg{@,h)gg v = 1a3e Doaa this dmply
thot {5 5 = L2heey 1o completo i 17(0,)7

In order to odrreps thisg ‘;:m'abhm in dbsbeach Hilbert apaco

it 1o recogosyy Yo Dind blp cbgtrach govepolisations of the

f’iﬂiﬁ‘gﬁﬁi’&ﬂ }*ﬁ.p 2‘“39



otabion.

i ohall use btlc following Hilberdb spuce mobtabions

8 genotes & Hilbert spaco over the field/of the verl ¢r complex nos
(xyy ) conotes the scalay produch of the elcments 2 ¥ of I,

Nl is ths norn of the element x of
6 ip the mull eloment of Hy 0 is the get of @ aloms.

A trmaia mtien on H ig o function T which iz defined over I

axd whiok hag ore or more veluwss 4f e{;wemmmmg to each ¢ Hg
if MCH them T(HY = § B :&eﬁs

vheye ths gyubol %.,w.;. HN 5 is used Sor the cob wﬁfare.k'..“ a0
thalb Ec‘ﬁ; & >{3} iz ths set of oll positdve voal mumbaras

A linesy menifold ia o non-enpby subsed I of H eneh theb 12 myyel!

then ox + flye M fov overy palr of slawpnby Gy  of Fe
i union of ¢ linzer manifold M and the seb of ite limdt puintp

is called o cloged limpor manifold or o guboputs ond is denobed
by Fa
The dimension’of a vector gpede equals the modimms raumber of [ .

iR
Mncerly independont vechors in tho apace, this marbor 1o unlque.

. e
If 5 45 o oubgpace of I [a] donotos the dimension of 3, S
denobes tho seb of all elemonbs'of ¥ whilch sre orbhogopal o

overy olement of Sl

If A is e tronofornabion on H apd I ip the ddentily trausformation,
the transformation I - A is denoted by 4 ond is called the

goaplenont of A
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Dofindbions,

If ¥ 48 o cubspacse of I, cvery £ in H can be wiribben in tho

foom x vy s with ¥l and yelf 3 % is called 4he projoction of
Bonl and w wite '
P g s

We defire the subsprce spemmiod by an srbitrery eubesh © of

{ the spam of Ty in oymbols VI ) as thy intercectdon of o3 ..
gubspates conboindng T, or enpivelontly, tho lesst subapacs
sonbodning T,
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Shazachopdasbion of Frojsotlors.
The follouing thooren enalilng us to debopnirs wen o
troncformabion in o projection,
Procpen Lo
4 mocogsery exd sufficiont conlibion for o teancforvation P
&0 bo a projoctlon on & subspacc If of H in thed P bop the
reoportiss (1), {3‘;&2‘%;&1’% {3)
(1) Pis elngls/ond dneor with donain M.
(3) Tor ovory =, yeH
| (53%,7) = (xB7)
(3) Ter owwy xCH
N I
H is &nl;m&y doternired by Pe
Froofe Fecossitys condition (1) is drmediste.
{2) If = 7cl, thon ‘
EZHy + Ty J SFVETe
WIPC B 7 € M 0Tl Eap Ve € Mo Thus
(Pesy) = (Rigys = 7a) = (Zen 3
_ (2ply) = (= * Byela J = {Zngd )
{3) Pz = x, and PP = Px, 5%,
Uniqueress of My if thore exists o subspacs M of I uch that # io &
mojection on i, bthon, fop any‘ olement 2 of ll, ==z g
3¢ %41 vhon Px § =, lome U is tho set of a1l solublons
of the eguabion Fx = x, and P(H)>ll llow leb y be ary elomeph
of 1 and 1ob By = 2. Then



959 4

Py = Ry =Py o v
ance =g anl e He
Horoe PLHYCH ond wo have moved thnb P(H) = I
Sofficiensys ot -

Hs {xg = xg

Shon 15 = P{H)
Since ¥ is liroek, ¥ s lireor. Dy Schwors® incquolity

{'&»

heall Uzl 3 | (ema] = x|l
iz iﬂi"sﬂi 70 w geh--
bzl & Ve o
Bub this condibien also balds 32 N\l = 0, so whes 38
holde for a1l ¥ tHe oty for ooy X gt B
i }?(x-zri“ = “?x - E’f” = izz -5 |
ardl P ig combdmsous over e lbnoe B g closody so thebk B
ig a oubopecs. Lot % €Ha Thon
x =Pze {x = Px)
Sloos P = Px, 17 yeli
0 = (Px e FRGY) = (2= D2,
If y vuns through B, ry rung ﬁizg%m;xg U lonoe x = el

Pxeéll end P is the rprojochion on iy

. Q
Heneo 4 P is g projecibion on bl £ is o pojjosbion on ¥ o This

F iz o gwojection i¥ end oply if P is o projections

i
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Lot aceo<b and Fiy Py bo the chopocteristic funobiong of the
Miorvals e 56 < e 50 54 5 b roupechivelye Thon Py Fa

grs oingle valusd with dm;m Lgf_agb} e for ¢ &8(51,’&}

S%Zﬂ {£(6)) glb) &b

Lf:(fa} glhd ab

(o) vieten) as

#t

Q:P\ f;g}

]

£

(&0 gl
FQ{F} i‘} = -%% iﬂ

#

Algo FOREC I AP A

o

Thus by Thedy Ny ¥ sro complomentary pwojoctions op Laga;‘?&}.

