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ABSTRACT

The apparent incompatibility of the quantum theory with
general relativity is well known. In this thesis we consider a
possible solution to this problem, namely the program of induced
gravity.

The problem of quantum gravity, namely its nonrenormalizabili-
ty, is due to its scale non-invariance. The assumption of the
induced gravity program is to begin with a fundamental scale in-
variant Lagrangian which is renormalizable. Quantum fluctuations
can break scale invariance and thus it is possible that the
Einstein-Hilbert Lagrangian will be induced, as first shown by
Sakharov. This breaking of a classical symmetry by quantum
fluctuations is called dynamical symmetry breaking.

It is possible to derive a relation between the induced
Newtonian gravitational constant, G, and the stress-energy tensor
of the matter fields. This formula, due to Adler and Zee, is
derived. A review is given of all previous model calculations of
G and their successes and failures noted. The extension to a
quantized metric is considered and the properties of the scale
invariant fundamental gravitational Lagrangian are studied.

Since the idea of inducing gravity as a quantum effect is
essentially a non-perturbative effect, we require non-perturbative
techniques to obtain useful information. One such technique 1is
the Delbourgo-Salam Gauge Technique. A review of this technique
'is given, followed by its application to the program of induced

gravity. The philosophy of this ansdtze is used to calculate an

iv



approximation to the contribution to G from a general fermion-
graviton theory in terms of the spectral function of the fermion.
The details of the Gauge Technique are then used to perform an
actual calculation of the contribution to G from QED.

‘'The result is quite small, signifying that the cdntribution to
G from the electrodynamic interactions of the low mass fermions

does not lead to any unexpected surprises.
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1. INTRODUCTION

l1.1. OVERVIEW

Einstein's theory of gravitation has been with us for two
thirds of a century and still it agrees perfectly with every
experiment yet devised. Why is this? 1In a way, the answer is
already known; general relativity is the simplest theory of gravi-
tation consistent with the idea of general covariance. Yet
physicists demand more. A prediction is required, a prediction of
the strength of gravity. The magnitude of the interaction between
space-time and matter is embodied in a constant which dates back
to ﬁewton. This is of course the gravitational constant, G.

Furthermore, physicists require a consistency for all inter-
action, and it is here that the theory of general relativity
causes problems. It has recently been established that to
quantize matter fields, but not gravity, is not only inconsistent
but also inefficient. The field equations of general relativity
can actually be predicted if and only if the metric itself is
quantized. Furthermore, there is even tentative -experimental
evidence to support the necessity of quantization. These facts,
and a faith in tﬁe cohsistency of nature, support the common
belief for a quantized gravitational field.

However the consequences of this are disastrous, since to
quantize gravity leaves us with a theory that at high energies has
no predictive power whatsoever. The villain of this nonrenorma-
lizability is well known; it is the non-dimensionless scale in the

coupling, the gravitational constant.



Theories with scale invariance have many desirable features,
not least being their apparent manifest renormalizability. A
scale invariant theory with only one coupling constant would, in
principle, be able to predict all dimensionless numbers, including
mass ratios. Although a scale invariant theory contains no mass
terms, quantum effects break scale invariance, and thus can
dynamically induce a mass scale. The idea thus naturally arises;
can one induce the scale of gravitation from a theory which has
classical scale invariance?

This is the idea of induced gravity.

1,2 A HISTORICAL PERSPECTIVE

The idea of inducing Einstein's gravity from quantum fluctua-
tions of the matter action is due to Sakharov (1967), who was
motivated by a papér of Zel'dovich (1967) in which the idea of an
induced cosmological constant was discussed. Besides a brief
discussion in Misner, Thorne & Wheeler (1970) there was apparently
virtually no published work directly in this area until 1980,
However, a similar idea was being evolved, that of replacing the
gravitational constant with a scalar field,.which then acquires a
non zero vacuum expectation value. This idea can be traced back
to Fujii (1974) although the idea of replacing the gravitational
constant by a scalar, and thus allowing the possibility of a scale
invariant gravitational theory, dates back further, to the work of
Girsey (1963) and Brans & Dicke (1961). During the seventies the
theory evolved to a more modern formalism (see for example Zee

1980) but always there was the scalar field. The presence of a



scalar field is rather unsatisfying, due to the free parameters in
the Lagrangian. These parameters imply a vacuum expectation value
which is arbitrary since the effect of the scalar field is not
manifested elsewhere. Consequently the induced gravitational
constant is completely arbitrary.

Meanwhile, however, the modern methods of field theory were
being advanced; gauge theories, renormalization group,vdimensional
regularization, dynamical symmetry breaking, etc. These are
essential to the modern understanding of induced gravity, which
began with the paper by Adler (1980a) who showed that with a
renormalizable Lagrangian with only spin 1/2 and spin 1 fields,
the induced gravitational constant must be finite. The existence
of an induced term now requires dynamical symmetry breaking.

A few preliminary calculations were performed by Hasslacher &
Mottola (1980) using an instanton gas approximation, and by Zee
(L980) using a 1l-loop calculation. However, the most important
development was the derivation of a general formula for G, derived
independently by Adler (1980b) and Zee (198la). Since then, there
has been further attempts at model calculations; for example for a
asymptotically stable theory (Zee 1982a) and an outline of a
lattice program to calculate G (Adler 1982). There has been
extensions to the case when the metric is quantized (Adler 1982;
Zee 1983a), and to the induced O(Rz) terms (Zee 1982b; Brown & Zee
1983). There has also been the important work of Khuri, who finds
some general theorems concerning the upper and lower bounds for
the possible magnitude of the induced G, as well as the sign

(Khuri 1982a, 1982b, 1982c).



By now there are quite a few review papers on induced gravity
(Adler 1980c; Zee 1981b, 198lc, 1983Db) but the most extensive
review is by Adler  (1982).

The central aim of induced gravity is of course, the calcu-
lation of G. This requires a technique for studying the non-
perturbative behavior of a gauge theory; in fact we require a
technique that takes into consideration an infinite number of
Feynman diagrams. The Gauge Technique is one such method. This
idea goes back to Salam (1963) and others (Delbourgo & Salam 1964;
Strathdee 1964). However it was not until later (Delbourgo & West
1977a, 1977b) that the method was formulated ihto a productive
technique, and by now it has had many applications. The gauge
technique embodies the essence of dynamical symmetry breaking. It
dynamically generates mass terms without any added fields, and so
would appear to be a good candidate for a technique in the study
of induced gravity.

I shall use the philosophy of the gauge technique to derive a
general expression for G-l/mz, and then use the actual results of
the QED gauge technique to calculate an approximation for the
contribution to G from QED. We find this contribution to be very

small, namely



1.3. SUMMARY OF THESIS

I now give a short summary of each chapter.

Chapter two is an introduction to the philosophy and formal-
ism of induced gravity. - Here we explain the notion of dynamical
symmetry breaking and derive the main result; namely the Adler-Zee
expression for G. |

We follow this with a review of all previous model calcula-
tions for G, and explain their successes and failures.

'Chapter 4 discusses the effects of the induced R2 terms, as
well as the bare O(Rz) Lagrangian whose presence is required for
renormalization. The property of asymptotic freedom is discussed,
as.well as the notorious unitarity problem. These three chapters
' constitute the review section of this thesis; they have relied
heavily on the review paper of Adler (1982), as well as the
original papers.

In chapter 5 we consider the fermionic contribution to G, and
derive the Feynman rules and Ward identity for a graviton-fermion
theory. The chapter ends with an expression for G in terms of the
spectral function of the fermion.

To calculate G we need to know the precise form of this
spectral function. This is obtained from the gauge technique
~which is introduced in chapter 6, along with its successes and
failures and its application to QED. Furthermore in this chapter
we derive the necessary equations for the evaluation of the
fermion spectral function.

In our second last chapter we calculate a definite result for

the value of G-l/m2 purely in terms of the electromagnetic



coupling constant.

We conclude with a discussion of the general implications of
our result, of the future possibilities of this approach, and of
induced gravity in general.

An appendix is included on the subject of quantizing the
gravitational field. The necessity of this quantization is
argued, followed by a discussion of the consequences of quantiza-

tion to the program of induced gravity.



2. INDUCED GRAVITY

2.1, VIA SPONTANEOUS SYMMETRY BREAKING

The idea that gravity may be an induced quantum effect can be
simply realized by the spontaneous symmetry breaking of an extra
scalar field (Fujii 1974; Englert et al. 1975; Englert, Truffin &
Gastmans 1976; Minkowski 1977; Chudnovskii 1978; Matsuki 1978;
Smolin 1979; Linde 1979, 1980; Zee 1979, 1980). Mote however that
the scalar field is not necessarily elementary, thus this approach
could be considered as starting from a Lagrangian which is not
really fundamental. It does, however, illustrate the general idea
of inducing gravity by a spontaneous symmetry breaking approach.

The gravity action is assumed to be

s = Sd4x/-_g{ co?

1 uy
R + 23u¢3v¢9 - Vi($)} (2.1)
where ¢ is a dimensionless coupling constant.

Let ¢ = L be the minimum of the potential V (¢). For ¢ at

the minimum, we have

> 4 -1 1 v
s = gd x/=g{ (167G) "R + 7au¢av¢g“ - Vieg)} (2.2)
_ 1
where 163G = —_— -
e<¢0>

The Einstein-Hilbert Lagrangian has thus been induced, simply
by requiring a non-zero vacuum expectation value for the field 4.

In general, G will be a function of both the temperature and
of R, since <¢> will depend on these. This will obviously have
implications for cosmology (Linde l980;vZee 1980).

Note that since ¢ is arbitrary, these models do not give a

calculable G, Nevertheless, this model is still being studied



(Cerverd & Estévez 1982; Fujii 1982).

2.2, SCALE INVARIANCE
Scale invariance is a very useful symmetry to impose on the
Lagrangian for a number of reasons. Firstly scale invariant
theories appear to be renormalizable by power coﬁnting. Further-
more the reduction of freedom implies potentially dgreater
calculability as we shall see. They thus have a great aesthetic
appeal.
A scale transformation is as follows
X *+ ax where a is a constant
2 + a9 | (2.3)
constants are inyariant.
¢ is any field that has canonical dimension [¢] = d, where
the canonicai dimension is defined as [mass] = 1, [length] = -l.

For a gauge theory in 22 dimensions with

L= =5 e s e - my (2.4)
4g
where Dn = au + %‘XJAg, we have [Au] =1,
. .
(er,) =2, vl = 275, (g) =2 - u

Note that in 22 ¥ 4 dimensions the coupling constant has
attained a canonical dimensionality. We can of course define a
dimensionless coupling constant 9r by 9 ~ g(u)ﬂ'_2 where u is an
arbitrary mass parameter.

A scale transformation 1is a special kind of conformal

transformation; the latter is a 1l5-parameter group which is



defined by adding to the Poincaré group the scale transformations
. . uo_ W Pp__up T

and the special conformal transformations éx° = (2x"x -g X X )Cp.

This is equivalent to a local scale transformation, the metric and

fields thus transform as

2
g, * 3% (g,

uv
o+ {a(x)} % (2.5)

Thus Yang-Mills theory, for instance, is conformally invari-
ant in 24 = 4 dimensions but not for 21 ¥ 4.

Note also that RZ is scale invariant but not conformally
invariant.

Although conformal invariance may be useful to impose, we
shall until further notice only assume scale invariance.

Classically, massless gauge theories and the massless ¢4
theory are scale invariant. However, radiative corrections can
break scale invariance, and this is one of the key principles
behind dynamically induced gravity. To illustrate this dynamical
4

symmetry breaking of classical scale invariance, we consider ¢

theory:

4
A
=2 (a,0) (2%0) - o (2.6)

1

If we consider only the l-loop quantum effects then it can be
shown by either a direct l-loop calculation or by finding the

l-loop effective potential (Coleman & E. Weinberg 1973; see also

Ramond 1981) that under a scale transformation ' s axu,
2 .
A+ At = - 32 7 log a (2.7)
léx

The renormalized coupling constant A is thus scale dependent,



10

since it depends on the scale a. The simplest way to see the
scale dependence is to consider the renormalization of 1 via a
l-loop Feynman célculation. To keep A dimensionless we must
introduce an arbitrary mass scale. Since the Feynman diagram
contains an infinite éart (i.e., a pole at 22 = 4) the finite
part, and thus A, will change if this mass parameter or the scale
is altered.

The dependence of A on the scale a is often expressed by the

8 function

= _Q_llili = 012 + ... » (2.8)

d log a

For ¢4 theory,

w
-
(8]

B =35+ ... (2.9)

w

=2

Higher loop calculations give the. further terms in 8.

All tﬁis implies that the coupling has to be defined at some
particular scale, usually called the renormalization point, u.
has the dimensions of mass and under the above scale change,

'

uw * u' where a = u/u'.

Similarily, for an SU(n) gauge theory with Nf flavours of

massless fermions in the fundamental rep, we have
2,2
2 2
g ') = 1g (; )2 — (2.10)
1 + 5byg” (n )109(2:5) + ...

Again, the further terms are given by higher loop calcula-
tions.

The function B8(g) = —%bog3 + O(gs) is also used to describe
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the scale dependence.

111 2
by = 3.2 3" = 3Vg) (2.11)
w

For a particle interaction, —u'2 can be interpreted as the

four momentum squared, qz, a kinetic invariant that governs the

energy scale of the process in question.

Note that if b0 > 0, i.e., Nf < l%g, we have gz(-qz) + 0 as
-q” + ® in eqn. 2.10 which demonstrates the asymptotic freedom of

nonabelian gauge theories.

The gauge theory at the tree level had one free parameter;

and now, with the loop corrections, it has two nonindependent

parameters, g and u. We can however find a new free parameter

M(g,u) which is independent of the renormalization point.
From (2.10) we can see that the mass parameter

~1/byg” (4?)
M(g,u) = ue O (2.12)

is independent of the scale, to one loop order. The expression

incorporating all loop orders can also be found
1974)

(Gross & Neveu

_Sg(u) dg'
M(g,u) = ue B(g ) (2.13)

Alternative ways of expressing the above is to say that M is
renormalization group invariant, or that M satisfies the Callan-
Symanzik equation:

[u—; + B(g) ] M(g,u) =0 (2.14)

M is now the only free parameter in the theory and all quan-

tities must be able to be expressed as a function of M. However M

has the dimensions of mass, so any physical parameter P(g,u) with
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canonical dimension d must be expressible in terms of a power
(M)d, simply by dimensional analysis. Furthermore, any dimension-
less physical parameter (thus renormalization group invariant)
‘must be calculable from the theory. For example, mass ratios. M
itself cannot of course be calculated in isolation. It can how-
ever be measured. In QCD it is related by a éalculable constant
to the OQCD parameter, which can be measured by the scaling viola-
tion in electroproduction.

This process, of transforming a theory with a dimensionless
parameter to one with a dimensional parameter is called dimension-
al transmutation (Coleman & E. Weinberg 1973). This process is
obviously of great importance since a realistic fuﬁdamental theory
with only one free parameter would in principle give all mass
ratios including, for instance, MPlanck .

Melectroh

Note that the mass parameter M obviously breaks the scale
invariance, just as expected. The above illustrates the mechanism
of dynamical symmetry breaking via the renormalization process.

There are other ways of considering dynamical symmetry
breaking, although none as clear as the above; (Nambu & Jona-
Lasinio 1961; Johnson, Baker & Willey 1964; Jackiw & Johnson 1973;
Cornwall & Norton 1973). These include considefing analogies with
the BCS theory of superconductivity or of trying to generate
composite fields such as yy; for example the Nambu-Jona-Lasinio
type models, where there is also a nonvanishing fermion mass
generated. For instance the Higgs mechanism requires a scalar

field ¢, however this could be a composite of the fundamental
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1/3

fermions, so that <¢> = <pp> # 0. The analogy with supercon-

ductivity will be elaborated upon later.

2.3 THE FUNDAMENTAL LAGRANGIAN

In flat space-time, there will be a purely mat£er'Lagrangian,
imatter’ which will describe all the fundamental particles of
physics. The exact form of this is of course not yet known, but
it is expected to involve spin 1/2 fermions, spin 1 gauge parti-
cles, and possibly their supersymmetric partners. Since the theme
that is being pursued here is that of dynamical symmetry breaking,
fundamental scalars are viewed with reluctance. However, their
optional appearance éan be allowed under certain conditions stated
shortly. |

In a general space time,'iJnatter will be a function of the
metric = and imatter [guv,O] willvbe the generélly covariant
form of imatter; i.e., all derivatives au will be replaced by the
covariant derivatives Vu. (¢ generically denotes all matter
fields).

There must also be added a gravitational Lagrangian
lgrav[guv] such that igrav[nuv] = 0. The terms in Lgrav must be a
maximal set of generally covariant local composite operators
constructed from the metric and the fields. Furthermore they must
be of canonical dimension 4 and satisfy the symmetries of the
theory (i.e. those of j;natter)‘ These conditions comprise the
dimensional algorithm (Weinberg 1957). For instance, terms like
VuA"R or AiA“iR are not allowed,'becéuse they do not satisfy the

required gauge invariance.
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We now assume that the fundamental Lagrangian is scale in-
variant (see section 2.2). The resulting Lagrangian is much more
aesthetically appealing than the arbitrariness implicit in a scale
non-invariant fundameqtal Lagrangian.

