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Abstract

This thesis presents two applications of representation theory of locally com-
pact groups. The first is concerned with random walks, the second with Mackey’s
Intertwining Number Theorem.

Firstly, we consider the random walk on a collection of chambers bounded
by hyperplanes in a given subspace E of R™!. Initially, a particular transition
probability is used in the first part of this analysis, and the identification of

the collection of chambers with a reflection group provides necessary tools for
| obtaining a criterion for the recurrence of that walk. Next, the techniques of
representation theory are used to deal with the generalization of the random walk
when transition probability is considered to be a general probability measure on
the group concerned.

Secondly, Mackey’s Intertwining Number Theorem for one dimensional rep-
resentations of open and closed subgroups of a given locally compact group G
is generalized. A similar result to Mackey’s is obtained in the case where the
representations are finite dimensional. The recent developments in the theory of
Af spaces (in which such spaces are recognized as preduals of spaces of intertwin-
ing operators of induced representations) are being simplified under the condition
that the subgroups are open and closed. These results, together with the fact that
the space of intertwining operators between two representations can be identified
with the dual of the G-tensor product of the corresponding representation spaces

(endowed with the greatest cross-norm) are used to carry out the analysis.
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Chapter 1

Introduction

An interesting question concerning random walks on simple lattices was answered
by mathematicians many years ago. In 1921, Pdlya discovered a very beautiful
application of several-dimensional Fourier series to random walks (see [4]). He
thought of a particle moving on the n-dimensional lattice Z™ according to the
following rule. The particle starts at time 0 at the origin and moves at time
m > 1 by a unit step to one of 2n neighboring lattice points with probability
> each. The problem is to compute the probability of the event that, after m
steps, the particle arrives at a fixed lattice point and to study the behavior of the
particle as m tends to infinity. '

Using Fourier analysis, Pélya proved that for n < 2 the ultimate behavior of
the walks is recurrent, while for n > 3, it is transitory: the particle ultimately
stops visiting the ball |z| < R, for any R < oo.

Pdlya’s idea ié to think of the probability of the particle arriving at a fixed
lattice point after m steps as the corresponding Fourier coefficient of a square
summable function on the standard n-dimensional Torus. Using the independence
of the individual steps, this function can be simplified as a function depending

only on z, m and n. Finally, the expected number of times the particle visits

the origin is just the sum of the probability arriving at the. origin over all



nonnegative integers.

Formally, suppose P(s., = k) denote the probability of the particle arriving
at the lattice point k after m steps. Let f be a square summable function on the
standard n-dimensional Torus T™ = {(z1,Z2,...,2,) : 0 < 2; < 1,1 <1 < n}.
Then |

flz) = P(sm = k)e2mi<he>

kezZ
Using the independence of the individual steps e we have

f(:l:) — o (zn)—mezm«zl x> 621ri<em,a:>

— [(271)—12827ri<e1,z>:| ,
e1

_ [cos 27z, + ...+ cos 27r:cm]m
n ?

[Fnl2)]™.

Hence
Plsn = k) = F(R) = (1) (F) = [ fR(a)e ™<=z,

and in particular, the probability of the particle arrive at the origin is given by
P(sm =0) = - 7 (z)dz.

Then the expected number of times the particle visits the origin can be derived
and is given by

> Plsm=0)= [ (1= fulw) 4o,

m=0

from which the Pélya’s result is obtained. A succint elementary account can be
found in [9).

In this thesis, as our first application of theory of representations, we consider
a random walk on a collection of chambers bounded by hyperplanes in a given
subspace E of R"*1. The aim is to study the ultimate behaviour of the walk

under a given transition probability.



Chapter 2 deals with the constructions of the collection of chambers for the
walk. We consider the subspace E of R™*! given by
n+1
E = {(ml,...,xn.H) € Rn+1 : ZCC,‘ = O} ~ R".

=1

The set of vectors, which are called the system of roots, given by
A={ei—e:1<i<n}U{er —en1},

spans the subspace E, where the vectors e;, 1 <i<n+1 form a canonical basis

in R**!. We define E-hyperplanes P, r in A, kin Z as
Py={z€E: (z,r) =k}
Let L be the dual lattice in E generated by the system of root A;
L={z€E:z =Zn:mm-,m,- € Z}.

i=1

Accordingly we define the lattice L* of L as
L*={z € E:(z,r) € Z, forall r € A}.

In this chapter, we also give a brief review of general results concerning the
geometry of the reflection group required to carry out our analysis. The group in
concern is the infinite group A generated by the reflections with respect to the
hyperplanes P,. The main point in this chapter is the fact that the group A
is a semidirect product of the normal abelian subgroup T generated by the set
of all translation along r, r in A, and the subgroup S generated by the set of
reflections with respect to P, o, r in A.