The Problame ' .

W can wow gy theb the goneralizabions of tho funcbions %, ha
in Hlbort space ove a"@m;:l,zmenmr:y rrojections in the opacts
Thup the problen nay be resteteds

Given G cll ond e projfection P in i, end that P(8), B(8) are
complete dn P(H), F(H} vospectively, vion s § complete dn H 7

T Loy o % .
Bnltury Snnecs

$

4 Wiiberd ppogs of Liadte dimonsion 35 called o unibuoey apsco.

Ig U is on n-dinengionsd unitory opace, thore exigh »n lincarly



indepondont olomants € jees g€n Lorming a amﬁletﬁ get in
Hy and every k<l moy bo expwopsed in the forg
X = E:—Lﬂv;év
HRED Cigese 38,68,
Ieh 0 50ee §Ony Do crbhonowmedy thon
Gy # (mev)
and henee
® = i(%&vl 84
Seppose 2, ¢ B (v = $546 an)e Then vo may upite
Ky i(xuey) 8, (A= 130050)
lob 0,6 F (% = $y00pn) such that
> ovxy=a

or mouivaleptly ‘

i o,{x,08,) =0 . {v = d5eepn2)
This zeb of equsbions hes e tply 2 trdvial solution if and only i€
(1) det ((z 8. 0), # 0
Honoe X peep%ey are limeorly isdepopfent if end only if (1)
15 teuos |
tuppose P is a projoction on B such thab o peegtiw EP(H) nnd
Greet yoog@nC B(H)y Iob W yoogw ¢ H guoh thab Py seepfys fomm g
complote got in P(H) apd Iy yespiyaiven o omuplate sob in P(H).
Tten ab losst om of the (B) dsterninants of order k formed from

the matrix



\('R?.i'ﬁi}w e (?3’"&,@1{}

(*?ﬁaﬁii‘ £ e {Fyn'@iz}

is nonegero and alb lensht ono of the (ﬁ) daterminants of ordey

5w & forped from the wobrix

{Wg_ﬂalﬁ‘&) : °’ ‘;‘R‘fiﬁen} )

_.c };yn’akq.i) ° e (E‘ffn, ea)

is nonw-ser0. From bhege twoe facke it 1o required to determing

whobhor or nob deb,{(yuee,)), 1s zovo,

1B taks as exmomplo the Sedimensional Hilbert cpace with k = 3,

¥p e mep =0

¥z ® By * g
Then (Bygaey) (Pyppep)|l = |1 3 ==2f0
QW.'&@ 3' ) (&gﬂg 3 ) 1 "‘3.

- buh éetiiiy?;%}% = (¢ 4 1] =0
1 wi =3

o & 2

38

and hence {ng,wgi, {Ey;$ are conplete in FOH), E(H) respecbively

i {% ,yagy:;;&a nob complete in He Thus, given SCH,

completencos of P(8), F(3) in F(H), B(H) respeotively does

not gorerolly imply coupletensss of S in He
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In fubura, bho statomonb .. orbhogonsl %o tho £€% wee

1

AL moan eee orbhiogonsl to -cvery olevont of the st ees

Lot P ol meHe Thon xo i 4F and only if =L T8,
Proofs Lot = LV, TCVRy honoe x0T,
Job x10e Lob ¥ ho the ot of 61l finite linser corbinations
of tho olomants of Te Then x Ll kst ¥ be o limibing point
of M. Then thove exists a sequence {y,{ , y,¢ ¥, such thab

Mtlyn«yﬂ = Qg '
flooy by dchamrs' Inequality

l{x,ry)\w \{xgﬂ) - (X, ~ 3?)\

3]

Vg, -

U

Taking 14mibs on bobh sideg we find
{Rg¥) = Oe .
Foneo AW
ub ¥ 2o the lanab oubspecs conbaining Ty L.0,
B = Vs