Scale invariance implies that a term like (l/lGnGO)R is not
allowed; neither is a bare cosmological constant AO'

We also assume either (a) that there are no elementary scalar
fields or (b) that the Lagrangian is invariant under supersym-
metry. Case (b) combined with the assumption that the Lagrangian
is of polynomial form, implies that the term ¢2R can not be

allowed, since §¢ # 0.

With these conditions there are only three possible terms,

those which are quadratic in the metric. These are

(a) R2

2

(b) € = R RHVOT _ 4RWR““ + R (2.15)

uvoT
(c) C cHvor
uvoT

is the conformally invariant Weyl tensor. 1In

where C
BVvVOoT

2.-dimensional space time, we have (Weinberg 1972)
_ 1
avot Ruvor 22-2‘guont gutho gchuT + geruo)

R
(22-1)(21-2)(guogv1 - gurgvo) (2.16)

+

The fundamental gravitational Lagrangian is thus

lgrav

=g

This has been proven to be renormalizable (Stelle 1977).

2

= pvoT _

Lgrav

The coefficients Xgr Sy and c, are allowed to be non-finite.
This Lagrangian will be discussed in chapter 4, along with :the

possible resolution of the problem usually cited in connection
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with O(Rz) theories; namely the nonunitarity of the S-matrix. We
note however a trivial resolution of all such problems, simply
take Iy = Sy T

allow, since 0(R2) terms are required as counterterms in the

Cy = 0. This however appears to be impossible to

renormalization of S 1.

atter[guv'o

So far, no mention of the known low energy gravity Lagrangian
= 'i%%a has been made, other than its scale non-invariance. For
such a term to appear, we require that it is only an effective

Lagrangian, as explained in the next section.

2.4 EFFECTIVE ACTIONS

The idea of an effective action is simple. Consider a field
theory with interacting quantum fields. To find the complete
description of one of the fields, one simply functionally inte-
grates over all the others in the expression for the partition
function. This can be illustrated by the weak interaction.

Historically, the experimental data on weak interactions
pointed t§ a current-current interaction:

4G

F .+.u- . n.un s s .
= — + + n t 2.18
1%‘ /7(3“3 j, 3 ) hermitian conjugate ( )

where for two generations, for instance,

i = (vg vu)vu(eL + (u c)YuUc‘gL) (2.19)
'L L
u, = cos6 _ sine (2.20)
¢ (-sineg coseS)

‘This theory describes the interactions of the fermions at low
energies (i.e., less than 80 GeV), but fails at higher energies.

Furthermore it is not renormalizable; the reason for this is
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basically the presence of the dimensional coupling constant Gp =
(300 Gev) ~2.

It is now known that the above is only an effective Lagran-
gian of the true Weinberg-Salam Lagrangian: (For a review, see
Fritzsch & Minkowski 1981).

S~ws - —Tli'Fu\i:Fiw - }Icu\;Guv t ep(if+g'B)ey
(% 8) (ia-3v K+ B) (;’L)
e

- 1- v - -
Ge[eR¢ (e[)+ (v eL)¢ R]

[GldR¢ (d) + Gyupé (d) + h.c.]
L L
w_i_qu_i Byt iwg Gl i,

i o2
w2ote - aete)?

+

+

+ second generation and mixing terms. , (2.21)

This is a renormalizable theory describing the behaviour of
fermions and the gauge bosons at all energies. Furthermore, it is
scale invariant. The usual correspondence between st and LF is

obtained by considering the 4-fermion interaction at low energies.

However the full effective fermion action, Seff' is obtained
by functionally integrating out the gauge bosons and Higgs fields.
exp(iSeff(w)) = Sd[All Bosons] exp(ija4xx\ws) (2.23)

vy denotes all the fermion fields. Note that the partition
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function is then 2 = Sd[w]exp(iseff(w)). Seff :=Sd4x<£~eff
describes, completely, all the interactions of the fermions when
no external gauge or Higgs fields are involved, it is valid at all
energies. It also contains a dimensional parameter, GF’ so the
scale invariance has been broken.

If we now consider only low energies, then we find thatieff
=JLF + small corrections.
The principle is the same for gravity. The full Lagrangian

is the generally covariant matter Lagrangian,i_ [guv,o], plus

matter

the fundamental gravitational Lagrangianjlgrav[guv].

The effective action Seff[guv] is obtained simply by

exp(iS eelg, 1) = Jatslexp(ifa®xf . (g ,on) (2.24)
Let S_¢e = Sd4x Leff‘ Leff + Lgrav describes the interactions of
gravitons and takes into consideration all the effects of internal
matter fields. It is valid at all energies and contains a dimen-

19GeV)—z, just like in the weak interactions.

sional scale G « (10
The analogy between weak interactions and gravity should not be
taken too far; however, since in the Weinberg-Salam theory we
integrate over the gauge fields, while in the gravity caée we
integrate over the matter fields and not the gravitational gauge
field.

Note that as this effective Lagrangian is induced by the
quantization of the matter fields, it is not a classical result.
The metric 9,, may or may not be quantized, the viewpoint is
unaltered.

We now consider the situation of slowly varying metrics, i.e.

(alguv) x Planck length << 1,
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(By "g,," I mean the background metric, auv’ in the back-
ground field method of quantizing the gravitational field in which
Thus it»should be possible to expand a function of Iuv in

powers of axg with constant coefficients. I-eff[guv] is a scalar

uv

density, so all terms in the power expansion will also be scalars.

There are no scalars with just odd powers of aAguV SO we can write

- 1 1 4
Leff[gwl = /TG(1gg(-20) * TEgR) * 0(2. g, (2.25)

R is the only scalar of second order in 3Aguv. The constants
G and A are defined to be the coefficients as above and are termed
the induced quantities. This idea was first put forward by

Sakharov (1967; see also 1982).

B8 RaByG

g’ aBys’

possibly logariﬁhmic terms due to trace anomalies from massless

The O0(3_g )4 terms will contain R2, rR? and

R
Y uv a
fields.
+ . .

I_matter[guv'ﬂ ngrav[guv] is renormalizable and scale
invariant. Thus no scale symmetry violating counterterms are
possible, so the coefficients G"1 and A must be finite. (However
the coefficients of O(akguv)4 need not be.) Thus the induced
cosmological constant and Newton's constant should be calculable
from the original Lagrangian 5~matter’ with no possible ambiguity.

It is possible, in fact, to find a general formula for these,
as is done in the next section:
As an aside, we note the analogy of induced gravity with that

of superconductivity.
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BCS model of Mass gap A Weakly varying Ginsburg-Landau
superconductivity electro-magnetic theory
figld
b ; 3 t
Gauge theory scale-mass weakly varying Einsteins
term M of metric gravity

section 2.2

AND GTl

2.5 FORMULAE FOR Ain ind

d

We shall derive expressions for é and for G'l in terms of the

flat space-time Lagrangian, or actually the trace of the stress
energy tensor. This derivation is due to Adler (1980b, 1980c).
For simplicity, we restrict v to be classical from this

point on. Note, however that for = quantized,g ] will

rav[guv
make a contribution to the low energzciéff via the high momentum
gravitons. Now, the relationship between the effective Lagrangian

ieff' and the matter Lagrangian‘im[ol is
.[.4 . (.4
exp 15d x‘Leff[guv] = Sd[°]exP 1Sd X.im[gnv,o] (2.26)
where &eff//~g = T%?E(R-ZA) and remember that we neglect all terms
of order (axgu\,)4 and higher.

)

§g  (y)

Operate on both sides with Zguv(y)
Hv

where y represents

an arbitrary point in an arbitrary region of space-time. So

. (.4 ) 4 1
exp(lJé X.1eff[guv])Zguv(y)gachyyjd X/=§T§?E(R—2A)

is_[g ,¢]
m “uv § g 4
= o _— ) .
)d[ e zguv(y)sguv(y) d Xjﬂn[guv’ ] (2.27)
Now use the known results:
= 1= uv
s 5_ = 3779 T, 8% (2.28)
/=G = -%/:g guvsg““ ' (2.29)
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_ 1 uv ) L
§(/=gR) = /—g(Ruv-iguvR)Gg + ;;E(/-g w ) (2.30)
L ik, .2 i,k
where w =g Grik - g Grik'

. (.4 .
Divide by exp 156 x¢£eff[guv] = Sd[&]exp 1Sm[guv,¢] to get:

/=g(0) i V162 u
I (R(y)-41) = Sd[Q]exP(lsm[guv’°]) gly Tu [guv,Y]

(2.31)
81G fatelexp is [g .ol
= — u :
SR I SR T PR (2.32)
Take guv = "y and thus
1A u
57 G - T, [y yr¥l>g (2.33)

This is the expression for the induced cosmological constant
term for a classical metric. For a quantized metric, the expres-
sion is very similar (see appendix).

To obtain the expression for G_l, we vary eqh. 2.31 around
Minkowski‘space time so that guv = q"v + Gguv. (2.34)

Now, expand the metric using the general Riemann normal

coordinates about the point y, but choose coordinates so that y=0.

i.e. g (x) = n" - RV Ex x4 ... (2.35)
uv _ 1l uavs
Thus 8g = §R X Xg (2.36)
and SR(y) = R(y) and g(y) = 1.

R(y)  (alelexptis lg, , o) 6 Ylg  ,y])

8 1G jé[o]exp(ism[guv,¢])

fatelexplis, lg,,, o1)/=g(y) T, g, v1ifa*xsfla, . o
+

Sé[o]exp(ism[g

So

Lor 9
- {Sd[oleXp(iSm[guv, «?]Tu"[gw,y]}
{f&[@]exp(ism[guv,¢1)ijd4xcilguv,u}

{fatelexp(is g, o)}

x

(2.37)
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u
<«S(Tu [gw,y])>o
(.4 T
<Tu"[gw.y] 1Sd xsilgu\,, °]>0

u (.4
T L9, Y12 <1Sd “ﬁguv"”po (2.38)

+

where < >g means the vacuum expectation value of the covariant

time ordered product.

Now, from egns. 2.36 and 2.28 we have

Sd4xqijguv,@] = %Sd4x/:§T§T Tuv[guv;xlsguv
= -%)-R““"B(y) Sd4x X Xg /=G (X) T (9, r¥] (2.39)
Thus -%—erL) = <6Tuu[guv,y]>o
-%Ruave(y)5d4x xaxB{<Tg[guv,y]/:Eﬁﬁ'Tuv[guv,x]>g
=< lg, o ¥1>o</mGTR) T L, . x1>0) (2.40)
Since we are only working to o(axgub)z,’the’first term gives

zero. This can be seen by noticing that sTuu is to be evaluated

at x = 0 but sgu“ « RuavaaxB near x 0. -But in the expression

for 6&(/=g Tu"),

Hv guvs(si'__)

s(g"’/=g T )= /T .
Ggu

uv

+

uv
since GI~= %/-g T &gV,
uv
The first term vanishes as O(x2), and if the second term is

not to vanish then the &g"’ which is implicit in q£§will have to

be operated on by two derivatives. These derivatives can come

' ]
only from either a 3Aa x 5 uu_ operator or from the square of a
a(ata"g"Y)

P\ ] . | .

3 — e operator acting on.£, These operators appear in

33" g

3

-/ T, = o | 2k ax____ag.. + 3ta® S

sghV aghV a(axguv) 3(axaeguv)'

However these operators will give zero since does not depend
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on axaeguv for a spin 1/2 or spin 1 field, and depends on alguv

only once for a spih 1/2 field and not at all for a spin 1 field.
For a spin 0 field the only term that can contribute is the

R¢2 term, but this was assumed (section 2.3) to be nonexistent in

g: Thus <6Tuu[guv,y]>0 is zero to order (alguv)z. "This would not
be so if g"v were quantized.

With this in mind we can now partially take the Minkowski
limit of egn. 2.40 and write:
Ry -%Ruavs(y)gd4x Xy Xg (<T(YIT ()50 = <T()>( < (x)>0)

(2.42)

where for convenience the notation T(x) = T:[nuv,x] is used.

We now note that both these vacuum expeqtation values can be
written as total divergences which then allows us to twice inte-
grate by parts.

Note first that Lorentz covariance implies that <Tuv(x)>0 can

be written as

2 ay(x%) (2.43)

2 ' 3
<T (x)>, = Ay (X )n - —_—
L 0 1 [ ax“ X

[Perhaps more familiar as a Fourier transform in Py

N _ 2 - 2
<Tu\,(P)>0 = Kl(p )nu\, - puvaz(p ). ]

Now the conservation law %§:<Tuv(x)>0 =0 (2.44)
implies, as a Fourier transform, p"(Tuv(p)>0 = 0,

 Thus p (%, (p%) - p?E,(p%) = 0 (2.45)

so a (x3) = 0%, (x%) | (2.46)

' o 3 3
Thus <T_ (x)>g = [Dznu\, -

Ix 9X

v]A(xz) ' (2.47)
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for some scalar function A(xz).
Substituting this into the integral, we have

pavg( .4
R Sd X X X <Tuv(x)>0

B
_ uavBS 4 2 2 3 3
= R d'x A(x") (O n - —— —)X X

Hv ax ¥ ax“ a” B

= 3RSd4x A(xz)
= %R$d4x 1\(x2)Dx2
_ 1 4 2, ¥
= grfatx x> (2.48)

This argument proceeds exactly the same for <T(0)Tuv(x)>g

since it obeys the same conservation law.

Thus, we can now divide by R(y) to find

1 _ i 4 2 T
81G Esd x x“{<T(Y)T (x)> = <T(y) o<T (x) >4} (2.49)
If we prefer, we can put y to zero and define T(x) = T(x) -
1 _ i 4 2.- - T
<T(x)>0, so that 166 - §€Sd X X <T(0)T(x)>0 (2.50)

This is the usual expression for the induced gravitational
constant.
It is interesting to consider the diagram for <T(0)T(x)>g.

To lowest order it is

To all orders it is

connected

Recall that we have subtracted the disconnected part, which is
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Now let ¥(k) be the Fourier transform of <T(0)T(x)>T, so

16+ = 96 ) (k)

, 4 .
1 i Sd4x d’k 2 -ikx
(27)

( 4 :
_ o =il.4, d'x -ikxXem2
- et ey g

(27)
= %%C]i?(k)‘ (2.51)
k=0 _
But ¥(k) is a scalar function so is only a function of kz,
and D2vx?) = sv (k) + e i?)
therefore T€%§.= %% T‘(kz) L0 (2.52)

Note the simplicity of our final expression.
The diagram for w(kz), with the contraction of indices as

?“uvv(kz), is the amputated version of the following:

(The double wavy lines represent gravitons.)

Observe that since v is classical there are no graviton
loops in this diagram. If 9,y were to be quantized then there
would be graviton loops since the virtual graviton fluctuations
would have to be included into the energy-momentum tenson T, ve

. -1
The next chapter deals with attempted calculations of G 7.
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The Feynman diagram will in general give a divergent result and
this must be removed, usually by analytic continuation of the

dimension of the integrals, although other regularization methods

are possible.



3. PREVIOUS ATTEMPTS AT MODEL CALCULATIONS FOR G_l

In_this chapter we consider all previously published work on
the calculation of G-l, both model calculations and more general
considerations. These calculations are in approximate chronologi-

cal order.
3.1 INSTANTON GAS APPROXIMATION IN A PURE SU(2) GAUGE THEORY

It is possible to evaluate an approximation to the full non-
perturbative generating functional Z, by considering only certain
non-perturbative effects, the instantons. An instanton is a
finite action solution to the>c1assica1 equations of motion
obeying certain boundary conditions (localization in space-time).
It is thus a stationary point of the Euclidean action. The
generating functional 2z = sd[¢]e_s[¢] is dominated by stationary
points, so to approximate the functional integral we consider
l-loop quantum fluctuations about the instanton. We then
integrate over all positions and sizes of the instantons, and sum
over all possible multi-instanton contributions. However when
instantons overlap calculations beéome complicated and other non-
pertubative effects may become important (e.g. merons), soO we'only
consider non overlapping instantons. Thus we integrate over sizes
of instantons, e, up to a maximum Pnax This is the "dilute
instanton gas approximation". For a good review see Coleman

(1977). The Pmax is an artificial cut-off.

The 1l-loop <correction to the pure SU(2) gauge theory
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generating functional with a general conformally flat Euclidean

metric guv = ezocuv was considered by Hasslacher & Mottola (1980),

using the dilute instanton gas approximation. The resultant

l-loop action Sl-loop = -1nZ is an approximation to Seff[gu] (egn.
2.24), and thus enables G-l and A to be evaluated without the use
of the general formula ;Z-iG_l = ww'(kz)Hk=o (egn. 2.52).

The actual quantity calculated was

uv &S '
u _2g l1-1oop _ _1 _ 4
Ty 1-loop = "1/2 W gng R724) +0(3,9,,) G.1)
g ég
The restriction to slowly varying metrics, so as to drop
O(alg"v)4 terms, ensures a simple solution:
' P (R)
1 _ max dp 22 5,19 48 2
me®2n = § 92125 + 2(25-10923-) 6%R1D (o) (3.2)
p p R
4 -x
D(p) = bx e (Bernard 1979)
8n2
where x = 5 and b = 0.016.
g~ (e)

We know how gz(p) varies with p for small g (the ultraviolet

region) from the scale dependence given in eqn. 2.10

2 2
2
81!’ = 81T __2__ 11’1(]10) (3.3)

0 gt 3

where u is an arbitrary renormalization point.
Thus e_x=(up)22/3e'X(") and consequently the above integral
converges in the ultraviolet region. .
The first thing to note from the above is that the existence

of an induced G-l is indicated. Unfortunately »p (R) is not

max

known, it requires a more detailed analysis of the infrared

region, and so G-1 can not be calculated reliably. Also, it is
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possible that the (1ogsz)sz term is merely an artifact of the
dilute instanton gas approximation, as argued by Adler (1982), and
that this will be compensated by either other non-perturbative
effects or by the dependence of Pmax O0 R. Thus the significance
of this term is unclear, which is unfortunate since the sign of
¢! depends on this term and p__.!