Chapter 3 deals with a particular random walk by considering a particle mov-
ing on the collection of chambers in E bounded by the hyperplanes P, r € A,
k € Z, according to the following rule. The particle starts at time zero at the

chamber Cy bounded by the hyperplanes P, 0,2 = 1,...,n, and P, 1, and moves

3



at times m > 1 by a step across a wall into a neighboring chamber with the

transition probability p given by
1

n+1
0, otherwise.

) , if C' is one of the n + 1 adjacent chambers of C,
p(C,C) =

The steps are statistically independent of the preceding steps. The fact that
this walk can be considered as a random walk in the infinite group A enables
us to investigate the recurrence of the walk using the properties of the Fourier
transform of functions on A. Here we obtain the result that the ultimate behavior
of the walk is recurrent if n = 2 and transitory if n > 2.

In Chapter 4, we generalize our result using general probability measure p
with assumption that the support of u generates the group A. Using theory of
representations, ﬁarticularly the method of “little groups” introduced by Wigner
and Mackey, we construct all irreducible unitary representations of A and analyze
the ultimate behavior of the walk. Here we are led to the conclusion that the

random walk is recurrent or transitory according as

. A -1
lelTnl'l /e Tr {(I 6k (pz)) }d:r

is infinite or finite respectively.

Chapter 5 is devoted to our second application of representation theory of lo-
cally compact groups, namely, a generalization of Mackey’s Intertwining Number
Theorem for one dimensional representations (see [16]). To explain this result,
let G be a locally compact group, H and K be open and closed subgroups of G.
Let 7 and 7 be one dimensional unitary representations of H and K respectively.
Mackey’s result suggest that the intertwining number (see page 68) of the two
induced representations U™ and U” (see page 69) of G can be expressed as a sum
of intertwining numbers of representations 7% and ¥ of the groups H*NKY, z,y
in G (see [16]). We prove that the result holds in the case where = and 7 are

finite dimensional representations of open and closed subgroups H and K.
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To achieve this we use the results in the theory of AJ spaces (see [2], [23]),
especially the fact that the space of intertwining operators of induced represen-

tations can be recognized as the predual of a corresponding Aj space.

Notations

In this thesis we use the following notations. The bold letters Z,N, R, C denote
integers, positive integers, real and complex numbers respectively. As usual, for
any positive integer n, R™ denotes Euclidean n-space, where for every z € R™ we
may write

z = (21,Z2,...,2%n),

for some z1,...,z, € R. For any pair z,y € R*, z = (21,22,...,%s), ¥ =
(Y1,Y2, - - -, Yn), (T, y) = Liy ziy; defines an inner product on R™.

Let S be a set. The notation C° denotes the set of all functions defined on
S with values in C. It is widely accepted in functional analysis that we write
tv instead of t(v) for any linear transformation ¢ acting on v, unless there is
any danger of confusion. We use the notation 1s to denote a constant function
1 defined on S. Clearly, 1s(s) = 1 for all s € S. We denote ¢, the indicator

function at s in S:
1, ift =s,
es(t) =
0, otherwise.
For any group A, e4 is the identity element of A. The set of all formal linear

combination of A with complex coefficient is denoted by C[A].



Chapter 2

Geometry

This chapter is devoted to review some background information involving the
geometry of reflection and translation groups required in this thesis. Some stan-
dard results are quoted without proof; complete proof can be found in [1] and
[6]. In Section 2.1, we construct a collection of chambers in a given subspace
E of (n + 1)-Euclidean space R™*'. We discuss translations and reflections in
the subspace E in Section 2.2. Section 2.3 give some important results and their

elementary proofs on reflection and translation groups.

2.1 Construction of the Collection of Chambers
in B

The three-dimensional simple lattice Z® is defined as the set of all triples v =

(v1,v9,v3) with integer entries. This can be thought of as the set of all lin-

ear combinations of {(1,0,0),(0,1,0),(0,0,1)} with integer coefficients. In other

words, every v € Z* can be written in the form

v = (v1,v2,v3) = v1(1,0,0) + v2(0,1,0) + v3(0,0,1),



where vy, v, and vs are integers. Any simple lattice Z™, for any positive integer
n, is defined similarly.

We consider the vector space R™*! over the scalar field R. Let 1 denote the
element (1,...,1) of R®*!, and F be the annihilator of 1 with respect to the
inner product {.,.). Then E is a closed subspace of R**! and is of dimension n.