3o} vivs] ‘ 1 Vi
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Thooron 2e

Lot T cfy Then the following postulates are cquivalents

I, g complete in e

I V2 = He

3::;:1; 8 aé hip enly eloment of ¥ which iz ortboponsl to svery
olembnl of Te

Proofy Lot T holds Leb 0 € §ay2pee$ and T = (%5 v€Q] o

Then for every ye U thove existe o ¢¥ (vey) euch vhab

‘ y = v‘ezzvﬁg Fy «
Since ¥ is a avbopae combaindng T, § ?—% ﬁ;; %3 Hj ins &

avﬁmpwa mms&ming *i‘. Bub any othey ovbupece coubdaining T
mugh conbein this subspate, hones it is the least subspecs
corbofndng T, i.6s Ve Honge V2 o H ard I3 holda,
%ﬁaﬁm XY ipplies Ie |
sob IT holde Then
(Ve Q’Lx: el
vt a9 (loms 1)

end II1 holdg,
Iat IIX hold, bhen by lemmd 4,

(v2) =0
axid TT holdse N
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M Froblens

The? upables us to rogiate the probloms
Givon 9< i avd s projocbion P in Hy nnd theb
V(8 = F(H) 5 VP(S) = #H) 4
whnn ig ‘ ro Ya=i9?
I somw cases o solubdon Lo bhly problen may be easier Yo dotornine
if projevtions sro ignoreds Thug wo shnlld ddvelop seme Ghoorems

conserning conditions for the stutemont VS = H to be trus,

Sporatorse
A& transforpation A oo B is bounded i€ there exisbs a posibive
real nunber « oush that {or cvery sloment z of U
laell 2 Uzl g
the nowm of &y in gymbols (A, is the dafimum of )l such values

of e An operabor i o bounded linpor travsformadion fianm U iuto He

Lomms 26
IZ M da o subopase of H evd 4 o on operabor on X such thab
for all xe¥ and come pooibive real mmber
Wzl wtﬂlx!i
then A(M) ia o subopace of He
froofe Lev (=] e a siquense of claments of N euch thab

T, BT I



Vg =l = g, = ax, |l
>
= a“z:nma;hn
Fonce 2::,\3 ig afouchy coguonco and thore oxists = such thab
oy Xe % & H pines 11 In closede Db
Hgf“u Ay =y * éxlg & "y,\ w;&;“ # 1“;“,”:&:‘,\@-& “
Thus wo find
0= im (g, - fx) =y -Ix,
y ==

erdd A1) 32 clooede

ieb TCH, Iob Abe gh opevsbor on Uy ond ¢ be 8 positivg
veal mgbor such thab for x €VT
22l 2 izl

Pren - : BV} = TMZ)

3B,

I%m;ﬁo ot My H e e sobs of oll £inlic 1irmcer conbimsbions

of the fxy %y (2eW) reopectively, let xeVD, Then
Ax e AVR)

end there exists o SSQERUCE Y Of elememss of N such thab

1 g egll=o
Bt

0% lax =gl 2 Vallllie = gl
ard lpnec becouse & is bouled
13m sz = sgall= o



fgo #y,CE ond honee
azev o,

{1) MURICVAT)

VT iz a.oubspacey tims by lemso 2, A(VT) is o subopacs.
AT IS AVT)

the pindmel property of VAR) inpliss thub

(3) VALY € (VD)

and feon (4) ond (2) the remdb follovs.

Thegren e
Ioh A bo an oporvobor on H god ¢ o poaidive veal nwboay
auch that for o1l el

ﬁﬁ.g “ Z ﬂk\z@“
et T be copplete in Mo Them A(T) is complese in A(H).
Eroofe  UMT) = MVD) = AH)
< By lomma 2, A(U) is o subspoee of M, lonse A(H) o a Dilberd

opocse By Tl.4y AT} i comploba in A(H).

in eperabor A is loverulbls if there existo an oporabor 5,
T el " y . o -l
3

A =8i= X

vhere T ls Bl ldembiby transfornsbion.



¢t
A

I2 4 do haweordibls the conditions of Thed ave ga‘&iafiﬁ‘«ﬁ by pubbing

..!F[ —1

@= fall
fin_savbomorphien ‘é’,! on H is o gne-bo-ons Jinoox Grpnsformablion

B hso et g WIS . eipeavi 12 o

with ¥ oa range gnd dowain swch $hat for overy %3 ywell
(U ) = (25)

Thy fuverse of U 48 it adjolnt' Ve

4 bosds oF ¥ 4s o Linoavly fndepondent complebe pob in Ha

A

By The3,y 17 thore oxidds ai avtendrphisa of TC H onko an
grthonermel bapiag of I, ¥ 45 ar orthomtemel bools of H
Yo oupmple, lob U be an opovates on 1°(0,T) such theb for
£ 100;m) Ug = R - bt
utera A,y hoore the chevactapistie functions of the sebs
8= xt“ o &z m\'\, rogpecbivelys Then
(506) = | Fx) gled ax » Q&ﬂxn (-e(x)) &
= L%x} alx) d=x
s {fig)
and benge U g sh aubondrphism. Thus dinge W-}Tain VHEp VS z.,@z,,a}
1o oo orbhohormal boels of L Qagﬂ ig

. ) <

f NE cin vk oS xaT)
g\l(@ . .