Observe, however, two things. The first is the presence of a
term e-81r2/g2 which is associated with non-perturbative eﬁfects
and which can be very small for g small. The other thing to
notice is that, in the UV region at least, the minus sign in e~ X
ensures that with a low energy u, there cannot be a large
contribution to G_l from the gauge fields of an SU(2) gauge
theory, i.e. G—'1 = O(uz). Of course, this need not be valid for

other fields.
3.2 A ONE LOOP CALCULATION WITH MASSIVE FERMIONS
Zee (198la) has calculated an approximation to
_ %
N ————"

for a fermion-graviton theory by calculating the l-loop diagram

The fermion is given a mass m, and two Pauli-Villars regula-

tors are used. (This ¢calculation has been done before. See
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Sakharov 1975; Akama, Chikashige, Matsuki & Terazawa 1978.)
However the purpose of these regulators is not just to control the
infinities, it is to simulate dynamical symmetry breaking. i.e.
the'two masses of the regulators, my and m,, are to be considered
as perfectly physical. The momentum dependence of the mass m(q)
is then approximated by a cutoff at the regulator mass. Only p2

terms are considered, so only two regulator masses are required.

The result Zee obtains is

-1 _ 2 2 rﬂ12‘”“‘2 r“12 | 2 m12
G~ " = §;{m2 (—5—) log— - m“log—=7} (3.4)
m "My m, my '

Although this does not give a definite value for G'l, it is

still possible to draw some conclusions. We see that the sign of

- . -1 .
1 depends on the mass ratios between m,, m, and m; G is

positive for m2 < mlz, m22. Since m, and m, are supposed to

G

simulate the dynamical symmetry breaking, we can conclude that the
sign of G-l, and not just the value, depends on the detailed
mechanism of this breaking. (This dependence on the detailed
dynamics was seen before in the instanton gas approximation.)

A second conclusion is that to obtain a realistic value for
G-l, the masses of the regulators must be of the order of the
Planck mass. This conclusion is not very strong, however, since a
l-loop calculation can hardly simulate non-perturbative effects.

The actual calculation by Zee is interesting in that it
introduces a number of tricks to simplify the algebra. These
tricks comprise replacing the fermion loop by a 1l-loop scalar-
graviton vertex, and then letting one of the scalar momenta go to

. -1
zero. This is only useful in obtaining a value of G ~, and one
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loses the tensor information of the original diagram.
3.3 SPECTRAL ANALYSIS OF <T(x)'r(0)>'g

If we consider <T(x)T(0)>g as a scalar function of x, then we

can formally write down its spectral representation.

<T(x)T(0)>g = Cdoz o (o%) 14 (x,0) (3.5)

6 _

i.e. ¥(k) ga 2 “"‘” ' (3.6)

k -0 +1e
where p(e®) = (2> 6% (p_-0) | <0 T (0) | n>|? R
_ n
Th R N QA (3.8)
us = 311_ 0 04 g | .

Since thever p(oz) is gauge ‘invariant, it can be evaluated
in a gauge where there are no ghosts (such as the axial gauge) and
consequently the Hilbert space metric is positive definite. Thus
0(o?) > 0 and ¢! is always negative.

As pointed out by Adler (1980b), this argument is flawed.

p(a)

This is because 2 is divergent as ¢ + =, This is because T
g

contains a trace anomaly which in gauge theories is (Collins,

Duncan & Joglekar 1977)

28(9) (F auv renormalized
Iy

) + (1+6(g»(@m0w)renormalized (3.9)

T
This is true to all orders in perturbation theory.
Since we have an asymptotically free theory, the ¢ + = is

just the free field limit, thus
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<5(x)£(0)>g behaves as (3——)4(A1(x))2
ax ™

where Al(x) » %Kl(mx) is the free field space-like propagator for
a spin-1 particle with mass m, where Ky is the modified Bessel

function of the third kind. (Bjorken & Drell 1965, Appendix C)

‘Thus, since Al(x) » lf . we have

1

(xz)4 )

<E(x)-§(0)>'g R (3.10)

Actually, the true behavior is the above modified by logarithms,
as can be seen from the Wilson operator product expansion (Wilson

1968; Zimmerman 1970; see also Itzykson & Zuber 1980, p. 672).
e T X
T(XN)T(0)>y » 3Cy(X) 0y (3) (3.11)
N

where ON are a sequence of operators, and Cy are C-number
coefficients. The behavior, perturbatively, is
xY x (possible power series in log x)

where y is the canonical dimensionality of the operator ON.

~ -~ l . .
Thus <T(x)T(O)>g » 7;7;1 x logarithms + ... (3.12)
so p(Uz) » 04 x logarithms(az) (3.13)

o 2
Regardless of logarithms, the integral S 31%—1 is divergent.
g

In the language of dispersion relations, we can say that ¥(k) does
not obey an unsubtracted dispersion relation. Alternatively, we
could hope to handle the diverges using a dimensional regulariza-

tion approach. However an apparently positive integral can turn
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out negative once the divergences have been subtracted off.

3.4 AN INFRARED-STABLE YANG-MILLS THEORY

The probiems in the previous model calculations have been in
the infrared. 1In the theories considered so far the problem- has
been the lack of knowledge of the IR behavior. However, it 1is
possible to obtain the IR behavior of a Yang-Mills theory in a
certain restrictive case, and that is an infrared stable ﬁheory
‘with a small coupling constant. This is, of course, only a toy

model. With such a model, G © is calculable (Zee 1982a).

-b
The infrared-stable fixed point is g*2 = ESQ
1

where 8(g) = “3byg -b;g°-byg + ... (3.14)
we thus requite b, to be small and positive (so as to retain
ésymptotic fregdom), and bl to be negative. An example of such a
theory is QCD with 16 flavours; however, these calculations are
valid for any IR-stable Yang-Mills theory.

With gz sufficiently small, all terms of O(g*z)2 are ignored.
The exact behavior of g(-qz) can then be found. Note that once
the nature of the theory has been chosen (i.e. the gauge group and
the represeﬁtations) g% becomes a fixed quantity.

The UV behavior is the usual asymptotic freedom as expected

and the IR behavior is
' 2

*

2 ' -bog
+ 1 - e(ux) (3.15)

g (x)
2
Ix

. 2 . .
Since g2 is a function of q2 and uz, and since g, is fixed,
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. . . 2 2 12
the renormalization point, y, is fixed by choosing g (-q) = Eg*

at q? = uz. (Note that the factor % is chosen arbitrarily, but it

must be a positive number less than 1.) Thus u2 is now a
measurable quantity.

The function ¥(x) = <;(x);(0)>g is now approximated by Cw/xs,
i.e. its free field value, see egn. 3.10. Adler (1982) has
evaluated the constant Cv for an SU(n) gauge theory to be

6

3x2 2
c, =222 _ (n1) | (3.16)
Y oent

From all this, Zee obtains the formula

-1 3 C.b .
- 0 -
S5 = T g e um | (3.17)
M
2
where y = 5 > 0.
bog*

The function J(n) is a divergent integral for n > 0.
S S R | -
J(n) = g dx —=—3e (3.18)
0 (1+x)

Thus to evaluate it we require a regularization process for
instance a dimensional one. The integral is evaluaﬁed for n < O,
where it is defined, and the resulting expression is then analyti-
cally continued to n > 0. The resulting expression for J(n) still
has problems, since it has a cut along the positive real axis,
which is where y lies. Thus J(y) is not yet defined.

We define J(y) by symmetrizing from just above and just below
the cut; i.e.

I(v) = 203 (y+ie)+T (y-ie) ] (3.19)

This process of defining a divergent integral by analytically
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continuing a parameter which it contains, gives a unique and
unambiguous answer. The essence lies in the property of analytic
continuation, which is known to always give a unique process no
matter how it is carried out. For further discussion, see Aadler
(1982) or Zee (1982a).

The resultant expressioq for J(vy) can be evaluated by numeri-
cal integration, or by the method of steepest descent, which is
what Zee does.

The result is

-1 4
G _ T C 20

¥ .
7 = ——7 exp(-4/byg%) sin(—2T3) (3.20)
M 48 g, bog*

Thus, the mass ratio G_l/u2 is in terms of entirely known
quantities. Furthermore u is measurable, so the induced Newtonian
constant for this toy model is completely predicted. Note how-
- ever, that the sign of G is very sensitive to the position of the
fixed point, i.e. to the details of the infrared region. Zee
(1981b) has suggested that this is a universal feature, and that a
general argument for the sign of G may not exist.

This toy model is usefui in that it illustrates the principle
of induced gravity, and the problems with which one must come to

grips.

3.5 A LATTICE CALCULATION FOR A PURE SU(n) GAUGE THEORY

A procedure was outlined by Adler (1982) to -calculate G—l
using the technique of Monte Carlo simulation on a lattice. The

idea of using a lattice for gauge theories was originated by
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Wilson (1974). The Monte -Carlo method is one of the more
successful methods empléyed for lattice calculations, and was
introduced by Wilson and extended by Creutz (1980). This method
is non-perturbative and is thus used to examine the IR behaviour
of a gauge theory. The successes of laftice gauge theories have
been to both pure.Yang—Mills'theory and also Yang-Mills theory
with fermions. However, we shall only consider the former.

Pure Yang-Mills gauge theory has no classical scale, but it
has a non-perturbative dynamically induced scale. This scale can
be written in a number of forms and related to the scale para-

meters used in QCD, such as A A . We also have the lattice

MS’ “mom

scale AL' the string tension /K, and the scale introduced in eqn.
2.3, M, (These are all formally renormalization point indepen-
dent, though the pertufbative QCD scale parameters do depend on
the renormalization scheme.) The most aécurately measured scale
is the string tension /K, défined as the coefficient in the heavy
quérk-antiquark potential

v (x) + Kx as x + o,

static

Its value can be obtained either from the Regge slope or from
the phenomenology of heavy quark bound states, and it is found
that /K lies between 400 and 500 MeV (Eichten, Gottfried,
Kinoshita, Lane & Yan 1980). Using Monte Carlo techniques, this
can be related to the lattice scale A, via Ao = (6 + 1) «x 1073 K
(Creutz & Moriaty 1982). This parameter can be related to the A
parameter in continuumAQCD, (Hasenfratz & Hasenfratz 1980,Billbire

1981), which can be measured from deep inelastic scattering

experiments.
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There is, for us, a more relevent parameter,. namely the

vacuum energy density, or gluon condensate

-28(9)
3
bog

tp ¥V 0.
v

g2
<0 |—5F
4n2 s

This parameter can be measured by using the sum rules for
charm production in e+e° annihilation (Shifman, Vainshteiﬂ &
Zakharov 1979) or it can be related to the string tension via
Monte Carlo techniques (see, for example, Di Giacomo & Paffuti
19825. Its value is approximately 0.012 GeV4.

This quantity is of interest since it is related to the trace
anomaly <Tuu>o, and this is related to the induced cosmological
constant (egqn. 2.5), so

A

Si _ind o 2y x(gluon condensate) (3.21)
271 G, 0
ind
= 8ld) (g igluv,
29 v 0
. . . . 1 A -44
Compared with the experimental value, which is v 10

GeV4, we see we have a discrepancy. ‘This is the famous cosmologi-
cal constant problem. It is usually said that a resolution of
this problem will come from a new symmetry which will imply that
the induced é from other particles will exactly cancel out the
above so the total é will be zero. This, of course, is specula-
tion, |
This calculation of G-'l from a lattice has not yet been
performed, for the method requires knowiedge of the IR behavior of
the function ¥(x) = <£(x)£(0)>g., The approximate behavior is

known from general considerations, since ¥(x) is a correlation
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function, and has to be exponentially finite, i.e.
F(x) =~ exp(-mgx) for x » =, (3.22)
The mass parameter mg, called the glueball mass or mass gap, .
is the mass of the lowest lying glueball states; suspected to have

JPC - o**

This parameter can be calculated using Monte Carlo tech-
niques, see example Berg & Billoire (1983), who give
my = (28Q150)AL = 750 MeV.

The exact nature of W(x) in the IR region, however, has yet
to be computed. It is however non-divergent and so can be
integrated.

On the other hand the UV part of the ¥(x) is known from
asymptotic freedom and the Wilson operator product expansion, (see
egqn. 3.1l). Consequently we know that ¥(x) behaves like
?;%;leogs for x » 0, and fhus the integral Sd4x xzw(x) is
divergent. .To evaluate this integral we subtract off the diver-
gent piece Yd(x) leaving a convergent integral which can be
evaluated by numerical integration. The divergent piece ¥3(x)
must then‘be evaluated separately by a process of analytic con-
tinuation.

We can easily evaluate the most divergent part of ¥4(x) by
asymptotic freedom, since this implies we consider the lowest loop
contribution.

g* (1)
1-2b,9% (%) Llog (-x%4?)

2
» (1og(-$<2u2))'1 as x° + 0 (3.24)

Thus g2 (-x2) (3.23)
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Furthermore Eéﬂl v gz, so
T » —(log(-x2))"" (3.25)
X
' 1 2
Thus Yd(x) " as x -+ 0 (3.26)

x8(log(—x2))2
We have thus evaluated the logarithms in eqn; 3.12,

Consideration of all loops leads to the general expression
Y (x) = = b2c, L1+ c ¢%M) (3.27)
4 TP “v3 n9 .

where Cv is given in egn. 3.16. Note that evaluation of Cn
requires consideration of all n+l loop contributions. At present,
only two loop calculations have been performed (Kataev, Krasnikov
& Pivovarov 1982). Note also that there cannot be a l/x6 term in
?d' since by the operator product expansion this would imply an
internal symmetry (including scale) invariant operator of mass
dimension 2, and no such operator exists in ¥YM gauge théories.

Since we are evaluating the UV and IR pieces by different
techniques, we must define a crossover point, X, say. This wogld
presumably be a small fixed number, but wbuld depend on the
accuracy of our other calculations, namely the coefficients C, and
the Monte Carlo simulation of the IR region of ¥(x).

The integration of the above divergent integral, namely

Sxod4x xzvd(x) has been evaluated by Adler to the extent that, by
0

a process of analytic continuation, it has been re-expressed in a
form which no longer has divergences. The actual analytic

continuation is interesting in that the integral is reformulated
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into an expression which has a branch cut in the space-time
dimension, 22, from 2% = 2 to 22 = =, Consequently the true value
at 22 = 4 must be found by approaching the point 22 = 4 from just
below and just above the branch cut.

Adler has thus reduced the calculation of G for a pure SU(n)
gauge theory in terms of Monte Carlo simulations; numerical
integrals and evaluation of perturbation theory coefficients.
This result is interesting in that it should be possible within
the near future to obtain some information from this program.
Furthermore, although present efforts are concentrated on SU(2) or
SU(3), it is not too difficult to extend these to SU(5) and thus
relate G-l to the various mass scales of the grand unified
theories. Indications are that no great surprises are expected in
the results fiom SuU(2), SU(3) or SU(5), éxcept, of course, for the

actual values of the scale parameters.

3.6 BOUNDS ON G—l IN AN ASYMPTOTICALLY FREE GAUGE THEORY

(In this section only, we shall adopt Khuri's notation
¥(q%) = -i §d4x eiqx<§(x)§(0)>g and so (161G) © = %7 ¥'(0),
instead of eqn. 2.52.)

Khuri (1982a, 1982b, 1982c) has established some general

results for an asymptotically free gauge theory with massless

fermions. These conditions imply (see eqn. 3.26 and Khuri 1982b)

2
V(qz)*—CAq4(log:3§)_l as -q°+= (3.28)



where Cy = Cp(12/2%x3)  (see 3.16)
Khuri's results originate from a study of the zeros of ?(qz),
the techniques used are an adaptation of the work by Jin & Martin
(1964) . The main ingredients are consequences of analyticity.
As an example of the power but simplicity of this approach,

. 2 .
we assume ?(qz) has precisely one zero, at -y < 0. We define a

function H(qz) by

2
H(q?) = ) (3.29)
q +u

By eqn. 3.28 H(qz)/qz*o as |q2|+° and so we can write down a once-

subtracted dispersion relation for H(qz)

2 2 '
H(gh) =n() + L ( ImHLE) 42 (3.30)
0 o (67-g")
Thus
2 ¥(0), 2, 2 gz(gz+u2) ® ImH(s%) 2
¥(q') = —2—(q +u ) - T S 553 do (3.31)
U 0 o” (0"-q")
Differentiating and putting q2 = 0, we have
-1 (o) |, P Im ¥(o?) 2
(161G) = 5 + 130 53 do (3.32)
12y 0 o (c“+u”)
2 = 2 o(d?)
But ¥(k) = g do" ———sy—— (3.33)
0 k" -0 +ie
(see egns. 3.6, 3.7)
2, _ 2 2
and so Im ¥(a") = =1p(0”) < 0 for o > 0. (3.34)
2 2
Thus (L6ng) ™t = 2O} _ & Y 2o a0 (3.35)
12p 0 o (o +pn )
Thus, in one case, we have determined an upper bound on G_l,
(16na)”t <« 2O (3.36)
12

The properties of W(qz) (analyticity on the plane with the
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exception of 0 < q2 < = ; and egn. 3.34) imply that H(qz) defined
in egn. 3.29 is a particular type of fqnction called a Herglotz
function. (Khuri 1982a; Jin & Martin 1964; Khuri 1969; Shohat &
Tamarkin 1943)

If ¥(2) has n real zeros (not neéessarily distinct) at

2 . . 2
Z = —uj j=l,...,n, and N complex-conjugate zeros at my i=1,...,N;

-¥(2Z)
H(Z) = . (3.37)
N 2 *2. n 2
Z.-m, . -m, Z+y.,
;Ii( i ml_)(Z1 m, );31( uJ)

is a Herglotz function.