Hence we have

n+41
E = {(.’1:1,2122,.. .,$n+1) € Rn+1 : Z I; = 0} ~ R".

i=1

Let A be the set of vectors (called the system of roots) given by
A= {6,'—6,'4.1 IlSisn}U{61—6n+1},

where {e1, €2, ..., €nt1} is the canonical basis for R**1. It is clear that A spans

E. Indeed, every z € FE can be written in the form

z = (T1y- s Tny Tnt1)s

(T1, T2y« s Ty —L1 — T2 — ... — Tp),

= oim+(c1+z)re+ ...+ (@t T2+ ..+ T

For the rest of this thesis we use the following notations unless otherwise stated:

i = e —ey1, 1 <1< n, and

To = €1 —€py1 — ZT‘,’.

=1
For n = 2, the subspace F is given in figure (2.1).
We define the lattice L in the usual way as the set generated by the system

of roots A given by-

LZ{:EEEZII,‘:ZmiT,',m,'GZ,T‘iEA}. (21)

=1

Here each lattice point v in L is a linear combination of vectors ry,...,r, with

integer coefficients. Accordingly, we define the dual lattice L* of L as
L"={z€E:(z,v)€Z, foralve L}

7
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Figure 2.1: Subspace E for n =2

Since the lattice L is generated by the system of roots A, the dual Lattice L* is
given by
L*={z€E:(z,r) €Z, forallr € A}. (2.2)

We consider the E-hyperplanes P, ; given by
Pr={z€eE:(r,z)=k,re A keZ}]

The subspace E is cut out into regions or chambers by P, . For n = 2, let = be
an element of P, o. Then & = (21, z2,23) with z; + 2o + 23 =0 and (z,7r;) = 0.
But (z,r) = 0 if and only if z; — zo = 0. Hence P,, ¢ is the intersecting line
between two planes

1+ z24+23=0

and

z, — 20 =0.



In general, for n = 2, P,, i is the intersecting line between two planes
1+ 22+23=10

and either
Z; — Tigy —k?:O,

forv=1,2, or
o — T3 — k= 0,
forz=0.
For n = 2, the E-hyperplanes P, x, ¢t = 0,1,2, k = —1,0,1, are depicted in
figure (2.2).

n
) Prlvj
Pr,,O
i
Pr,,-l
Pr,-] Pr,O Pr,l Pr,-] Pr,O Pr,I
1 1 1 1 1 1

‘Figure 2.2: The E-hyperplanes P, x,2=10,1,2, k=—1,0,1, forn = 2

2.2 Reflections and Translations in £

A reflection s with respect to a hyperplane H is a transformation that carries

each vector to its mirror image with respect to the hyperplane H. We recall that

9



the reflection s, with respect to E-hyperplane P, for all 7in A and k in Z, is

given by
({r,z) = k)r
(ryry

Sre(z) =2 —2

for all z in E (see [6]). Since for each r € A,

(ryry = (e; — €iy1,€ — €ig1),

= (e e) — (e €in1) — (€41, €) + (eig1, 6011) = 2,
it follows that for all » in A, z € E, we have
srk(z) =z — ({r,z) — k), (2.3)

iFrom the formula of the reflection 870, 7 in A, and our definition of the

lattices L and its dual L*, we derive the following lemma.

Lemma 2.2.1 Let L, L* be as in equations (2.1), (2.2) respectively and s,o be
the reflections with respect to the hyperplane P,o, r in . Then, for all v in A,
the following statements hold.

1. s.p is a linear transformation preserving the inner product (.,.). In partic-

)
!
ular, s.q is an orthogonal transformation. -

2. Sr’oL = L.

3. S,-,()L* = L*.

Proof. 1. Since the second statement is a direct consequence of the first, we only

need to show the first. We observe, for all z € E, for all r in A,

srolaz) = az — (r, a:c>r = a(z — (r,z)r) = as,(z),

10



for all real numbers a. Also, we have

51‘,0(1: + y) = T+ Y- <’f‘,.’1} + y)r,
= - ("'> :Z:)T + Y- <T’ y)’”,
= sr0(2) + sr0(y),

for all z,y € E, rin /. Hence s, is a linear transformation for each r in A. We

check, for all z,y € F,

(31',0(:1:)’ ST,O(y» = (33 - (T’ IL‘)T‘,y - (T’, y)’)”)’
= <$ay> - ('l",y)(:l:,'f‘) - (T,.’E)(T,y) + (7", :L')(T‘, y)(’f‘, T)v
= (z,9),

for all r in A. The reflection s, therefore preserves the inner product (.,.) for

all » in A.