“NE etnovay Lexs T,

{‘ A 2% ik % # M‘a b
3 B, v 5‘;;3;.;% ig on orbonmensl bople of L7(0; .
hY -



I£ ¥ iz o projoction on o mibopage of ¥, Aiffevent fyon H
a0, theve exloby »ell such thed
Hxltzo, Bl =0
ango the velation
el Zaleh 4 zen
Smpliss that o = O« Henee Thed doog nob apply to wolestions,

ﬁzm@‘ﬁﬂi A
Lot S-cl and S bo oonplote in He L0% © be o projectidn in He

Then B8} s ocomplete in PLH)s

Zroofls Loty ¢ P(E) such thob for w1l e TE), (7a2) = G

Lot B €5 guoh that g = x ¢ 2¥ 5 Whove me B(Y £t ¢ B8

Then for-every s 68y, (7,9 2 (Fpx) = 04 Honlo § 5 8 Gé0 Theds

Yronettdvity of Sonplotenacs,
Tha nowh thoorven chows that coupletensss fe trancilives

ibooven Ge 0 ‘ 5o
Lot PCH and 7 Lo couploto dn Ue Thon 42 8 %p complete 48 3,

3 s complate dn e

Eroofs Lok My B.be e oobe of ol finite Mosur éambincbions
of the elowsnbs of 8 T regpoctivelys Thon for every x¢H
teore exleta yells 2T sueh that fer axy €7 0



A0,

Wz-zllcela

ard Ug_;,rll&/z.
2wy liclmno)e {g.my)fﬁ
S fxecllslsayl

<E

The remilb follovs frem tho firet dofinition of complebomngse

o Gronefichnids Oothosoualisobion Frogess.
Hogt togbs for conplelorsss ave only appiicable to cpbhomornol
sobas 49 vory fow shis coo nob crihoncroal. we poed ssaé
mebhod of orthonormaiiving a sobe The mebhod onblined bolow
is duo to Groo and Sclnidbe It ig ouly applicabls to
coperable sobo. Suppose wo wnb to orbthonrnalize the sob
RS % x;§ Y ==z,3ﬂ,.o§ « i econgider the soguence S of
clomentn. KfE,pes obbairsd fea S by omitting ell clerents
¥, depending 1inoarly On ¥ gXipessiple Th0N evry Pinddo
cubsoguonee of 5% ig linesyiy indopondonbe. The orbthonornnl
cygten { vith elomsnts ¥, o¥-see 18 now defimed og follouss

T = Z\f\lx\\l :

T = "‘Imf \z z.“ ~
wore  5R = (Yyealie
Genorally, If 7 5VsBeves¥na &00 oiveady defined

7o = zad Wzl

nel

e 2
whrs By B K, ™ Z(yz’xn) Ju
Rzt
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o Justify bhis definition of ¥, it io mocepsary bo show thab
Dol #0 cnthe cosunpbion that the existorse Of ¥, seeesVnu
l_:aa already beon eptablislod. Every vy« is howowsr, o lincar
ceabinsbion of xf, s,-.,E: 55 that 2, may bo wilklon in the form
, Gp = X: v ;Z:_r@u?ﬁ{; H]
tho limsar i&:?amﬁeme of 3,ﬁ,a¢gx: tlus guerantoos thab o), 71 é).
Hehava

@eve) = (sloml = om) wo el e
(@ozr ) = Goxa ) @l )N = s A

b

= 0
SUpponS ¥, »¥, sess¥n 0ZR cbbhonormale Then foo n £
(3',“.95,’,,,,.) = (L‘fwgnjl v giﬁﬁ‘ﬁi.) ZY{;?II“ ﬁ‘n-n“
= ((ym.&?xf:l) - {ymag;at\) (s 2\/ W 2., I
= Qe ’
Homoe ¥, pesepdin .m erbhoncrmel. By mltw%ma, ¢ is an

orohonmrnald aobe

Crthonornal. Sebde

In the followinz weball dovelop swmo fogbs o conpletermss

of orbhonornel sobe in Hilbord gpuco.
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Shodron 6
Ish 4cC %issﬁu% s A {U‘?\!; ‘vef-a} b an oothonormnl  gyaten
of elcmenbte in B Thon condibions {10 vo {4) ere equivalont:
2) {gv 3 ved §3a cunldoto in H
(3} If xcH ip arbitrary, then
x ;‘évg (Kﬁ Lig} l{)y
{S) {Porscvals relabtion)e If x, ¥ ¢l wrc arbitpory, then
C=r o =
CEpT 3 % (= lfv) {\f\egﬁ'ﬁ
£4) If x2H is erbiiravy, then
L™ = 2 (o )|
Ipoole. Lot {4) holde By be;s‘“s’i *a inequality
T 2,
{ ¢ = “
~ i Z .
Yence' 2 \(z va)l ig conwergepte