A key property of Herglotz functions is their boundedﬂess:

clzI™t < H(z) | <c'iz| as |Z]| » = (3.38)

This result, and the restriction of egn. 3.28 combine to limit the
number and type of zeros that W(qz) can have. It is easy to see
that there must be at most two zeros. Khuri analyzes all possible
cases and derives sum rules analogous to egn. 3.35 for each case.
Assuming that the induced G—l is positive, then Khuri shows that
if W(qz) has one real zero, then ¥(0) must be positive (see eqn.
3.35), if W(qz) has one real zero at q2 = 0 then ¥(0) = 0, and if
W(qz) has a pair of complex-conjugate zeros,'then ¥(0) must be
less than zero.

To derive an upper bound in terms of the mass scale of the
theory we again use dispersion relations. In the case of one real

zero, for instance, let

2. _ (P+u?)
h(g™) = '—3—2—— (3.39)
¥(q )
2 2. 2. Im ¥(¢?)
Now Im h(o®) = =(o"+u")

le(o?) |2



42

_ 2
= 1 (o24y?) _ﬁiﬂil-i (3.40)
| ¥(0™) |
2 2 2
So Im h(c°) > 0 and |h(c°)] + 0 as |g°| + = (3.41)

Thus h(qz) obeys an unsubtracted dispersion relation

- 2., 2. 2
h(q?) = g elo)loe i) g4 (3.42)
0 |¥(0™) ]| (a7 =-q")

Thus h(0) > 0 and h'(0) > 0.
Now, from egn. 3.39,
' (0) = (h(0) - u’h'(0))/[h(0)]°.
so ¥' (0) < 1/h(0)

From 3,42, we can write
® (s 2
167G > 12 g 2227 - 4o (3.43)

2 Tv(e%)|2

Choose L2 large enough so that W(az) can be approximated by
eqn. 3.28. (e.g. L® = 1004%)

Now since

2
p(oz) * Gy 04(1n25)‘2 - (3.44)
A
we have
-1 _ 100 2
(167G) ™" < 53— C, A (3.45)

Khuri calculates the other two cases in a similar manner.
The final result is the greatest of the three upper bounds and

gives for a pure SU(N) gauge theory.

(1676) 7" < (=225 vZ-1)a (3.46)
12+

(The number 252 would vary if we had a different
124
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prescription for the onset of the validity of asymptotic freedom.)
This result is the most important result since it implies
that the origin of the induced gravitational constant must come
from either a non-asymptotically free theory or a theory with a
very large mass scale.
If we assume that the scale A is very large, then the ques-
tion arises as to how close G-1 comes to the upper bound. Khuri

(1982c) arques that, if we assume ¢! to be positive then

-1
G = O(M2

M,ero) » Wwhere M is the mass of the zero of Y(qz).

zero

Furthermore Khuri shows that one would expect to obtain a small

1

value of Mzero and thus not obtain a realistic value of G ~. The

only way to obtain a realistic value of ¢! is if the zeros of

W(qz) are'a pair of complex conjugates at
2 _ 2 . , '
g = m, b 1yM0 (3.47)
where Mo +» O(A) and y <K MO.
Wwhether or not T(qz) does have this type of zeros is not
known, but Khuri shows that it is not impossible.

Assuming the above 2zeros, it is possible by similar tech-

niques to the derivation of the upper bound to find a lower bound

for G L. This is

“2 2

16 (1og 10)144 Cv Mo

< (1616) 7t (3.48)

These results give tight restrictions on the properties that
?(qz) must have to give a realistic G—l. Furthermore, the lower
and upper bounds on G-1 are very restrictive. If we assume
asymptopia stérts at q2 v 10A2, then the ratio of-the upper to the

lower bound is approximately 50.



44
4., THE FUNDAMENTAL GRAVITATIONAL LAGRANGIAN

We now consider one further formal development, namely that
of a Lagrangian which 1is of fourth order in the metric
derivatives. Such terms must be considered since a general
covariant matter Lagrangian will require such terms as counter

terms upon quantization of the gravitational field.
4,1 OVERVIEW OF THE QUANTIZED LAGRANGIAN

The general scale invariant polynomial Lagrangian of the
quantized metric (or equivalently the vierbein) on a four-dimen-

sional manifold without boundaries is

HVOT

_ 2 uv .
Lgrav = aR +bRuvR +dRuvoT, (4.1)
This can obviously also be written as
_ 2 uvoT

L = ryR7+s,6+coC . .C (4.2)
where Cu\,aT is the conformally invariant Weyl tensor. 1In 22-
dimensions we have

‘ 1
= - — - - + .
Cuv01 Ruvor 22-2(guaer guero gvoRur geruc
R
+ (22-1)(22-2)(guont-gutho) (4.3)
HVOT v, 2 . .
The tensor 6 = R R -4R R™ +R” is the Gauss Bonnet density
uvoT nv
_ 1 4
so0 that X = —> Y=g 6 47x (4.4)
32 _
] 8
is a topological invariant (the Euler number). i.e. 6; = 0.
. Hv

In 4 dimensions x will not contribute to the field equations which

for the Lagrangian
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_ 2 uv :
L = aR +bRuvR , . (4.5)

1 2 uv 1 T uv

: g v HOVT
are EaR g +§bRcTR g -2aR R -2bROTR

- (2a+3b)ORg™” (4.6)
-bar"’+ (2a+b)R7*Y = 0

As an aside note that any vacuum solution of the Einstein
field equations is also a solution of the above equations.

Although x does not appear in the field equations; it is
necessary for it to be retained since X ¥ 0 (the general case)
will imply that the coefficient of 6 will'haQe to be renormalized.
In fact, even if X = 0 we still must retain this term since it is
only a topological invariant in 2% = 4 dimensions. Consequently
when we perform a dimensional regularization of the theory, we
must treat this term just like any other. Furthermore, dimen-
sional regqularization is required to maintain gauge invariance and
also to maintain the general coordinate. invariance of the integra-
-tion measure d[gu“], which is otherwise destroyed (Fradkin &
Vilkovisky 1975).

We consider now the issue of renormalizability of Lgrav‘
Being a fourth derivatiwve theory, the graviton propagator at high
energies will behave as l/k4. So loops containing gravitons will
converge much faster than with L = (16wG)-lR. In fact we see by
power counting that no infinite series of counterterms should be
required and thus the theory should be renormalizable (as expected
by DeWitt & Utiyama 1962; Deser, van Nieuwenhuizen & Tsao 1974).

The rigorous proof of renormalizability (Stelle 1977) had to
wait until the machinery of BRS identities was discovered. Stelle

proved that the general O(Rz) Lagrangian (without torsion) was

renormalizable and that this is maintained when the gravity is
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minimally coupled to a renormalizable matter field.

Nonabelian gauge theories are renormalizable and also asymp-
totically free. It is natural to ask what is the ultraviolet
behaviour of the O(Rz) theories, i.e. the momentum dependence of

the coupling constants r'l, s”1 and ¢~!. 1t has in fact been

oproved that these Lagrangians are asymptotically free (Fradkin &
Tseytlin 1981, which followed from the work of Julve & Tonin 1978,
Salam & Strathdee 1978). This was done by quantizing tée theory
using the background field method and taking the l-loop approxima-
tion, to give the 1l-loop UV coupling constant behaviour via the
renormalization group equations; using, of course, dimensional
regularization.

o? (%)

1+—é—b02 (%) 1og (k2 /u?)

a2 (k%) =

where b>0 always (4.7)

and where we have c = :%, which must be taken to be negative to
a

ensure that we can take a meaningful Euclidean continuation of the
generating function;

HVOT

4 1/2
+Sﬁd X g / cC C + ..

‘UvVoT

Z = Sd[guv]e (4.8)

The above result was also obtained (Tomboulis 1980) by taking
a 1/N expansion, where N is the number of massless non-interacting
fields. The limit N + « provides an'exactly solvable theory which
is asymptotically free. This is essentially a non-perturbative
result,

. S, . 2 .
To summarize, work on the quantization of O(R") Lagrangians,

and the coﬁsequences thereof, is only just beginning. One must
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mention the recent work of Christensen (1982), Barth & Christensen

(1983) and Boulware, Horowitz & Strominger (1983).
4,2 THE DYNAMICALLY INDUCED LAGRANGIAN

The quantum fluctuations of the matter fields will not only
. 1 . 2,
induce a TE?ER term, but also induces O(R) terms. The three
O(Rz) terms are all scale-invariant dimension 4 operators, so the
renormalization process will induce all of them as necessary
counterterms, unless there exists a symmetry imposed on the entire

Lagrangian. This symmetry will forbid induced terms from appear-

vVOT
Cu

ing with infinite coefficients. Indications are that CquT

and 6 are always required in the bare gravity Lagrangian. However
for a conformally invariant matter Lagrangién, the R2 term appears
not to be needed as a counterterm. The evidence for this (Tsao
1977) comes from a calculation of the l-loop counterterms for a
general conformally invariant Lagrangian with unquantized metric,
using a generalization of an algorithm ('t Hooft 1973) to calcu-

late explicitly the coefficients. The result is

1 1 uvaT
L = — —_(k,C C +k ,6) (4.9)
counterterm 204 16n2 1l uvor 2

where kl = I%' k2 = %%% for -a real spin 1/2 field.'

The coefficient of R2 in the gravity Lagrangian, r,, is thus
arbitrary, and can be put to zero.

Because of higher loops, however, this result is not conclu-
sive. (However Englert, Truffin & Gastmans 1976 héve given an

all-order proof that only conformally-invariant counterterms are
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required. However they assume that the Lagrangian is conformally

invariant in all dimensions.)

Another indication that the induced R2 term is finite is due
to Zee (1982b). The result is for scale invariant asymptotically
free Yang-Mills theories and is a consequence of a general formula

H

for the induced coefficient, r, in terms of Tu . This is a non-

perturbative exact result:

S 4 4 2 0= T
r = 3573 Sd X X <T(X)T(0)>, (4.10)

Zee finds this by expanding the Ulagrangian to 1lst order in

as i= %gd‘lx T"vhuv + ..., and writing

Seef = <exp(iSd4xL)>g (4.11)

huv

e

FEach of these exponentials is expanded, the right hand side

2 : . e o 1
to O(huv) . The perturbation huv is then specialized to Inuvh and
h is Taylor expanded about some point. The term quartic in
derivatives gives the above formula. (See also Zee 198la, 1983a.)

This formula is equivalent, by a Fourier transform, to

_ =i 4
-i | B ) 2

177 ¥ (k )]k2=0 (4.12)

To decide if r is finite or not, we need to consider the
behaviour of V(xz) = <;(x);(0)>g. We know that the IR region
converges since for Yang-Mills fields we have the characteristic
exponential decay; eqn. 3.22, but in the UV region we have
Y(xz) v ?—%;Z xlogs, by the Wilson operator product expansion,

X

(eqn. 2.11). Thus the logarithm terms are the decisive factor.

These logarithm factors are easily evaluated for an asymp-
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totically free theory, (egns. 3.23 to 3.26) and give

¥(x) +« g 1 5—5 as x2 + 0.
X (log(-x7))

Thus the integral converges and r is finite.

The problem with this is that it leaves the metric unquan-
tized. However, since 0(R2) theories are also asymptotically
free, we suspect that the contribution to r will be finite when
gravity is quantized as well. This belief is reinforced by the

uvoT

trace anomaly for 5.= -/~=g c C c given by Zee (1983a) as

HVOT

g
2B (c) UvoT
— V= Cuvatc (4.13)

To summarize, r is probably finite, but this is not yet
conclusive.
Using the spectral function o(mz) of the scalar operator

T(kz) we can actually find out the sign of the induced r. For;

-i¥(x?) = gdmZO(mz)—%——-,- (4.14)
0 k“=-m"
and r = i Y"(kz)l so
144 k=0 '
_ 1(° am? 2 4 15
r = T3 - o (m®) (4. )
O0m
Since T? v g L 3 » egn. 2,26, we have that (Khuri 1982Db)
x (log(-x7))

o (m?) m4x(log m?) ~2

and thus the integral converges, and so r is
positive.

Note that it is important to have r positive, as this ensures
that the rR2 term does not produce a tachyon. |

It should be possible to calculate r just as easily as G-l.

For Zee's infrared stable gauge theory considered in section 3.4,
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the result is

r = (221184) Tr’cyb, g2 (4.16)
Concerning the induced coefficient of C cHvorT we suspect

HvoT

that it is not finite; one reason being that it appears as a
counterterm in conformal matter theories; and another reason is
that the expression for the induced ¢ involves the full Tnv tensor
and so the ultraviolet softening of T via the asymptotic freedom

property of B(g) probably does not occur.
4,3 THE UNITARITY PROBLEM

This is the main unsolved problem of all O(Rz) gravity
Lagrangians and is the main criticism levelled at the induced
gravity program.

The unitarity problem is the non-realistic behaviour of the
tree level propagator, namely the appearance of a ghost. |

This is guaranteed to appear from the 4th derivative terms

which imply that the propagator will have the form

1 1 1 .
(— - ) - (4.17)
m2 k% kZem

The negative residue of the 2nd term signifies a ghost.
If the theory has a mass scale (or if it is dynamically
induced) then the mass of the ghost is related to it. Otherwise

the limit m - 0 is taken.

-1 HvoT

To be more specific, the Lagrangian L = —5C 4 vaxC will
4a “

have the tree level propagator of the form
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1,1 1
( - ) (4.18)
;7 ;7 k"+a™m

However, . as was pointed out by a number of authors (Julve &
Tonin 1978; Salam & Strathdee 1978) radiative corrections may
alter the behaviour; for example push the mass up to infinity.

However there is another way radiative corrections enter and

that is through the momentum dependence of the coupling constant:

1 1 b 2 2
= + slog(k“/u%) (4.19)
a2 (k?) 2?2

Thus the pole will shift with the momentum. At the pole
itself kz = ~a2m2, but for k2 < 0, az(kz) has an imaginary part.
The pole is thus actually not on the real axis and so is not a
physical particle, but is two unstable ghost particles. (See
Hasslacher & Mottola 1981; Fradkin & Tseytlin 1981; Tomboulis
1977, 1980.)

Consequently it should not enter into the asymototic states,
and it is thus possible that the S-matrix remains unitary. (Lee &
Wick 1969a, 1969b, 1970; Cutkosky, Landshoff, Olive & Polkinghorne
1969.)

Whether this mechanism is in fact operative or not is not
clear. Whether higher loop effects and non-perturbative effects
destroy the mechanism is also not clear. What is clear, however,
is that unitarity is a dynamical question and that there are
definite mechnaisms by which it is possible to maintain unitarity.

More work is obviously required in this area, but the
unthinking rejection of O(Rz) Lagrangians due to unitarity is

invalid.
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It is possible that the solution to the combined problem of
renormalizability and unitarity lies in a completely different
approach to gravity. Two of the more important ideas are
supersymmetry and the incorporation of torsion. Recent work on
torsion has been done by Neville (1978, 1980, 1981, 1982) and
Sezgin & van WNieuwenhuizen (1980). The idea is usually to make
the spin connection an independent propagating field, along with
the graviton. So far, no realistic unitary theory of gravity

which is either renormalizable or finite has yet been constructed.
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1 FROM THE FERMION PROPAGATOR

5. CALCULATION OF G

The exact calculation of G-l would require consideration of

all fundamental particles present, and all the allowed interac-
tions. In this chapter we consider how to obtain an approximate
expression for G"1 in terms of the spectral function of the
fermion, we do this by considering the contribution from only

certain interactions.
5.1 THE CONTRIBUTING FEYNMAN DIAGRAM

Recall the formula for G ; (egn. 2.51)

-1 _ in2 .
G -ig0, ‘F(k)|k=0 (5.1)

where ¥(k) = w“upp(k) and ¥"VP9(k) is the amputated version of the

diagram:

uv po

‘The first restriction on the possible interactions is

obtained by expanding the metric as guv = huv’ This is

LI
substituted into the general covariant matter Lagrangian density

and the only interactions retained are those of first order in

h .
uv

The above diagram can then be expanded as
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/’-\\j@‘\// = %jﬁ + others.

For QED, say, the "others" will simply be

For a non-abelian gauge theory there will be additional terms

/./""éza‘-“‘\
=X TR

AN 4
~ 7
~ P

\‘@.’/ .

+ many more.

like

For calculational purposes, we consider only the contribu-

tions to G™1 from the first diagram, and so we could define

1%

v (k) = po
Hvpao uv

p+k

Note that we also could choose the definition



55

‘wa(k) =

ptk

These two diagrams are not the same, and so the definition of
Tnvpo(k) that is chosen is the average of the two. This 1is
equivalent to pair symmetrization in the indices, i.e. (uv)++(po).
This symmetrizatioﬁ will be denoted by "sym".