2. Let v = myr; + ... + m,r, be an element of L. Then, for : = 0,...,n, by

linearity and definition of s;, 0,

Sr.0(v) = spo(mari 4 ...+ M),
= my8,0(r1) + -+ MnSr0(Tn),
= my(r1 — (ri, 7)) + .o+ M + (75, 70)7T4),

n
= mn+...+m;_17i—1 + (m,- —Z(r,-,rj))ri + mirip1 + ... F M.
=1

Since (r;,7;) is an integer, for all i,7 = 1,...,n, we conclude that s,,o(v) is an
element of L for all i = 0,...,n. Hence we have s,oL C L, for all r in A.

Conversely, for any : = 0,1,...,n and v in L, the equation
v = $p,0(V)
has vector solution v’ in L, indeed

v = (Sri,osrevo)(”l) = 57,0(v)-

11



Hence v is an element of s, oL, for all ¢ = o,...,n. In other words, L C s.oL,

for all 7 in A. Part (2) therefore follows.

3. Let z € L*. Then (z,r;) € Z,:=0,...,n. We observe

(sro(z),ri) = (z—(r,2),ri),

= (.’17,7‘,') - (T‘,:Z:)(T, Ti) €Z.

for all : = 0,...,n. Hence s,o(x) € L* for all z € L*, r in AA. Thus, we have
sroL* C L*. Conversely, given z € L*, it follows that sro(z) is an element of
sroL*, for all r in A. But, since s,oL* C L*, we have s.p(z) € L*. Hence
sro(z) = y for some y € L*, from which it follows that = = s,0(y) for some
y € L*. Hence z is an element of s,oL*. Thus we have L* C s,oL", for all r in

A. We conclude therefore that s,oL* = L*, for all r in A.

The translation ¢, by a vector v in L is given by
ty(z) =2z +v,

for all z in E. Since for all z,y € E,i = 0,...,n, t,(z) —t,(y) = ¢ — y, the
translation t, by a vector r preserves vector subtraction for all r in A.
Similar to Lemma 2.2.1, concerning the translations ¢,, 7 in AA, and the lattices

L and L*, we have the following lemma.

Lemma 2.2.2 Let t, be a translation by a vector r, r in A, L and L* be as in

Lemma 2.2.1. Then we have
1. t,L =L, and

2. t,.L*=L"

12



Proof. 1. Let z = myry 4+ ...+ m,r, be an element of L. Then ¢, (z) =
mitr + ...+ (mi+ Dri+.. .+ myr,, 0 = 0,...,n. Hence t,(z) is an element
of L, for all : = 0,...,n. Thus we have ¢,L C L, for all r in A. Conversely,
z — r; remains an element of L. Hence z = t,,(z — r;) is an element of ¢,,L, for
all 2 =0,...,n. We thus have L C t,L, for all r in A. Therefore, we conclude
t.L = L, for all r in A.

2. Let z € L*. Then for alle=0,...,n,
(t:(z),r:) ={z +r,r) = (z,r:)(r,7:) € Z.

Hence t,(z) is an element of L* for all z € L*, for all r in A. Thus, we have
t,L* C L*, for all » in A. Conversely, let z be an element of L* and r in A.
Obviously, ¢ — r is in L*. Hence z = t,(z — r) is an element of ¢,L*. Thus we

have L* C t,.L*, for all 7 in A. Therefore (2) follows.
]

We have the following useful lemma concerning the relation between the re-

flection s, and the translation ¢,, 7 in A, k in Z.

Lemma 2.2.3 Let s, be as in equations (2.3) and t, be a translation by r, r in

A, k€Z. Then

1. s; % = tirSrpo, and

2. t = Sr,157r0-

Proof. 1. For z € E, we have

(tkrsro)(2) = te(z = (r,2)r),

= z— (r,z)r + kr,
=z ~ ((:L‘,?") - k)T‘,
= s.x(2),

13



for all 7 in A. Part (1) thus immediately follows.
2. For every z € E, we have

($r18r0)(z) = $pale = (r,z)7),
= z—(r,z)r — ((r,z— (r,z)r) = 1)r,
= T- (7" :1:>T' - (Ta :E)T(‘I”, $><Ta T>T +,

= z+r = t.(z),

for all 7 in A, since (r,r) = 2. Hence we obtain ¢, = s 15,0

2.3 Translation and Reflection Groups

Lemma 2.2.1 and Lemma 2.2.2 give us a motivation to construct groups generated
by the reflections and translations we have discussed in those lemmas. This

motivation is formulated in the following two lemmas.