Iab @iy U, by Pinite subzeds of § such Bhwb G & Qe Thon

\/

g‘i&’ “\%@' {31y % M = ‘%ﬁx&ﬁap) Yy \\ = @Eﬁ@ ?@'GH}?.{%’ Lfb)l

Fd

L)
o =

Ibrnee tlar sequence of olemounbo on the Leil. S of the cbove ig o
Geuely coquence awd thoro exdsts =, €1 such thab
o™ & !3’9 fh)‘f\}
Ionee for veldl
(Z‘Ie'w‘f-g} = (‘%Lﬂ’v} 2

{24 =5 R} =0

13

el x, = X . Lines (3) holds.

kot (2} hold, Thon
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11&2:(3,&?\,)% =g

Qi+ Q e
HaZ i gy =
apf in consequanes
wy) = @532% ISEAS
2 (x, 30 ) (vafsJ)

\ELJ
and {3) boldag.
Iob (3) holde Fub x =y axd (4) follown frmedintoly.
ioh (4) hold, Asouming {Lfv g ve G 4o be nob coplote,
thore oxicba an clemort 2 of H differont from @ such thab

(o)~ 0 (vé §)
ord benoe fron (4),
Wzl*=o0

valch is o conbtrodiction. Ibnow (1) holde onl 1o have proved

that (10 ()= ()= (8)= (1)

Thogeen 2
Lot @ € §%pem0 o Loy ¢ il suoh that for some comploto
sob 8 in M, we hove £Op all me 8
{y>x} # ¢
Ioh By be tie projection on V xyle es).,, end {11% 5 Ve ég
o an orihongemel, cet in Us
Thon the neocecgary end suliiclent condibion fop
{0 5 ve 9§ to o o buols of i da thab for alL xe S

o= S\ @
(1) i gyl %\.xmﬂ
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@eaﬁ. lgoe ssﬁ.tﬁ £’X ¥ ¢ ¥y henes (1) follows dmmedlately

fxvmm z’ewwml'a mlamau.
Sufficiencyy CPyy €V (= & 3)
Hengoo Gheve exzishs o veal mubow «y guch theb
Pyy = Gy % and
(o) = (B yo) = oy Ul
smes o, # 0 end {P,? yixe S % o @c}irrplete in He
From {1) wo see thal gl;),y s v'eﬁ%g is complete in % Bs v x‘eé‘s?} e
By ©he transitivity of completersse, {5 vedd do
complete in H.

iﬁmﬁa 4y

ieb the coQUenes gl pess ropresend all bho pebionol
mmbers in W iontorvel (a,D)e Thon the funcbions defined by
1 for afxiIgy

ﬁ"“‘(g}‘m o for w4 5h (0% toee)
form e complobs oot in L7(agh)e
froof. ot g &L'L(&,%z} puch thab g is crthogonald to all tho
functions s, (0 = 1,3,.';} o Thon

0= fﬁ(l-} By, fx} dx = fg’(ii) G2 (V= 8,30 )

isge ti® ﬁmtzui.en

& (=) = f glh) db

ie zoro ab all robicpel ;mﬁzts of {a,b)e Bub % (x} is
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gonbitnons winee it i n funcbion of the upper Limid of ¢

{5

<

intograbla function, TBnce @ (x) = 0 in (ayb) avd glx) &

y

in (eyble Thus the mull funchbion 4o tle only clemonb of L%emb)
which is arthogoned to all of the 1Y {v = &ggﬁow}é Belallo

[}

Vitedd ond Belzoll Comiitions for Completeneuse

To The?y puab H = af(a,‘ifsg, v o= £ vhors 8(x) > 0 fora £gf

by

9w ggs,,.s P 5 %g whore &t_(:&} is «zm choroactoriguico

fancbion rzaf o & ﬁf: > e

Thon by 34e, 5 in complets in L?‘gaz@b}r

Xleo Feff(2)) = g lx) o) pExEh
‘ence tho reoegosyy and gufflclient condition for tbe

crbhonormel oot of funetionn R(x) (v = 4,2 pee) L0 bO @

bapis of L Qa,b; ia

(2) | fﬁ{"}ﬁxw f{ff{x} wy{x}uw) &&téb’a)

I owo pub £{x) 2 2 we gob Viteld's condibion for x:zmg:l@*bsms}ai

8 dould repince the gomiition #{(x) 7> O in the abow by Gk

condibions < ) U in agy mubset of (84h) of noneserc

DESEUTGs OF3 J; {)dw = 0 only il = = g

Tha 'zze::ssﬁity; of the condibion shoted in the followlog

thetren follous slnost dmmedictely from (3)s
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Shnopen 9 o

tob £ EL (a,b) and £(=) Y 0 for o & %= be Then the
mweesoary el sufficient conlition fo@ an orbhongrmal ceb

LR 5 v = 252508 oF olomerts of L (o,b) to be coupleto 4n
1L{apb) is . )