Letting iS(p) be the full Dirac fermion propagator, -iApa(k)
be the undressed vertex_and -iruv(k) be the full vertex, we have
vuvpo(k) = —sym Sé4p Tr[iS(p+k)(—i)ruv(k)iS(p)(-i)Apo(k)]. (5.2)
where 34p = d4p/(2n)4. Although we can write this either in terms

of renormalized or bare quantities, we choose renormalized quanti-

ties. Thus any coupling constants and masses are the measurable

renormalized ones.
5.2 THE FERMION-GRAVITON INTERACTION TERM
The Lagrangian for a spin-l1/2 particle with mass m is

- -© - -
{- w(%—iy-m)w where pAv = VAv - (Av)v.

So the general covariant Lagrangian density is

£ = /AT GGV - (7 5) v ) -Fm) (5.3)
1l _aB, v
= + 51%Fv '
where vuw auw iz o (au B“)w
: g T = = 1l =-Ca v
and vuw au‘p t 5 vz BVGl (anVBv)
where V is the vierbein.

Bv
a

- 8
gw(X) =V u(x)V NEIR (5.4)

B
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The a, B, Y indices are the Lorentz indices of the vierbein

and are raised and lowered simply with "ag*

Tensors with Lorentz indices, eg y_ , are defined via the

formula Y, T Vauy", etc. (For a review of the vierbein formalism,

see Weinberg 1972, or Birrell & Davies 1982.,)
We now expand the metric as a perturbation about the covari-
ant Minkowski metric. This can be done either with the metric

tensor g = q + h or via the vierbein V = q + ¢ . The
v 1TRY HvV ap ap ay

final result ?"npp(k) will not depend on which method is employed,

as we will see.

a a a a
Note that now we have n vy = y,, etc. and V¥ = %W _ o

v av . . . . .
where n" = 7 63" is the contravariant Minkowski metric.

Now the result we require is the vertex —iAuv’ so we need

. v . . a
only consider the ‘linear term in ¢ o

1/2 _ 1/2 _ a
(-g)*/% = (~det(g )"/ = det(v?)

=1 + ap = ] 4+ (%M .
eau“ € nmu
Thus we have

= (1+e°“ ){%iE[V““i 3, 0= (3 )y V7 yl-ymy}

Bu Y
4 (l+e ) 1¢ v B o Yv(a v® )w
§t Y av,gyB8u
+ (l+¢ P )41¢z Yv(auv v yew (5.5)
Since 3 V““ = -aueav, we have to first order in €apt

_ - l av— 1.
= ¥ 51 glm)w + ¢ ¢(n (211 m) - ilyg?v)w
- Ll ,w " av

2! iy(a Zv°+ vaY ) (2 o€ )V (5.6)

We then integrate the last term by parts.

The Feynman rule for the vertex
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pl
= -iﬁuv(k)
P
is thus A, = n% A
) TRV poav
= 1 ' 1 '
= -ny, (F (BB )-m) + S ((p+R') v )
1 '
+gle-pt vtz ) (5.7)

A comment on the non-symmetric part will be given at the end
of section 5.3 (see also van Nieuwenhuizen 1974).

Note however the sign convention that has been choosen; this
is due to the positive Ty requirement.

For, A3 = m + %(pi+p£)°yi, and if we sandwich AOO between

two eigenstates of positive energy we get EA00¢ =m >0 as it

should be.

5.3 THE WARD IDENTITY

It is easy to verify the following identity:
V= + K- _l'. \)_ + _l
ALK (B+K-m) (p -5 k)= (p +k -3

h +k =p'.
where p +k M

\Y
zuvk ) (p-m)

The analogy with the QED Ward identity

ruk“ = s‘l(p+k)-s’1(p),

suggests that the above identity may be the 1lowest order

expression of a fermion-graviton Ward identity, which would read
v _ -1 1 v 1 v,.—1
ruvk =S (p+k)(pu-52uvk )-(pu+kn-§zuvk )S T (p) (5.8)

This is in fact an identity, as has been shown by Just &
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Rossberg (1965) (see also DeWitt 1967; Brout & Englert 1966).

The above identity shall now be proved using the generating
functional

z[J] = SDW]Q[E]D[A"]exp i§d4X£_[J]

where $.13] = Lm+EJ+5¢+J *He apt et _{G+ S other (5.9)

&m is the matter Lagrangian of all the fields,

iB is the general coordinate gauge breaking term

ic is the gravitational ghost term

JLother contains source terms, gauge breaking terms and ghost
terms for the other fields (the Au)' These will havé no effect on
the discussion as will be seen.

We shall now perform an infinitesimal coordinate transforma-

tion at the point x.

xu + x,ll = x"-Au(x)

we have g;v(x) = g;v(x')+(3Aguv)A (5.10)
Thus Gguv(x) = g;v(x)-guv(x) = (axguv)AM‘g“auAMg“avAA (5.11)
and ss“u = «sv"‘u = ('axv:’:)A"+v°‘,\au/xJt (5.12)

The infinitesimal coordinate transformation of ¢ and ¥ are
s9(0) = ¥ (0)-v(x) = (a,0) A gz patr” (5.13)
89 (x) = (BXE)AX+%$ZH\’A“'\’ (5.14)

By general covariance, chm = 0, so

.= Top+epI+I "“ceau+6(LB+ iG+ ‘K-other) (5.15)

We now substitute the above transformations, integrate by
A

parts to remove the derivatives from the A and expand the
exponential exp igd4x6£jJ] to first order in A). Note that since

Z[J] is a scalar quantity it is unchanged by the coordinate trans-

formation, so the $d4x6£.term will functionally integrate to give
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zero for any Al. So we can factor A out to get

S))[Au]p[wlpﬁ:] exp(ifd“xj’_[J] ) 3 al‘p%a" (Jz, )

+(,5)3-5"(F5, 9) + 3%y 0 GO,
+ 88t et Lorner) /) = 0 (5.16)
Now use the functional derivatives of Z[J] to express this as

a functional differential equation.

e SmA 1P01D1H exp(ifatefiar s 93 = Joo Lz

§2[3] _ v - .

Note that = g
Gqu ay ay ap

We then convert this to an equation in the generating func-
tional of connected graphs, W[J], defined by 2 = exp(iW[J]). We

thus obtain

v o= 8 8 1

[Eaxi_- + %a gz, <)+ Jo,— - 73"(5— z, J) + J“”‘aA 8
8J vV §J §J 8J v 6J
au
w8 3 Jaunal+"other"
- 3 (J°% =) - k - ] WiJ] =0 (5.17)
8J :

We now transform this to an equation in the generating
functional of one particle irreducible amputated graphs,
' < T au Uy
= - +9J + +
FhVieg, A = W - faxGesiow e 43t )
We thus obtain the relevent part of the gravitational gauge

identity, namely

3l 1l v,ar 5T - §T 8T
—a, ¢+ 53 (—z, ¢ + —3, ¢ - a(wz —) 3, ¢
5v A 2 50 Av 53 A 2 6¢ seau A ap
61‘ ” L L I
- 3 ( vV .) + "other" = 0 (5.18)
68 au A

Recall that the "other" terms contain only the other fields,

no ¢ or v.
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The above equation is defined at a certain point, call it x.

To obtain the Ward identity required, we take § $ and then

su(y) 6v(z)

set all fields (¢, ¢, €ant By ghosts) to zero. We then have:

2 2

E L s s(x-y) + 3o (— 1, (x-y))
§v (x) 6 (2) sy (x) 8w (z)

2 2
+ f L 3, 8(x-2z) - %av(G(x-z)Elv f ! )
89 (%) sy (y) sy (x) 6y (y)
3

- 3 ( s T v ) =0 (5.19)

" - al
5¢(y)6eau(X)6w(z)

All derivatives are with respect to x.

We now Fourier transform this equation using

Skabove) x exp(ikx+ipy-ip'z) d4x d4y d4z and integrate

by parts once or twice, to obtain:

. . .y
.S;3r elkx+1py—1p z 4 4 4

" ku d'x d'y d'z

- ali

5¢(Y)Gecn(x)5¢(2)

62r 1(p+k)x -p z.4 l v
= - d xd Z(DA 2 AV k)

sy (x) sv(z)
1 v szr ipy i(p-p')x .4 4
- (px+kl-fzka Y\ e e d'x &'y (5.20)
SP(x) sv(y)
and so;
TR § 1 v 1 Via—1
rxuk =S " (ptk) (p,—3E, Kk )-(p +kk 25, k')S ~(p)

which is the previously stated Ward identity (eqn. 5.8).

Note that this is for the complete vertex, i.e. symmetric and
antisymmetric parts. It is also true just for the symmetric part,
. as is easily seen by noting the changes in the above derivation

' . . ' . . v
for a symmetric source and metric perturbation, 1.e. J¥ huv where
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guv = nuv + huv° The transformation ahuv(x) is given by eqn. 5.11

which is symmetric in u and v. So the Ward idéntity is unaltered.

antisymmetric _

Note then that k"r“

However, we shall only be interested in the symmetric part of

r,, for a simple reason. The aim is to find
1

- -i 2
G =-—g[]k(g g wuvpo)

- k=0 (5.21)

and so by eqn. 5.1 none of the antisymmetric parts of ruv or A .
will contribute at all,
So from now on we shall simply symmetrize Apo and ruv’
It is interesting to note some properties of the antisym-
metric part of ruv (and thus of Tuv); it does not enter into the
value of A or G-l, or the Ward identity above, or Einstein's field

equation Guv = B"Tuv' Furthermore if ruv is sandwiched between

Dirac spinors then the antisymmetric part cancels on application

. . . antisymm i
of the equation of motion. It is no wonder that T tisymmetric
can usually be ignored. (Note however that one cannot neglect
pantisymmetric ;¢ ihe torsion is chosen to also be a propagating

field.)

5.4 THE FERMION SPECTRAL FUNCTION

To calculate the function Wuvpo(k) we need to have some
access to the full vertices and propagators. The Ward identity
relates the full vertex to the full propagator and we use the
Lehmann spectral function, p(w), to reléte the full and bare

propagators. With suitable approximations, it will then be

possible to write ¢! in terms of o(w).
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gu E‘pl(s) + mpz(s)
m

We know S(p) = 5 ds
p -stie
_m (-}
- plw)dw
- (g_.,g gelade (5.22)
where e(w) = sign(w) and m is the dynamically induced fermion
mass.
Now, by the Ward identity;
B o_ 1
S(P+k)Pku(k)S(p)k = (px VR Av )S(p) - S (p+k) (p +kx-7£ka V)
_ 1 1
= S"(“’)d“’ [(py5Z,,k" )ﬁ'—m - p+)(-m(px+kx"2'zka )]
= 1 1l ,u
= Sp(m)dw et (0 ok (5.23)

Note that the undressed vertex has mass parameter u.
We consider only the longitudinal solution of the above
equation; i.e.
s(prk) 1, (008 (p) = fotu)dn Frmon, oz (5.24)
The neglecting of the transverse contribution may or'may not
be serious.

We now substitute this solution into equation 5.2 to obtain

uvpc(k) = -sym Sa4pdw p{w) Tr 1K-wA;v(k'w)B%GApa(k'm) (5.25)

To do this calculation we need to know the condition on p(w)
such that the result is finite. We do this by using dimensional
regularization of the space-time dimension 2%, (For a review, see
Delbourgo 1976.)

We thus define the spectral function in 22 dimensions p(w,?),
the propagator S(p,%) and also define

uvoc(k w, L) = symgd p Tr ¢+K - uv(k w)p A (k,m) (5.26)

Thus
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-1 _ i 2
G~ = %ﬂ deo(w,l)[]knuupp(k,w,l) k=0 (5.27)

5.5 SPECTRAL RULES FOR p (w)

In calculating []inu"pp(k,m,z)ik=o we shall be as general as

possible and examine some structure of the entire nu pu(k,w,z).

v

To calculate Livpo’r W proceed in the usual way:

po
We introduce the Feynman parameter a, transform p + p + ak

P 2
and take the trace over spinor indices. We use Tr(Yan) = guvz .
Only terms which are even in powers of p need be kept, by sym-
metric integration.

‘We then transform the indices on the pu via

2 1 =22 2
Sa p £(plpp, = g;guvsé p £(p)p (5.28)
and _
=24 _ 1 ' 22 4
Sd pf(pP)p,P,P, P, = EITI:TT(nuvnpd+nu0nvp+nupnvo)sa p £(p)p
‘ (5.29)

This enables the result to be written as simply an integral
over the Feynman parameter a.

To express the result so far, we define five convenient

tensors:
K1 = nnvnpo (5.30a)
K2 = nnpn\m+nuonvo (5.30b)
K3 = kukvnpa+kpkcnuv (5.30¢)
K4 = kukpnvo+kukonvp+kvkpnuo+kvkonu0 (5.304)
K5 = k k k k (5.30e)
WV op a

We find, after some calculation,
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o a=2

where T, = Ej%iry((422-2)K1—(2—1)K2)
4mm(m2-a(1-a)k2)K1

-3
N
1]

+(1-2a) 2 {7 (a -0 k2 +0? )R, -2 (1-a)K
+ (umt a (1-a) k2K, '
- (w®+2umta (1-a) k%) k2K, )

iy = (F(1-2) (1-20)2-a(l-a) )R,
+(8a(l-a)-2(1-2a) ©)K,
#[(32-1) (1-20) 244 (2-2) a (1-a) 1K2K,
+4ol (1-2) m- 20]K; + (a2 *a (1-a) KK,

where the integrals Il' 12, 13 are defined by

1, = Sﬁzzp £(p?) p? = - %;%P(Z—z)(mz-a(l—a)kz)l
(4 w)
1, = &% £ = ST (2-2) (-0 (L-a) k) 272
(4m) "
I, = Sézzp £(p2)p> = —— IéIP(Z-E)(mz—a(l—a)kz)z-l
(4 )
where £(p%) = (p2+a(l-a)ki-u?)™2

The three momentum integrals were evaluated by using:

2, -2-T °

Saup (pz)T - i(-1)T"Ep(g+T) r(2-2-T)
(p°-m) 2 (am *r(o) r(o) (m)
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(5.31)

(5.32)

(5.33)

(5.34)

(5.35)
(5.36)
(5.37)

(5.38)

(5.39)

At this point we could take the limit 2 + 2 and separate the

pole at & = 2 from the finite part. First however, we proceed via

the shorter route and take Ejﬁlk=0'

We obtain
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2 2-1
2 _ir(2- L)( g 40(1-0)
[Jknuvpo(o'm’z) - 22- 2 da (n uv vo+nuonvp)
+ [12(1-2a)2(1—%) + I:T(12(1-2a) -320(1—0))]nuv pa} (5.40)
Integrating over o, we find
, . 2, 2-1_2-2
[]inuvpo(o’m'z) = 1P(2-2)éw ) 2 .
3(4r)
2 : '
{I:T("up"vo+"uo"vp) + (12(1——)— )nuvnpa} (5.41)
Thus
. 2,8-1,2-2
_ 16ir(2-2) (w™) 2 m 1
Dk 2ol (0,0,0) = an? (4 (1) - 3=7) (5.42)
and by equation 5.27, we have ¢! as
2,01
-1 -1
¢! - _SE:H;Q r(2-2) (4(1-2) - 22 e(u, % du (5.43)

Notice that there is a pole in & for all even dimensional

spaces. We expand the terms and take the limit & + 2, so

-1 _ -1 2 4 p(w)
G = Z“J—m 3mm)————d

2

+ zlS(mZ%mm) [ (0) (Ing—+3+v)+ag

o 77°(0,2)1du (5.44)

Since we do not want G'l infinite we require the spectral

integral conditions;

Swzp(w)dw =0 and Swo(w)dm

Note that Smp(w)dw = mozw_l, where Zw-l Sp(w)dw # 0. Thus Mg,

0 (5.45)

the bare fermion mass, is required to be zero. We see once again
the necessity of scale invariance.
If these spectral integral conditions are satisfied then we

have G-l

%;S[(mz—%mw)lpmz p(w)+(m2-%mm)§zp(m,l) 2=2]dw (5}46)

Notice that the mz in lnw2 can be scaled if desired to
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ln(wz/uz) and the result will not be changed. This can also be
expressed by noting that the replacement S34p ﬁjazzp is not unique

since we could have Sa4p . —_fli:fséZEP'
' (u™)

The parameter u is usually referred to as the renormalization
point. The neglect of such a term is called "minimal renor-
malization."

An obviously equivalent method of finding the above result is
to take the limit %2 + 2 in equation 5.3i and to separate the pole
at 2 = 2 from the finite part. Since we have need of this result,
we write down the answer using the tensors defined previously in

eqn. 5.30.

A
i 2 1 13 1
Iivpg(krw) = 2.2 g;d“ {3£7 [(Cy -1nf) 57 (14K, -K, ) -35K, +777K,;]

2 2
1 2 5 2 2 w+a(l-a)k
+2f[(C3-1nf){(§mw—w )K1+§k (1-2q) Kl+ 3

K,

1
373354}
+%g(w2+a(l—a)kz)K2+%a(l—a)K3+%mmKl

-+ (1-64(l-a) )K

—(%g(l-Za)2+a(%—a))k2K1+8a(gzl)+lK4]

+(C2-lnf){—%a(1—c)(l-2a)2K5+%(wm+a(l-a)k2)(l-2a)2K3
-%(1—20)2(w2+2mm+a(l—a)kz)szl
g (1-20)2 (W2 +a (1-0) KO )K,

+om(w-a (1-a) k2K, } ) (5.47)
£ = wP-a(l-o)k?

where  C; = lndr - y-1n2 + 5

C2 = 1ln 47 - y - 1n 2



67

Cy =1n4r - y - In 2 + %

The infinite part (i.e. factor of Z%T) can be simply read off
from the above expression as the terms which are multiplied by

-lnf .

We shall, however, only be interested in the trace, i.e.

P
Hu 0 (k,w) .

This simplifies the expression to:

uop i 1 2 51
nu 0 (k,w) = 4"2 Soda {f [(Cl-lnf)27-g—]

+2£{ (C3-1n£) [-15u”+8mut (10 (1-20) *+13a(1-a) -g1) k]
+oP+mu- [ (1-2a) 2460 (L-a)-3=1k%)

+(C,~1nf) [-3>(1-20) 2u’k’~a (1-a) (1-20) 2k ]

+16wm(w?-a (1-a) k%) -6um(1-2a) 2k?} (5.48)

Taking ni|k=0 of the above equation we get the finite part
2 up - =i 2 2 2
uknu 0 (kr U) k=0 = F(3N -4mw) lnw“+Cuw (5.49)

which gives the sames ¢! as before, namely

-1 1 2 4 2 : 2 4 3

G = 57 g[(w —gmm)(lnw Yp(w)+ (w -§mm)31p(w,£) l=2]dw (5.50)

In the next chapter we find a spectral function p(w,%), which
will enable us to calculate G-l. However before we do this, we
consider one further aspect of induced gravity, the induced rR2
term, which was given in eqn. 4.12 as

- _’__1_, ' 2
r =147 YK 2o

In general, both the finite part and infinite part of

nu"pp(k,w) would be expected to contain k4 terms, thus r would
w-l 4 0 and

thus r would be infinite. However an actual calculation of the k4

contain a contribution 7%; Sp(w)dw. But Sp(m)dw = Z
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P

term in the infinite part of IIu (k,w) determines its coefficient

to be zero. Thus r is finite, which agrees with the tentative
conclusions of section 4.2.
Calculating the induced R2 coefficient gives a positive re-

sult, and thus the induced rR2 term will not produce a tachyon.
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6. THE GAUGE TECHNIQUE

To calculate G-1 for a realistic theory, such as QED, we
require p(w,?). In this chapter we shall show how to find an
approximation to. this function, using the method known as the

gauge technique.
6.1 THE GAUGE TECHNIQUE ANSATZE

The essential theme of the gauge technique is that it is a
non-perturbative method of solving the Schwinger-Dyson equations
and, furthermore, guaranteeing that the gauge identities are
automaticaily respected. These Ward identities relate the (n+l)-
point function in terms of lower point functions and thds, with
the Schwinger-Dyson equations which also couple the n-point func-
tions to a (n+l)-poiht fuhction, we can combine and solve these
identities. Of course, since the Ward identity only used the
longitudinal part of the (n+l)-point function, some informationv
will be lacking. The true solution would require consideration of
all the Green functions.

The initial idea of such a non-perturbative method (Salam
1963; Delbourgo & Salam 1964; Strathdee 1964) used as a starting
point an approximation known as two-particle unitarity. This
approximation was not all that productive, it was not for some
time that a much better method was found (Delbourgo & West 1977a,
1977b. For a review, see Delbourgb 1979a, or Parker 1983, or

Atkinson & Slim 1979). The technique is to write out the Dyson-
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Schwinger equation of the electron propagator;
S(P)(é-mo) = Zl-l + ieZS_4k S(p)Pu(p,p-k)S(p—k)va"v(k) (6.1)
and replace the S(p)Fu(p,p-k)S(p-k) by an expression obtained from

the Ward identity, which is

(e-p")¥s(p)T_(p,p")S(p') = S(p')-S (P).

- gdm p (0) Lty ——(p-p")* (6.2)
p-o pg'-w

The ansatz is to consider only the longitudinal contribution
of this to the full non-perturbative behavior and, as a'first
approximation, to neglect photon dressing for the propagator
Duv(k).

We shall not, however, completely ignore the transverse
corrections,-as_we will see. Basically, the above ansatz leads to
a pair of coupled Volterra integral equations which are solvable
in any gauge for p(w), and thus S(p). This resultingvsolution
can, in principle, then be substituted Dback into the
Schwinger-Dyson equations and improved versions of S(p), Duv(k)
and Pu(p,p—k) obtained in an iterative fashion.

If we substitute the above ansatz into the Schwinger-Dyson

equation (eqn. 6.1) we find that

-1 _ p(w)
24 ‘Sgg_m ¥ ic e (w) (Ef—mo-z(p,m))dw . (6.3)

where -iZ(p,w) is the self energy;

(l-a)kukv 1
5 ) 5 (6.4)
k™+1ie k™+ie

1 1 (- TRV
P-o+ic up-K-w+ie’v' "

+

L(p,0) = ie2$54k

We now take the imaginary part of egn. 6.3 and use the fact

that p(w) is real to obtain
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1

de D(m)(w-mo-Re(p,m))Imp_m + 1c e(w) de p(m)EEELELﬂl

w=p

(6.5)

where we have taken p = (pz)l/2 as the positive eigenvalue of the

matrix P.

. 1 . -¢ ¢(w)
Using Im — : = lim, ———5~——5 = -71§(p-w)e(ow) (6.6)
p-w + ie¢ e(w) e¢0+ (p—w)2+ez

ImZ(w,w')
1T(w'-w)

we have e(m)(w-mo-ReZ(w;w))p(w) = gdw'o(w') (6.7)

We would like, however, to have an equation fully in terms of
renormalized quantities, so we need to replace my by m - Rel(m,m)
+o(eh.

The left hand side will then become

e(m)(w-m+ReE(m,m)-ReZ(w,w)+O(e4))o(m) (6.8)

It would appear at first sight that the real part contains a
divergence in the space-time dimension as %+2. This apparent
problem is due to the fact fhat we have neglected the transverse
corrections which will appear pn'the right hand side. These will
cancel off the divergence since we know that p(w) is a renor-
malized function with no divergences at 2+2. Furthermore, as well
as the O(e4) terms on the left hand side there will be 0(e4),
O(e6), terms in the unknown transverse part on the right hand
side, and so it would be an inconsistent approximation to retain
these perturbative terms; especially since we are interested in

the non-perturbative behavior. Consequently, we have

e (w) (u=m) p (0) = S'dw'ow') Ii’(l‘:ﬂsl - (6.9)

TWW -

The imaginary part of I(w,w') can be easily calculated and
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thus this equation can be solved for p(w).

Before we go on to calculate p(w), it should be noted that
the gauge technique is not confined to QED. It has been applied
to scalar electrodynamics (Delbourgo 1977), vector electrodynamics
(Delbourgo 1978), two dimensional field theories such as the
Schwinger model (Delbourgo & Shepherd 1978), the Thirring models
(Delbourgo & Thompson, 1982; Thompson 1983), the Rothe-Stamatescu
axial model (Thompson 1983), and also QED with massive photon
(Delbourgo, Kenny & Parker 1982), Chiral QED (Delbourgo & Keck
1980a), the Bloch-Nordéieck model in QED (Alekseev & Rodionov
1980), Flavordynamics (Delbourgo & Kenny 1981), electrodynamics in
the axial gauge (Delbourgo 1978; Delbourgo & Phocas-Cosmetatos
1979) and also QCD (Delbourgo 1979b} Ball & Zachariasen 1978;
Anishetty et. al. 1979; Baker 1979; Baker, Ball, Lucht &

"Zachariasen 1980; Khelashvili 1981; Cornwall 1980, 1983).
6.2 THE IMAGINARY PART OF THE SELF ENERGY

Since we require p(w,2), and not just p(w,2), we shall calcu-

late ImI(p,w) in arbitrary 24 dimensions. We have:

=22 k k
. 2 1
I(p,w) = 1eSd2 b b V(g L)) (6.10)
k™ +ie PtK-uwt+ic k"+1ie
we define I by I(p,w) = zl + 12
1 203%% u Pkt
where I (p,w) = -ie Y 5% Yy (6.11)
k"+ie (p=k) "-w"+ic

By the Cutkosky rules (Cutkosky 1960; see also Itzykson'&

Zuber 1980, pp. 315-316), we have
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21mzl (p,0) = (27) ezgdz“k (v (B-K+a) v) 6, (k2) 6, ((p-k) 2= u?

)
where 6+(p2fm ) = c(p -m )e(po) (6.12)
So 2ImzY(p,w) = 2(2m) ezgd“k [(K-8) (2-1)+20] &, (k ) 8, (-1 -0?)

It is trivial to show that

InF(p,u) = BINF, (p°,u°)+oImF, (p2,0°) (6.13)
where ImF, = # Tr (SImF) . (6.14)
ImF, = —r— Tz (ImF) | (6.15)
2 @
1, 2 a+%e? (224
Thus ImIj(p,w) = —3—5— d“k Trip(¥-g) (2-1)+ Lpu)
2'p
« &, (k%) 8, ((p-k)2-u?)
2.2
= (1-1) 25 .Sdzzk(p’k 6%) 6, (k%) 8, ((p-k) 2-0?)
P

Using the § functions, we have

Imzi(p%m) = - (2-1)2n%e —P—i“’——g 3 ' s, (k%) s, (p%-20k-0%)  (6.16)
p R
Similarily, we have

2 2 22 2

Im}:%(pz,w) = 4arce Sd k 8, (k2 )8, ((p- k) %-u?) (6.17)

We now consider the second half of f(p,w), namely

=24
a . : 2 d” 'k 1
" (pyw) = ~i(a-1l)e K === K (6.18)
‘y(k2+ie)2 P-K-uwtic
C 1 1 1.1 |
we use the trick = = 1} ( - =)= (6.19)
) W22 22

to handle the quadratic singularity, and so define

. -4
3 (p,w,u) = -i(a-l)ezg dzk - K = K (6.20)
' (k"-u"+ie = p-K-wtice
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Proceed as before to obtain

2_2
Izl (p,u,u’) = 2{22E T gcﬁlk (2 (p+k) -p?k?-k%p k]

p

2_ 2 2_ 2
x § (k"-u") 68 (p-k)"-0")

2 2 :
= (-1 IE 12D - (2?1 (@ 5, 0-?)s, (-0 2-u?) (6.21)
p

%
and Imzz(p% 2.2) = 2(a-1)e%r?y égdz k s, (k*-u%)s, (p-k)2-0?) (6.22)
To evaluate the integral, we use the volume element formula

21 1-1/2 -2,
d""k —TI:T77—(k ) dk (51nhE) dg (6.23)
0 £ ig < =

where £ is the parameter defined by the time component of k;

_ 1/2
}ko = (k )

because of S(kz-uz).

coshi, which is allowable, since k must be timelike

1/2
We now choose a Lorentz frame where p = ((p ) / 70,0,...,0).

Thus Sdzlk 5, (k2-u?) 6, ((p-k) 2-0?)
2-1/2 ) )
_ - gdkzdg(kz)z 1 cinhg)2® 26+(k2—u2)6+(p2-w2+u2
r(e-1/2) (2n) 1/2
2u(p ) coshg)
I A e R (sinhs)Z“‘3 o2 sy 2
= Py 172 (p™- (wtu) ™)
r(2=1/2) (2w) (p )
(The 6-fn comes from the conditions coshg > 1 and (p )1/2 >
ncoshg.)
8-1/2
= 1r29, ; -1 A21-3(Pzrwzruz)e(pz-(wu)z) (6.24)
(27)7 7T (2-1/2) (4p7) _
where A2 = (pz-m2+u2)2 - 4u2p2

(02+02-32)2 _ 44202
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e2ﬂ2 1'i?.—l/Z

(a-1)
—2——2 e 4

Thus Imzd(p,w) = —
1 12t p?*  r(a-1,2)

.1 ,23-3,2 2 2 s 5 g .
Lim 25 (0%477 (0%, 0% ) ((p7-0%)%-u® (27 40%1)-a% 0% 0% (07-0%) )
p+v u

. 412-4
-4 (2-1) (a-1) 227172 (52442 (p2-u?)
Toe=1 28, 2 % 2 2 2:-1
4 (27) "7 (p) T(2-1/2) 2(p -w )
22 _ 2,48 . a
where p = (p~)~ and we also obtain Imx2
2.2 =-1/2
Imzd(p,w) = 227Hle T« s (pZ-u?) 273 (6.25)
4 (21) r(2-1/2)(p")
Collecting terms we have Imzl = Imzi + Imzi
22-3
2, 2 2 2 2
= - a(p +w )(P - ) o g_
(1 z)cz 5 g e (6.26)
p
1'5/2--51 : :
where c, = (so that C, = 1)
28T a1 2) 2
= 1 a
ImZ2 = ImZ2 + Im}:2
22-3
2 2 2
_ (a+28-1) (p"-u") . _©
(p™) .
Thus, replacing the e-fn and combining, we have
2
e C 2 2
[} - + +22-1
ImI(p,0) = yper(pi-0?)2* 73 (-nalBguly 4 (a¥23-1)0, 6022,
: (p™) (p)
(6.28)
So:
-ezcl (mz-m'2)22-3 2 2 2
Imi(w,w') = 16+ o) [(2-La(uw " +0' ) + (a+22-3)w'w”] «x
(™) '
B(mz-m'z) (.29)

Taking the limit £+2 gives the usual result.
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6.3 THE SOLUTION TO THE ANSATZE

We now seek to solve the equation

<

e(vw) (v-m)p(w,) = Sdm'p(wl) ImZ(w,w',2)

7{w' -w)

for p(w,?)

For the time being we shall retain the general covariant
gauge a, but later we shall see that it is necessary to choose the
Landau gauge, a=0,

We shall convert this equation into two coupled integral
equations, which are amenable to solution.

First of all convert to dimensionless'variables, namely
B = w/m and define p(B) as mp(Bm).

Thus the above equation becomes

2 .8 2,2 243
- e [ [ (B "'8' ) 2 '2
9(8)(8-1)9(8) - _—_ZCE ds D(B ) 2 248-1 [(9'-1)3-(3 +8 )
16+ (B=B')(B") 8

- (a+22-1)88"] (6.30)
’ 8 -1 | 8]
where the symbol S ds' means_( . + gl )yds'.
Change to a new choice of dependent variables;
s(8) = c(8)8%0(8)
and define 51(82) and 52(82) by
s(8) = 85, (8%)+s,(8%) (6.31)

We now use the observation that
B 8
S ds'f(B')e(B"') =j [£(B'")-£(-B")]dB"’
1 .

and rewrite the above expression as
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2 22-4

e 2
(8-1) (85, (8%)+s,(8%)) = azgl de'z(eéfﬂ 18'; (fa(2-1) (824" ?)

~(a+22-1)8'218%s; (8'%) + [a(2-1) (8%+8'%)-(a+22-1)8%1 s, (5'2) )

2
where €2 = —2——C

161r2 .
Examining the above, we'compare the even functions of g8 in both
sides and equate; to obtain
z g1y 28-4
25 (2)-5,(2) = g2\ LEZZ) Tio(4-1)Z,+a(0-2)+1-22}s, (2')  (6.32)
1 2 1 Zz-z Z 1
where 2 = 82 and Z' = 3'2.
Similarily, comparing the odd functions of 8, we obtain

240-4
5,(2)-5,(2) = ZS I A 25 Bihe ) 6033

Z z'

These equations, if solved, would give Sy and S,, and thus
p(w,2,a) for any gauge and for any spacetime dimension.

Unfortunately, these equations cannot be solved in general.
They are two coupled linear Voltera integral equations of the 2nd
kind, with non-degenerate kernel. Furthermore, the kernel K(Z,2')
is not even of the Faltung type K(Z2-2'). These statements are
true for any value of a.

In principle, of course, one could solve these equations
numerically and/or using Picard's process of successive approxima-
tions (the Neumann series) obtained by an iterative process. See,
for example, Tricomi (1955). It is possible to find a solution,
however, for particular values of %, namely 2¢-4 = non-negative
integer.

The simplest solution is obtained for =2, which is the
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situation encountered in the normal QED gauge technique problem.
To find the solution, we differentiate each equation four times to
arrive at two 4th order linear differential equations, whose
solutions are 4F3 hypergeometric functions (Delbourgo, Keck &
Parker 1981).