{3) fi tfzgg;amgz mg.: f( i £(x) ey {zm)zﬁﬁa

Dalsedl®s comdition for complotoreos ruy be obbadned feon (3)
by putting £(x) = L. %)

Froof. bocogolby: eguebicn (2) holds, the torms on tho DeNeSs

cre consimmoug, nonenopsbive funcbiony of ¥ ¢ aloc i LeHe Yo
convergent

is o contimmous fumekion of be fbnce thocorics is wdfamly /
and dnbogroblng Dobh-sides wo ooy Inberchongs ouneosbion snd
irbogral signg on Up ReHeSe 0 gob cguation (3.
ua:i‘sﬁ.@wmy: 37
Atsds J £ Yix = Z ¢ f £06) p, Cx))”
Then f!a);; can be withon
iA(ﬁ}ﬁt =0
Lot he(x) be ul chovactorisbic functlen of a % & 2 b,
AL{BE by Bessela imqmliﬁj
[0t 207 2 22 ¢ [t g tadcm”
$a0s ‘f £ (@)= 21 { f £=) gy (x)an)"
" Ay 20
ssoming that D () ie convimong, sinee A(a) = 8 we love

A ) =
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bl
f

asnd suElicioncy follown fron the $ebd thab (3) is pu€iiciont
fore ez:mxﬂet@ms&u
Sroving the combimity of A () reluces to pboving the
esr"bﬁxxmi;y of thﬁ serlog :\ igi‘(x) lg,(:s}dxf‘ fop o 54 Ep,
Z%z:%s@iug . )
= Eﬁix) ‘fx(xr) dx = 5;33\03
@ i“.ms usiﬂg Sobumpsn® iz:e«“mliﬁh
(Z—i Siv «'Z_n @.‘a ) = {y fa) +aiz) (au eae))
7@;“ e aa)S (au = ool
Z(au v as )? (o, =~ aa&}
By Bespel's zz}aquaixty by b
oyt ewan o | H00
he{xm) ds ‘235:@ almwuax&am@ fupcbion of & & x & *;; s honoo
gi;;»é&ue au)'= L :, EAC, () = M) £(x) Y. (x) ax E
[0 = he ) £ )
\ ff (x) x|

ur

ﬁ I8

A

HE

L]

Eag% —~ =
z z -~
lZa ~Zon| % zJJf(x)ﬁx;Hf“(z) ﬂx‘
- b a t
end thus the LellSe >0 03 b7 6:e Homoe A5y 1a conbirmous,

s} bhe theowen io proved.
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Pests for Gomplotoness dppliceblo Lo Hon-orbhonormal Sebos

in vhe folioving we whedl develop some gzenovel criterda for

conplatensas or uon-conplslensss of sete in Hilberb gpecos

Thooran, O,

Lob 4y 0¥y 47 C { 148480 § Let { 5 Bé =§ ke o nonntonle
nnrensing cequenes of Lindle wiboets of § wibth linid Q. ieb
P Bo a projection in U ouch that P # I o 0. lob %, 6 B (ver)

such Shat

(1) e s ved S = B

ety EH (pea)
ol Gy €V {xv; ve%ﬁ} {ne g**)

guch tholb

E Ei & L ?‘;‘ “ =4 };é 1 8
{ 3 @%%% ’3’1; kn 0 (kaQ®)
Then 47 ln ks o =3y exista

QG ™ 4 ?

& V& -3 ke@} = BH)

inplisg

V{gvf, Vi VEQy kedt E w2 Hey
rgofs ot p €l such sl
(gev) = 0 = Py, ) (ved, ked")
Ve muob peove bhst (? = R Wo have
(Bpplayg = - (I’%&‘ﬁﬂ



(??:PYK‘} = - Qﬁl)";f%?fg ) (ed' }
(5P, ) = = (Bpsinn) (ne Q) &EC
| (s e W = (P = B
S eyl - Bl )
By (33
3y (& O } =0 o ) n
Gty € T*ﬁk Ly, ) , .
(5) (E‘Qﬁi?f Kk J fogi {;%f’:af:‘.?}em} ;
0 5[] poy, = 330 00 & lo, = 230 5 i, "
Em “ PZ&k"m&{mm Bkn) \ &= @ ‘ b
Qf\ \"’a\
s
\ Lr,&uhn} e (p!fgiﬁ?} E?’hh )l = t@(),iésk“ = 1dm E%ﬂl)\ n
> @@ ™
= “W“' N ﬁghn m,é«?ﬁéﬁghh}‘ 4
ikres
im (Pe P } = (Byslin I, t
G BeFn) = (Bpo g i)
ord fron {5
(Buln = (Bpplinm T ) ’
;?'K '? B R
Fos By = 1 By =0 . "
(Bpslye, = L)
PFrom (3) and Thed, | -}_far = &
Trem (4) (Proimy) =0 (ve @)
iy {2} Py=4a