Unfortunately the theory of 4F3 functions is insufficiently
developed for our purposes. Consequently we choose a particular
value of a, namely a=0, which simplifies the problem to two 2nd
order linear differential equations:

2

(Z(1-Z)§—5 + (1-3z<1+2g2))§§ - (1+3§2)2)sl(z) =0 (6.34)
z
32 2.4 2 2. .
(z(1-2)%5 - 2+38%) 355 - 382 (1+36%))5,(2) = 0 (6.35)
az

The general solutions of these equations are

2z-1

sl(Z) = C 2Fl(1—;,1-;;2-2;;1-Z)+D1(Z-l) 2F1(c,;;2;;l—Z) (6.36)

S,(2) = K ,F) (=1,1-2;2-2251-2)4D,2(2-1) 2* "L p. (2,142;2¢51-2)

where T = -3;2 (6'37)
However, we have lost information in differentiating and
separating. If we substitute these back into the two coupled
integral equations and consider the behavior around Z=1 (i.e. do
an expansion in powers of Z-1) and compare coefficients we find
Dy =Dy and C = K = 0,
We thus have (Delbourgo & West 1977b; Delbourgo & Keck 1980b)
1 2 2

2,2 2z-
€(w) (" /m™-1) [EF(C,;;ZC;1_27)+F(;,1+;;2;;1-27)] (6.38)
m 4°r(2¢) ! m m

p(w) =

where the constant D, has been chosen via appropriate normaliza-

tion;
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D = e—— (6.39)

6.4 THE SPECTRAL FUNCTION IN FOUR DIMENSIONS

The infrared limit of p(w) as w+*m is easy to see:

2
pla) e (w) (1) 250, (6.40)
m

This however can be generalized to an arbitrary gauge from
calculation directly from the integral, to derive

2 2(1-%); -1

p(u) o e(w)(ﬂi-l) (6.41)
m
: 2 2 2
or S(p) = constant x B (B (a=3)/8x (6.42)
p-m p -m

which reproduces the known result for all gauges (Abrikosov 1956;
see also Ball, Horn & Zachariasen 1978).

The ultraviolet behavior %+= is not so simple (Delbourgo,
Keck & Parker 1981; Atkinson & Slim 1979; Slim 198l1). It is easy
in the Landau gauge; we obtain

p(o) » (wi/m®)* "l + 2lin & (6.43)
which leads to S(p) « 27 - %—Iﬁ(-pz/mz)":-l
P

which agrees with Baker, Johnson & Willey (1964).

In an arbitrary gauge, the situation is more complicated
since we need to consider the full 4F3 solution of p(w) and take
w=+m. It would appear however that the solution is of the form

o(w) = e(w)w_z(wcl+m02)
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2 2 2 1
- 2a - 2
where o) » (%) 7%2 a, = 2(1+———;)+2(1 AP bl I A (6.44)
m 9
1
2 2 2 =
. - 2 -3 2
o, (ﬁf)l aj ay = 2(3+ ;)_ (1+2354 2ag . +LE_§L_£_) (6.45)

"It should be noted that in both these limits it is known that
the apparent manifest gauge covariance of the gauge technique is

actually true gauge covariance, i.e. satisfies

2 2
S(x;a) = (_m2x2)-ae /16

S(x;0) (Delbourgo & Keck 1980Db) . How-
ever, in intermediate regions this is not so, it would appear that
one must incorporate at least part of the transverse vertices to
achieve full gauge covariance. This fact can lead to ambiguous
conclusions in particular applications (Atkinson & Slim 1979;
Delbourgo, Keck & Parker 1981; Slim 1981; Gardner 1981).

Before we move on to consideration of p(w,?) we note a number

of further properties of p(w,2).

Using the general integral:

T(a-c+d) ' (b~c+d) I'(c)
T (a+b-c+d) T (4d)

g XC_I(X+Y)-dF(a,b;c;-x)dx =
0

x F(a-c+d,b-ct+d;atb-c+d;1l-y) (6.46)

we see that Z;l = Sp(m)dw = 2'2‘(r(1-;))2. (6.47)
L2 22
and also S (w)( ) wde = r(2-2-c)r(3-2-z) 1 0 (6.48)
4° r1(3-2) T (2-2)

Thus as £+2, my = So(m)wdw v (2-2)m + O,
This observation was used by Khare & Kumar (1978) to conjec-
ture that QED is actually a finite theory in the sense of the JBW

program (Baker, Johnson & Willey 1964; Adler 1972). However Slim
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(1979) showed that with the approximations made, the gauge tech-
nique does not imply a finite theory.

Note however that we do have dynamical symmetry breakdown.
The bare QED Lagrangian has no bare mass terms and thus is scale
invariant.

We also have

2 2-1 2
So(m) (45)  qu = AL2=imc)) (6.49)
m

4% (2-2) 1 (2-2)

Thus as £+2
Sp(m)wzdw + 0(2-2)% + 0(2-2)3 (6.50)
The vanishing of these integrals is very important for the
elimination of wultraviolet divergences, both in some other
theories (e.g. Chiral QED; Delbourgo and Keck 1980a) and in

induced gravity.
6.5 THE APPLICABILITY OF THE GAUGE TECHNIQUE TO INDUCED GRAVITY

We summarize the results of the previous chapter:

¢! = 1lim 5;%;:77 j(mz)z—z(wz-%mw)p(w,l)dm (6.51)
g +2
For this to be finite, we require the spectral rules
(o (ww?de = 0 (6.52)
fo(w)wdo = 0 (6.53)

The gauge technique provides a spectral function p(w) for QED
that automatically satisfies these identities. Furthermore the
gauge technique forces us to take the bare fermion mass as zero,

so the dynamically induced fermion mass m signifies the very
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essence of induced gravity. The fundamental Lagrangian is scale
invariant and all masses are produced through a non-perturbative
mechanism,

Thus the philosophies of the gauge technique and induced
gravity are not only compatible, but essentially the same.

We thus proceed to calculate p(w,2) which is provided by the
differential equatiohs 6.32 and 6.33. Since we only need op(w,%)
for 2 near 2, we can write |

p(w,2) = p(w) + (2-2)n(v) (6.54)
or equivalently |

si(z,z) = si(Z) + (2-2)hi(z) i=1,2 (6.55)
where s, and s, are defined in eqn. 6.36 and 6.37.

These will be substituted back into the differential equa-
tions, but only terms of order (2-2) will be kept. This will

enable us to calculate h;(2) and h,(2), and thus G-l._

/
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7. A CALCULATION OF G'.'l/m2 for QED

Using the results of the last chapter, we perform an actual
calculation of G—l/mz, giving the result purely in terms of the

coupling constant for QED.
7.1 SOLVING THE INTEGRAL EQUATION

Recall the results of Chapter 5, (eqn. 5.46), namely

2 2
- 2
G 1. %;-gmzlnﬁfp(m)dw --§?ngu»lnﬁ70(w)dw

. szn(m)dm - %mgm n () do (7.1)

where p(w,2) = plw) + (2-2)n(w) + O0(2-2)%. Now, by equation 6.48

and 6.49 we have

,
Sm lnﬂip(m)dm = ~T(=g)T(l-2)4 °m (7.2)
m .

» 2 mz
w ln——z-p(w)dm =0 (7.3)
' m

Equations 6.55 and 6.31 define h, and h,. These are equiva-

lent to
me(w) ,w m2 m2
n(w) = — (ﬁ hl(_f) + hz(‘i)) (7.4)
w : m m
It is thus immediate that
hz(Z)

Sw n(w)de = mSL ——dz ' (7.5)
: Z
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and gmz n(0)de = ng h,(2) 4z (7.6)
%
where Z = wz/m2
) ) h.(2)
Thus ¢ tm? = Ercora-oet - 2 2 g
1z
l . -]
— g h. (2)dZ (7.7)
T 1 1

What remains to be done is the finding of the functions hl(Z)
and hz(Z) and the calculations of the integrals.
Now, from the differential equations (egqns 6.32 and 6.33) we

choose the Landau gauge a = 0 and expand to first order in 2~-2, to

obtain
Z

Zhl(Z) - hz(Z) = CS {[21n(z-Z')-1nz+d]sl(z') + hl(z')}dz' (7.8)
1 A
z sz(z') hz(z')

hy(2) - hy(2) = cS {[21n(z2-2"')-1nZ+d] 7 + 5 }dz? (7.9)

1 | .

where 4 = constant and sl(Z), sz(Z) are given by eqns 6.36 and:

6.37 with C = K = 0.

This is of the form

7 _

Zh1 - h2’= ;Slhl(z')dZ' + fl(Z) (7.10)
Z hz(Z')

h2 - hl = ;gl ——ET—_dZ + f2(z) (7.11)

Now, fl(z) and fz(Z) can be calculated, so these coupled integral
equations are solvable by differentiation.
Twice differentiating, we find
2 '
Z(1-Z)hy" + [1+Z(2;-3)]h1‘,- (1-2) h, = -(Zf2"+zf1'+f2'+(1-;)f1')

H Rl(Z) (7.12)
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' = - 2. » - '
Z(1-2)hy" + 22(e-1)hy' - g(z=1)hy = = (22, "+2f "+ (2-7) 2£, ")
= R, (2) (7.13)
We write
hy = A3hyy #Byhy, + hyg (7.14)

Al, A2' B1 and 82 are constants.,

The solutions to the homogeneous part are

hyp (2) = ,F) (1-%,1-8;2-2¢;1-2) (7.16)
hyo(2) = (z-1)257LF (g, ¢52251-2) (7.17)
hyy (2) = Z,Fy (L-g,2-5;2-2¢;1-2) (7.18)
hyy (2) = 2(2-1)2%7LF (g, 142;2251-2) (7.19)

From the general theory of the method of variation of para-

meters, we have

(% h (2R (2") Z hy (Z')R; (2")
hy, (2) = -h11<2)g1 z7 Iz w29 * hlz(Z)Sl 2 (12 )W, (272
' - (7.20)

h,.h,,' - h 'h12 is the Wronskian for the differential

1 - M1M12

equation 7.12,

where W 11
We have of course a similar equation for th(Z).

These Wronskians are easily evaluated by setting up a l1st

order differential equation for them.

aw
1 _ 7(2¢-3)+1
az -~ z@z-1)y "1 (7.21)
2¢-3
so W, o= (2;-1)—(%ll (7.22)

. . . -1
This is all the information needed to calculate G =, as shown
in section 7.2, However, for completeness, some discussion on hl

and h, will now be given.
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The coefficients Ay and A, are not arbitrary. To verify
this, in fact to show that A; = A, = 0, one proceeds to find the
_infrared behaviour (Z « 1) of hll’ h12' hzi, h22, and of the
actual solution p(w) of the integral equation 6.30. This is done
by taking the limit 2 « 1 and & + 2 (retaining 0(2-2) terﬁs) of
eqn. 6.30 which converts it to a Volterra integral equation with a
kernel of the Faltung, or convolution, type. This can then be
solved via Laplace transforms to obtain

p(x) » x*F {14k (2-2) [(1nx) 2+k; Inx+ky 140 (2-2) %) (7.23)

where k = 2;(1-%) for the gauge a, and x = Z-1,
-1, 2
7.2 A VALUE FOR G " /m

There are a number of ways one might try to evaluate the
integrals in egn. 7.7. The easiest way however is to note that
the integrals to be evaluated are the same intégrals which appear
in the integral equations 7.10 and 7.11l. Thus all that needs to
be done is the evaluation of the ultraviolet (Z + =) limit of the
functions hll’ h12' h21',h22’ hlp’ th, fl, and f2’ These are all
of the form

2% +0(z5Y) as 7 - .

2
_352 - -3e . <o,

16«

Since 1

the limit of all these functions is zero!

Z h2(Z)
Z

Thus S h, (z)dz = S dz = 0
1

1

Substituting this into egn. 7.7 gives
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2 -z
5 = 37 r(-z)Tr(l-z)4

Substituting in the value 52 = %; for QED we find

G-l

2
m

8
3-9—0'-120

Note that this is very small but positive. It thus clearly does
not give a realistic G-l. Nevertheless, it is the contribution to
G_1 from QED as given by our approximations. Thus we can conclude

that the contribution to G ' from QED is negligibly small.
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8. CONCLUSIONS

8.1 RESULTS

The results obtained are important in a number of ways.

Firstly, we have established the existence of a non-zero contribu-

.tion to G-l from QED. Thus the basic principle of inducing the

Einstein-Hilbert Lagrangian is exhibited, and the dynamical sym-

metry breaking of scale invariance is established.

Secondly, we note that the calculated contribution to -1

from the fermionic sector of QED is very small, namely

¢l g

2 " 9a
m

= 1.2 x 102

Thus no suggestion is being made that the force of gravity is
induced from the quantization of the electron field. However,
note that the induced G—l is positive, and so the third point to
note is that a realistic G-l could be induced from the charged

sector of a theory which has a fermion of mass 1018 GeV, (or a

charge g = 1/3 fermion of mass 1017 GeV), or less if there are

many such fermions.

This conclusion, namely the necessity of a large mass scale,
is also indicated by all previous model calculations of G-l. It
is expected that the future lattice calculations will support
this. Thus, the necessity for a GUT is clearly indicated; the
contributions - to G'1 from the various particles in the GUT are

clearly many, but the results of this work has been to show that a

significant contribution may come from the chérged fermions of the
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theory.
8.2 EXTENSIONS

A number of extensions come immediately to mind. One could
repeat the above calculations for a variety of other models, for
example scalar electrodynamics, or vector electrodynamics. One
could easily calculate a general formula for the contribution of a
spin 1 particle to G_l; in analogy to the calculations of chapter
5. It may then be possible to find an approximation to the
contribution of the dressed photon loop to G-l.

More realistically, one could try and calculate a model
spectral function for a quark, taking into account the gluon
dressing. This could be approached by using the known limits of
QCD and then guessing an interpolating model function for the
spectral function. Unfortunately the interpolation is too ambigu-
ous to give useful results, especially since this must all be done
in 22 dimensions. A better approach to QCD would be to use the
gauge technique; a success in this area may soon be forthcoming
but no truly realistic spectral function has yet béen calculated
for all values of the argument.

We can indicate extensions in a more spectulative area, by
incorporating the idea of dimensional reduction, since the idea of

induced gravity is not restricted to 4 dimensions. However, since

1 2
we demand scale invariance, we cannot have a fundamental — F

g

term. Higher-dimensional theories already exist where this term
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. . 1 .
is absent, namely Kaluza-Klein theories, where the - F2 term is a
g9

result of dimensional reduction for the original Lagrangian which
contains a T%?ER term. This curvature term need not be fundam-
ental, but could be induced from, say, the fermionic sector of the
theory. Unfortunately it is probable that this scenario will
produce non-renormalizable infinities.

a furthef extension is to note that the Lagrangian of super-
gravity also contains a mass scale, and so it would be possible to
incorporate the idea of induced gravity into supergravity.
Furthermore this méy solve the problem with the counterterms in
the dimensional reduction approach.

To summarize, the concept of induced gravity is an idea of
profound importance, not necessarily tied to the conventional low
energy theories, but as a key concept in the physics at the higher

energies.
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APPENDIX

Up until now, we have almost entirely considered the metric

g as being a classical background field (with the exception of

Hv
chapter 4). Given the problems posed by guantizing O(Rz)
theories, we may wish to circumvent the issue by not quantizing
the metric at all. A theory with a classical metric does not
require O(Rz) terms in the fundamental gravity Lagrangian. The
idea of induced gravity is still useful since the value of G—1
could still in principle be predicted. Clearly the metric appears
to us in a rather different way than the other fields, so the idea
of leaving guv classical is pot without its motivation or merits.

There are, however, a number of arguments against this idea.
The first argument is that leaving v classical implies that the
Einstein field equations must be introduced aé a postulate, while
a quantized’metrié enables a derivation to be given. (Fradkin &
Vilkovisky 1976, 1977. See also Adler 1982.) 1In the context of
induced gravity, the "heavy" matter fields (the unobservable ones)
induce the Einstein-Hilbert Lagrangian, but the "light" fields can
be assumed, as an approximation, to not contribute to G—l; the
resulting approximate Lagrangian is then a sum of T%?E and
lmatterwlight'guv) *

If the metric is quantized, then the effective action can be
shown to be stationary with respect to the metric and we thus have
the semi-classical Einstein field equations
GHY + AgHY = 8nG<O+|T!§;tter|0—>

(The metric auv is the classical background field metric, as used
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in the background field formalism, where the quantized metric guv
is split up into "’ and a quantum fluctuation so that
uv = §uv )

A second argument against taking the semi-classical approach
to gravity is that of inconsistency. Duff (198l) has shown that
if one quantizes two classically equivalent systems which differ
only by field redefinitions, one can obtain two non-equivalent
quantum systems. Since our theories must be invariant under field
redefinitions, the semi-classical quantum theory is inconsistent
and so must be excluded. This conclusion is valid for any finite
number of loops considered and it is only when infinite number of
loops are considered, i.e. the full gquantum gravity theory, that
consistency is maintained.

" The third argument is the existence of tentative experimental
evidence against the semi-classical theory (Geilker & Page 1981).
The possibility of this has been discussed before (see, for
example, Kibble 1981). The argument rests upon the idea of the
total wave function of experiment plus observer which thus does
not collapse. This is the familiar Everett formulation of quantum
mechanics (Everett 1957 and references in Geilker & Page 1981).
This is shown to be necessary since a semi-classical theory of
gravity is inconsistent with the idea of the collapse of the wave
function. For instance, one can show (Eppley & Hannah 1977) that
it is possible to collapse the wave function outside the 1light
cone, and thus violate causality. The Everett formulation is thus

assumed,

The argument against the semi-classical theory stems from the
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fact that it relates a definite classical metric with all of the
components of the matter wave function. If one assumes that the
observer is part of the system under consideration, and arranges
masses according to a quantum-mechanical decision process (eg.
radioactive decay), the "observed" mass configuration (along with
the "observer") is just one component of the total wave function
of the system. But the metric responds to all components of the
wave function, and so one would expect a low correlation (can be
made zero) of the metric with the mass configuration. This result
is not only intuitively distasteful but also experimentally
incorrect, as Geilker & Page have clearly shownF

The full quantum theory has no definite metric and thus each
component of the wave function is related to its own distinct
metric, which would have a high correlation with the mass distri-
bution in that component. This is of course the intuitively more
attractive idea.

We thus conclude that the metric,must.almbst certainly be
quanﬁized. Assuming this the general pfinciples of induced
gravity (sections 2.,1-2.4) remains unaltered but the details
change, namely the resulting value of the induced G-l. This is
because the quantization of Iy implies the existence of virtual

graviton loops and so these must be included in ¥ (eqn. 2.53).

uavp
The induced G™' and A will still however be finite by the argu-
ments of scale invariance and renormalizability of section 2.4.
The resulting expressions for G-l and A have been given by Adler
(1982) and Zee (1983a). Zee also gives the.expression for r, the

induced coefficient of R2. The method used is the background
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field formalism,

guV + hu\)

Juv
The field huv(x) is then treated no differently from the other -
fields and the quantization proceeds in the usual way. A gauge
fixing term is introduced as well as the corresponding Faddeev-
Popov ghosts. We define the total action by

S =8

Smatter * Sgravity + S

ghost * Sgauge breaking

where each of the terms depends on both auv and huv‘ We also

introduce the external current Juvr which is determined formally

by the restriction <h = 0 and so we can write JQ“(EGB).

HV>J

Following Zee, we'define

_ pv $8

Tl(x) = 2g Gguv
gUT = nCT
8

- 4 83

Ta(x) = gy, (%) Sd Y Pag 55 130
g1 = nUT
. GZS

MO = 49y (¥ 945 (O) 5515755 45 O

The results are

A
g - <Tp(X)>5

(167G) "t i Sd4x x2(<T1(x)Tl(0)>§—<T2(X)T2(0)>§-<W(x)>§)

]

r = 3877 Sd4x x4(<T1(x)T1(0)>§'<T2(X)T2(0)>§~<W(x)>§)

Clearly the results are similar to those obtained for a
classical metric (egns. 2.33, 2.50 and 4.10). No calculations
have yet been performed from these formula but clearly some
calculations must eventually bé done to obtain a proper picture of

the importance of induced gravity in nature.



95

REFERENCES

Abrikosov A. A., 1956, J. Exper. Theoret. Phys. USSR 30, 96,
(Soviet Physics JETP 3, 71).[6.4]

Adler S. L., 1972, Phys. Rev. D5, 3021.[6.4]

Adler s. L., 1980a, Phys. Rev. Lett. 44, 1567.[1.2]

Adler S. L., 1980b, Phys. Lett. 95B, 241,[1l.2,2.5,3.3]

Adler S. L., 1980c, "The High Energy Limit," Proceedings of the
}f?g’zr:zrsi]ce Summer School, ed. A. Zichichi, (Plenum 1983).

Adler s. L., 1982, Rev. Mod. Phys. 54, 729.[1..2,1.3,3.1,3.4,3.5,
App.]

Akama K., Chikashige Y., Matsuki T. & Terazawa H., 1978, Progr.
Theoret. Phys. 60, 868.[3.2]

Alekseev A. I. & Rodionov A. Ya., 1980, Theor. and Math. Phys. 43,
503.[6.1] ‘

Anishetty R., Baker M., Kim S. K., Ball J. S. & Zachariasen F.,
1979, Phys. Lett. 86B, 52.([6.1]

Atkinson D. & Slim H. A., 1979, Il Nuovo Cimento 50A, 555, [6.1,
6.4]

Baker M., 1979, "High-Energy Physics in the Einstein Centennial
Year," Proceedings of Orbis Scientiae, Coral Gables, Miami,
eds. A. Perlmutter, F. Krausz & F. Scott, (Plenum) .[6.1]

Baker M., Ball J. S., Lucht P. & Zachariasen F., 1980, Phys. Lett.
89B, 211.([6.1]

Baker M., Johnson K. & Willey R., 1964, Phys. Rev, 136B, 1111,
(6.4)]

Ball J. S., Horn D. & Zachariasen F., 1978, Nucl. Phys. B132, 509.
[6.4]

Ball J. S. & Zachariasen F., 1978, Nucl. Phys. B143, 148.[6.1]
Barth N. H. & Christensen S. M., 1983, Phys. Rev. D28, 1876.[4.1]
Berg B. & Billoire A., 1983, Nucl. Phys. B221, 109.[3.5]

Bernard C., 1979, Phys. Rev. D19, 3013.([3.1]

Billoire A., 1981, Phys. Lett. 104B, 472.[3.5]



96

Birrell N. D. & Davies P. C. W., 1982, "Quantum Fields in Curved
Space," (Cambridge). [5.2]

Bjorken J. D. & Drell S. D., 1965, "Relativistic Quantum Fields,"
(McGraw Hill). [3.3]

Boulware D. G., Horowitz, G. T. & Strominger A., 1983, Phys. Rev.
Lett. 50, 1726.[4.1]

Brans C. & Dicke R., 1961, Phys. Rev. 124, 925,[1.2]

Brout R. & Englert F., 1966, Phys. Rev. 141, 1231.[5.3]

Brown L. S. & Zee A., 1983, J. Math. Phys. 24, 1821.[1l.2]

Cerverd J. M. & Estévez P. G., 1982, Ann. Phys. 142, 64.[2.1]

Christensen S. M., 1982, "Quantum Structure of Space and Time,"
Proceedings ‘of the Nuffield Workshop, Imperial College, eds.
M. J. Duff & C. J. Isham, (Cambridge Univ. Press) .[4.1]

Chudnovskii E., 1978, Theor. and Math. Phys. 35, 538.[2.1]

Coleman S., 1977, in "The Whys of Subnuclear Physics," ed. A.
Zichichi, (Plenum Press, 1979).[3.1]

Coleman S. & Weinberg E., 1973, Phys. Rev. D7, 1888.[2.2]

Collins J. C., Duncan A. & Joglekar S. D., 1977, Phys. Rev. D16,
438,.[3.3]

Cornwall J. M., 1980, Phys. Rev. D22, 1452.[6.1]

Cornwall J. M., 1983, Preprint UCLA/83/TEP/4, Univ. of California
at Los Angeles. [6.1]

Cornwall J. M. & Norton R. E., 1973, Phys. Rev. D8, 3338, [2.2]
Creutz M., 1980, Phys. Rev, D21, 2308.[3.5]

Creutz M. & Moriaty K. J. M., 1982, Phys. Rev. D26, 2166.[3.5]
Cutkosky, R. E., 1960, J. Math. Phys. 1, 429.[6.2]

Cutkosky, R. E., Landshoff P, V., Olive D. I. & Polkinghorne J.
C., 1969, Nucl. Phys. B12, 281.[4.3]

Delbourgo R., 1976, Rep. Prog. Phys. 39, 345.[5.4]

o

Delbourgo R., 1977, J. Phys. Al0, 1369.[6.1]

-

Delbourgo R., 1978, J. Phys. All, 2057.(6.1]

Delbourgo R., 1979a, Il Nuovo Cimento 49A, 484.[6.1]



97

Delbourgo R., 1979b, J. Phys. G5, 603.[6.1]
Delbourgo R. & Keck, B. W., 1980a, J. Phys. G6, 275.[6.1,6.4]
Delbourgo R. & Keck, B. W., 1980b, J. Phys. Al3, 701, [6.3,6.4]

Delbo?rgo R., Keck B. W. & Parker C. N., 1981, J. Phys. Al4, 921.
6.3,6.4]

Delbourgo R. & Kenny B. G., 1981, J. Phys. G7, 417.[6.1]

Delbourgo R., Kenny B. G. & Parker C. N., 1982, J. Phys. G8, 1173.
[6.1] '

Delbourgo R. & Phocas-Cosmetatos P,, 1979, J. Phys. Al2, 191, (6.1]
Delbourgo R. & Salam A., 1964, Phys. Rev. 135, 1398, ([1.2,6.1]

Delbourgo R. & Shepherd T., 1978, J. Phys. G4, L197.[6.1]
Delbourgo R. & Thompson G., 1982, J. Phys. G8, L185,[6.1]
Delbourgo R. & West P., 1977a, J. Phys. Al0, 1049.(1.2,6.1]
Delbourgo R. & West P., 1977b, Phys. Lett. 728, 96.[1.2,6.1,6.3]
Di Giacomo A. & PaffutivG., 1982, Phys. Lett. 108B, 327.[3.5]

Deser S., Tsao H. S., & van Nieuwenhuizen P., 1974, Phys. Rev.
D10, 3337.[4.1]

‘DeWitt B. S., 1967, Phys. Rev. 162, 1239, [5.3]
DeWitt B. S. & Utiyama R., 1962, J. Math. Phys. 3, 608.[4.1]

Duff M., 1981, in "Quantum Gravity 2," eds. C. J. Isham, R.
Penrose & D. W. Sciama, (Oxford Univ. Press). [App.]

Eichten E., Gottfried K., Kinoshita T., Lane K. D. & Yan T. M.,
1980, Phys. Rev., D21, 203.[3.5] '

Engleft F., Gastmans R. & Truffin C., 1976, Nucl. Phys. B1l1l7, 407.
2.1,4.2]

Englert F., Gunzig E., Truffin C. & Windley P., 1975, Phys. Lett.
578, 73; (and references therein).[2.1]

Eppley K. & Hannah E., 1977, Found. Phys. 7, 51.[App.]

Everett H., 1957, Rev. Mod. Phys. 29, 454, [App.]

Fradkin E. S. & Tseytlin A. A., 1981, Phys. Lett. 104B, 377. (4.1,
4. 3]
and  Nucl, P‘)js. g201, 4(771(17823'



98

Fradkin E. S. & Vilkovisky G. A., 1975, Phys. Lett. 55B, 224, [4.1,
App.]

Fradkin E. S. & Vilkovisky G. A., 1976, in "Proceedings of the
18th International Conference on High Energy Physics,"
Tbilisi, USSR, vol. 2, Sec. C, p. 28.[App.]

Fritzsch H. & Minkowski P., 1981, Phys. Rep. 73, 67.[2.4]

Fujii, Y., 1974, Phys. Rev. D9, 874.[1l.2,2.1]

Fujii, Y., 1982, Phys. Rev. D26, 2580.(2.1]

Geilker C. D. & Page D. N., 1981, Phys. Rev. Lett. 47, 979. [App.]

Gardner E., 1981, J. Phys. G7, L269, [6.4]

Gross D. & Neveu A., 1974, Phys. Rev. D10, 3235.(2.2]

Gursey F., 1963, Ann. Phys. 24, 211, [1.2]

Hasenfratz A. & Hasenfratz P., 1980, Phys. Lett. 93B, 165; (and
references therein) .[3.5]

Hasslacher B. & Mottola E., 1980, Phys. Lett. 95B, 237.[1.2,3.1]
Hasslacher B. & Mottola E., 1981, Phys. Lett. 99B, 221. [4.3]
't Hooft G., 1973, Nucl. Phys. B62, 444.[4.2]

Itzykson C. & Zuber J., 1980, "Quantum Field Theory," (McGraw-
Hill). [3.3,6.2] : .

Jackiw R., & Johnson K., 1973, Phys. Rev. D8, 2386.([2.2]

Julve J. & Tonin M., 1978, Il Nuovo Cimento 46B, 137.[4.1,4.3]
Jin Y. S. & Martin A., 1964, Phys. Rev. 135, B1369. [3.6]

Just K. & Rossberg K., 1965, Il Nuovo Cimento 40, 1077.[5.3]

Kataev A. L., Krasnikov N. V. & Pivouarov A. A., 1982, Nucl. Phys.
B198, 508. [3.5]

Khare A. & Kuman S., 1978, Phys. Lett. 78B, 94.[6.4]
Khelashvili A. A., 1981, Theor. and Math. Phys. 46, 149.[6.1]

Khuri N. N., 1969, in "Theories of Strong Interactions at High
Energies," (BNL, Upton, New York), pp. 75-120.(3.6]

Khuri N. N., 1982a, Phys. Rev. D26, 2644.[1.2,3.6]

Khuri N. N., 1982b, Phys. Rev. Lett. 49, 513.[1.2,3.6,4.2]



99

Khuri N. N., 1982c, Phys. Rev. D26, 2671.([1l.2,3.6]

Kibble T. W. B., 1981, in "Quantum Gravity 2," eds. C. J. Isham,
R. Penrose & D. W. Sciama, (Oxford Univ. Press). [App.]

Lee T. D. & Wick G. C., 1969a, Nucl. Phys. B9, 209.[4.3]
Lee T. D. & Wick G. C., 1969b, Nucl. Phys. B10, 1.[4.3]
Lee T. D. & Wick G. C., 1970, Phys. Rev. D2, 1033. [4.3]

Linde A. D., 1979, Pisma Zh. Eksp. Teor. Fiz. 30, 479, (JETP Lett.
30, 447).([2.1]

Matsuki T., 1978, Prog. Theor. Phys. 59, 235.[2.1]

Minkowski P., 1977, Phys. Lett. 71B, 419.[2.L]

Misner C. W., Thorne K. S. & Wheeler J. A., 1970, "Gravitation,"
(W. H. Freedman & Co.).{1l.2]

Neville D. E., 1978, Phys. Rev. D18, 3535.(4.3]

Neville D. E., 1980, Phys. Rev. D21, 867.[4.3]

Neville D. E., 1981, Phys. Rev. D23, 1244, [4.3]

Neville D. E., 1982, Phys. Rev. D26, 2638, [4.3]

Nambu Y. & Jona-Lasino G., 1961, Phys. Rev. 122, 345, (2.2]

Parker C. N., 1983, Ph.D. Thesis, University of Tasmania, (unpub;
lished). [6.1]

Ramond P., 1981, "Field Theory, a modern primer," (Benjamin/
Cummings). [2.2]

Sakharov A. D., 1967, Doklady Akad. Nauk. SSSR 177, 70, (Sov.
Phys. Doklady 12, 1040, (1968)).[1.2,2.4] :

Sakharov A. D., 1975, Theor. and Math. Phys. 23, 435.([3.2]

Sakharov A. D., 1982, "Collected Scientific Works," (Marcel
Dekker).(1.2,2.4]

Salam, A., 1963, Phys. Rev. 130, 1287.(1.2,6.1]
Salam A. & Strathdee J., 1978, Phys. Rev. D18, 4480.[4.1,4.3]

Sezgin E. & van Nieuwenhuizen P., 1980, Phys. Rev. D21, 3269, [4.3]



100

Shifman M. A., Vainshtein A. I. & Zakharov V. I., 1979, Phys. Rev.
Lett. 42, 297.[3.5]

Shohat J. A. & Tamarkin J. D., 1943, "The Problem of Moments,"
(American Mathematical Society).[3.6]

Slim H. A., 1979, Phys. Lett. 81B, 19.[6.4]

Slim H. A., 1981, Nucl. Phys. B177, 172.[6.4]
Smolin L. 1979, Nucl. Phys. B160, 253.([2.1]

Stelle K. S., 1977, Phys. Rev. D16, 953.[2.3,4.1]
Strathdee J., 1964, Phys. Rev. 135, 1428.[1.2,6.1]

Thompson G., 1983, Preprint SHEP 82/83-6, University of South-
hampton. [6.1] ,

Tomboulis E., 1977, Phys. Lett. 70B, 361.[4.3]
Tomboulis E., 1980, Phys. Lett. 97B, 77.[4.1,4.3]

Tricomi, F. G., 1955, "Integral Equations," (John Wiley & Sons).
[6.3] :

Tsao H. S., 1977, Phys. Lett. 68B, 79.[4.2]

van Nieuwenhuizen P., 1974, Phys. Rev. D10, 411, [5.2]
Weinberg S., 1957, Phys. Rev. 106, 1301.[2.3]

Weinberg S., 1972, "Gravitation and Cosmology," (John Wiley &
SOl’lS) - [2. 3’ 5°2]

Wilson K., 1968, Phys. Rev. 179, 1499, [3.3]
Wilson K., 1974, Phys. Rev. D14, 2455, [3.5]
Zee A., 1979, Phys. Rev. Lett. 42, 417.[2.1]

Zee A.,. 1980, Phys. Rev. Lett. 44, 703.(1.2,2.1]

Zee A., 198l1a, Phys. Rev. D23, 858.[1.2,3.2,4.2]

Zee A., 198lb, in "Proéeedings of the 1981 Erice School," ed. A.-
Zichici, (Plenum).[l.2,3.4]

Zee A., 198lc, in "Proceedings of the Fourth Kyoto Summer School
on Grand Unified Theories and Related Topics," eds. M. Konuma
& T. Maskawa, (World Science Publishing Co.).[1l.2]

Zee A., 1982a, Phys. Lett. 48, 295.([1.2,3.4]



101

Zee A., 1982b, Phys. Lett. 1098, 183.[1.2,4.2]

Zee A., 1983a, Preprint 40048-32 P2, University of Washington.
[1.2,4.2,2App.]

Zee A., 1983b, in "The Proceedings of the 20th Annual Orbis
Scientiae Dedicated to P. A. M. Dirac's 80th Year," to
appear.[l.2]

Zel'dovich Ya. B., 1967, Zh. Eksp. Teor. Fiz, Pis'ma 6, 883, (JETP
Lett. 6, 316).(1.2]

Zimmerman W., 1970, in "Lectures on Elementary Particles and
Quantum Field Theory," vol. I, eds. S. Deser, M. Grisaru & H.
Pendelton, (MIT Press).[3.3] '