Hores ' ‘ \? = 8
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Ee® places ro rosteictions on the dimenspion of H, 2(H) or
(i), bomco 1t is truo 42 (] 1o infinite end |E(H)) ie
finite, or 1¢ 1] s ofintte o [0 | , (B0 ave both
infinitoe Ib is oloo brus i€ || 18 flnite.

e will pow shobe o theoren which will bo used to explain
some axanples later on.
Vunte=izrass *'f%zam&.{ 2 _
Tn opder theb bio seb of funchlons 6§ 0% 4 o s}s ho conplets
in L7(0,%)y 36 is mocessary opd sufficiens . vhub tho
seyuents of poruors {:;gg conteins a caoquence g pv% gabtinfying
oo of the conditvions (4), (3) or {3)s
(1) &é& Py ® Poo m.finita ard Do P =372
(2) m b, = =1/ e 2\ py v 3fs\ =
(3) p, + 0 linp, = and 2 3fp, =®

Vo ¢ e
Redundant Sobce
o defirne the Lolloving types of conplste oobp in inflinite
3nongional Hilberd opaco.

{1) 4 complote ceb 8 ig Tindloly rodunient if there oxiste

z subget which is o bagis and vhich hos o finite ceuplorens
1hebe Ss A bogis is £icitely redundomds

Solle {i,xg'lﬁﬁ’ﬁm ®p0in Bx,.,mg bas throe redunlont olomenbo
in L7(0, T sinos %e;:m xynin 8&,...3 is o hapig of Llﬁﬁ}g-“'}t
(11) A complete 3 is inCinmitely redunient if thovre exists

a svboet vhich is o bagis end vhich bhng an fnfinite complorent



5%,

UsPolia  Se

Bolle g’:zmg VRp oin uRg V= 3.,3,“25 hop an Infinibte mabaw

of roduniant olemoubd in b (0,TTe

(338} A coyledo geb ig essontlally vodundonb 1€ thowe ewdshbg

1o gubgeb bhick is o bosise. This clssp of sots conplots
a*‘ two pubedapsos

8} thore exish infinito complete oubsobs ord thove oxtab
infinite pon=ctnnlete cubgols.
Bafie 190G ﬁz‘h‘mﬁ soEmE 1
Then by condibion (B) of ImS They §£,3 % = Bp8GsTpees b

15 conplete in L(0,4) ced § £, sv= : A,asm,..g is nob

;_,usﬁa in L {Gai)c

b} all infinite suboabs ere copiotc.
Cale Lob »{z*a x«z%
Then Dy e\:ﬂiwmﬂ {35 of bimd They 4F 8 ig an infinito wob
of pogibive inbegerds {g s Ve %}iﬁ ecoplots in le,&}e.
(iv) A couploto geb ig transfimitely redunmiunt. 18 ib is
non-Comrorable oml hao ¢ dompwrablo caplsho subooba
©e8s In tiw spoce LY(0,1), lob 8%} ko tio ot teristic
fonction of the set 0% xH p. Thon {{E}?; o= p= igiﬁ
ctoplote and neRedemmorablico in L {U@k} oxs {:3,, 3o Z'uulmg

iz complets and countabls im L {Gyile



Phogrem 20.. . .
Lot B ke of dafinite dimonpion. »iﬁt‘g(;‘ﬁ%g.gagyoo g o ot P
o a ojecbion in i and x,y (v¢ ) be eloments of H such theb.
glﬁ’x\,; we égg is finihaly rodundend An P{II) and
§Brys veGd is Pinitely podundent in H(H)e
Tion
[i’ﬁ” {:':ﬁ we OE f] = o
ondl henoe {5%5 e Og ip uob completa in He
Zropfe Thove exdst Qg $.C G such thab
%ﬁf’x\\ $ ’N-*’%\E iz o bagis of P(HY exd
%jg\,; v er.ﬁ i3 o bapiz of {ll)e
b @ 0N Gy thes G- 8 15 & finide sobe
Thore exisbs L{)p\&i’{ri—i}, L?;mé PLHE} ond o oop zevo conplsx

et o o sush thod

(\{)r\\&‘&‘:v) =5 c‘r\ g}m (I‘-;}" veé (33\ )

(.“{rm;:iﬁv} = -y e W
and hormoe

{Lf)u'aggv} * {\{)}\wﬁgv} Y W

= s e '

B?\K},\“\yfna . glﬁug lﬁue

g

F3]
B
i3

8

arEs Livpee
iw)\ng} = {L?/u.u Z TF_&,’}-“X-‘) % ‘;P'B."\)) \
= (l‘f}“‘ sE=yi ® (‘f,m. 8%y} n
=0



k'yl . e . ) ] “n
CEsh @ Bo o DinSte oibeeb of U and aylved )eT gush theb

t": - '
veEh avifo 8 ' - )
ion r‘{vZ;@“ “V%‘ 8y, = G

();buﬁ‘}x ‘ﬁm 92%\!3‘ =0 ) {ve ’:3“}
z< i) -.
= \\c(ﬂ‘ &“’ N
Since @L/‘ Op Sy= 0 ond E(F., s ‘veﬁé‘g ig lircarly fodopownicnts
Pones. Y_ﬁ?{xﬁve is‘gl EESS
ol ”f!{t?v 5 v c—{g'g is arihogerol o ¥ E:@L,; e {«;‘E » dence
Tirfegs vea' §3Y] = o
['{% { Zyg v &Y g :GA-] =
7§ %8 :‘s‘t«,{gg # He
I followm from tho obowd thooron, Bhab any seb of fopcbions
whieh s crbbogorol in 1M{gyb) and im Lo(b;c) camich be
conploto dn Lz',,&.g,c)g Yoo exmmplo, the sivd fucbiopng fovm
on opthomornal ool comploto oeh In i:h§@51T Ys L (1,270, b,ut.
are not complete in L*(0,21).,
Theoran 2o
Lok [ be of infinite dimwmoion. lob S CH guoh thad TS = Hy
and P bo o projockion in HJken It caonot ceour theb BLS)
ip £inttely vedundent in P(H) and £(8) is rinitely rodurdent
in P(i1)e Thess  two redundacies cre b leash egqual o the



B,

sedundancy of & in U

Horpe iF 3 io hob finttely redurdard in Hy F(S), L(8) axo
rob £infioly vedurdant in F(I), £(1) wespostively, ond 3£
ore of ke chovo projections of S furms & bagly of ibs
range. s 1o g bogis of He

Eroofe Suppose § o nove vodundent in I than N2} ds dn P(HJe
Discard the rodundouh clemembs of © %o give & 'which ina
ookt of He Tlon by Thedy FIE') iz completo in PF(U)e Db Ly
assunpbion }’?(S'} ig nob conplete in £{II) and we hatwg @
corsradictions evos tle conlrary shobonord is truw. Tio

woof of tle remeininy asgortilon foldiows fron Tha.d end 106

i;at.‘L be tho seb of Ilorsrdro ﬁemmss. Then L fopmg an
cebhogonod begis of Ef{»ﬁ,i) andl 1a { by Uedcrgbrapna’ thooven
srxl bk Bancibivity empiamz}szsa ) camiste in L (=130
By Thefs L fomrn o benio of b (~5,2) oz is ccoplote Lk

ot £anitely peduniats in L (1,5) ’

'

¥

ot 7 bo bho sob of teigonowiric fungbioss. Phen € Zorms
- R = ) ~Z ' N Su b B ] 2.
an orbhogosnnd bosio of L {0,29M) und iz lufinitely rédundout

E -L - it
42 L (0,0 and LTOT,2W

The above o exmmles show thebd in gemoral we carmed ropisce

37 ! 37 5y P 2 g1, e e 33
“findtoly redundert in Yhe shobozent of ThelO by | infinitoly
$i !

R “
redurdant o ths cecond



bt nob £initely redundad e

Thooren 19,
Iob P be o projection in i Lot SC I such thab P(S), B(S)

axe coeplate in P{H), JNU) respectively, aml for some
gel «G we how for all x€8

(Fgpyd = (Ezpy)

not

Than 8 if.a/emzﬁem in He
Broofe Yor gll =€

(i} = (i)
Sk Py = l?, g = Ly = \F,,_ s 54{, - \{7,_:: 4
Pt =F # ©; honoe uok bouk ) Y, eual B

ibges Y # & ord Top 21l BC S, (%0 = Go

T ablre bheooron io trus no rublber whed Sy of seducloncy
tho sobg B{S)y P(3) exhibit in P(H), P(H) vespochtivoly. Honce
te eannob - deduce feon tho hypes of rodundancy of tuo complobe

sebs, soy P10} omd U(T ) that ¥ is couplete in He

Thedl o3sp proves thet the Tfollowlng types of ssto arc nob
cooplote in Leboggus a’ﬁ;mﬁion EYO0GTs

(1) Tho clemowbs cre rericdic with common pordcd leossthan

the lpngbh of thelr darmsin, Yence hiv funsbions 1, cos vx;,
oin vE (v = ,35.40) do nob form e conplste seb in L?'io,zv@ @

€7 s
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{(i1) 7The oloments are gyrpotric &r slew syumstric shoub a
poink in gome swbhsed ( of nonezeyd memgure ) of bhelr domaine
Honge the oven ar odd powers of = are nob ocomplote in Lgﬁa-zg&%'
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In the following, Rozen oumerils indlonte (he titlos listed
in bhe LANLiogranlye

1)
8)

Iy ps 4D
Vi pa 2404

Iy pe 308,

Iy ppe 40% 440

Ty p 48-42 ond VIIL, pe 304, 34.744
Wy pe 298 '
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