Lemma 2.3.1 Let S be the group generated by s,0, T be the group generated by
t,, v in A\, L be as in Lemma 2.2.1 .Then the following statements hold.

1. T={t,:vel}~L.
2. sty =tyy)s, foralls€ S, ve L.
3 sL=1L, foralls € S.

4. TNS ={ea}, where e is the identity element.

Proof. 1. Let v be an element of L. Then v = }_I_; m;r;, m; € Z. Hence we have

b = Ty mero

14



tmlr] tm27‘2 e t'Innrm

= (th)ml (tT2)m2 ce (trn)mn'

Hence t, is an element of T'. Thus we have {t, : v € L} C T. Conversely, let ¢ be

an element of T. Since T is obviously a commutative group, we may write -

U= ()t

= tporo+.tparns
= t(po+m)r1+.-.+(po+pn)rn7

for some p; € Z, 7 = 0,...,m. Hence t is an element of {t, : v € L}. Thus

T C {t, : v € L}. Finally, let us define a function 7 : L — T given by
7(v) = ty,

for all v € L. Then = is clearly a one to one function from L onto T'. Moreover,

7 is a homomorphism, since for all v;, v, in L, we have
T(v1 4 V2) = boy gy = byyte, = m(v1)7(v2).
Hence 7 is an isomorphism from L onto {¢,: v € L}.
2. Let s be an element of S and v be an element of L. Then
(sty)(z) = s(tu(x)) = s(z + v) = sz + sv = te(sz) = (ts08)(2).
Thus we obtain for all sin S, vin L,
Sty = tsyS.

3. Since the group S is generated by s,o, r in A, part (3) follows directly from
Lemma 2.2.1 (2).

4. Let u be any element of 7N S. Then u = t, for some v in L and v = s for

some s in S. Now by (2) we obtain
Uty = Sty = tp,8 = tsply.

15



Since u = t,, for some v in L, we find ¢, = t,,. Hence we have

But, since s = t,,, we obtain

v = ty(v) = 2v.

Thus v must be identical to zero. This implies that ¢, is the identity transforma-
tion, or in other words, u = e4.

O

Having discussed the relation between the generators of the groups S and T,
we close this chapter with an important lemma concerning the groups S and T

which will be used in our work in Chapter 3 and 4.

Lemma 2.3.2 Let A be the group generated by s .k, r in A S and T be as in
Lemma 2.3.1. Then the following statements hold.

1. § is a subgroup of A and T is a normal subgroup of A.
2. A=TS, in the sense that every element a in A can be written uniquely as
a = 1,8,
where t, €T and s € S.

3. Forsy, sy €S, and fort,,, ty, €T, (ty,51)(ts,52) = tys, where v = vy +51(vs)

and s = $,3,.

Proof. 1. The statement that S is a subgroup of A is obvious from the definitions

of the groups S and A. Now from Lemma 2.2.3 (2), it implies that ¢, € A, for all

16



r in /. Hence we infer that T is a subgroup of A. We shall prove now that 7' is
normal. Let ¢ € A. Then by Lemma 2.2.3 (1) there exist an integer m such that

"4 = Supk;Supka +c Sumkmo

= tklul Suy ,Otk2U23u2,0 cee tkmumsum,m (24)

where k; are integers and u; in A,z = 1,...,m. By Lemma 2.3.1 (3) and the fact
that L is invariant under the acts of tx,,,, we conclude that a(v) is an element of
L for every v in L. Therefore, by the same way we proved Lemma 2.3.1 (2), we
have

at, = tywya.

Thus ata™? is an element of T’ from which it follows that T is a normal subgroup

of A.

2. To prove (2) it suffices to prove that A =TS and TN S = {e4}. By Lemma
2.3.1 (4) we have the latter. Obviously T'S C A. We shall now show that AC TS.
By Lemma 2.2.3 (1), every element a in A can be written as in equation (2.4).
Since S and T are subgroup of A, and, by Lemma 2.3.1 (2), T'S = ST, it follows
that T'S is a subgroup of A and hence a is an element of T'S. Thus A =TS5.

3. By Lemma 2.3.1 (2), we have

(tvlsl)(tws?) = tvl (Sltuz)SZ = tu1t51v25132 = tv1+sl(v2)31527

for all s;,s2 € S and for all ¢,,,%,, € T'.

17



Chapter 3

Random Walk

There has been much work concerning the theory of random walks on groups.
The theory was first raised by Kesten (see [11]) and a number of influental and
valuable papers are presented for example by Kaimanovich and Vershik (see [10]),
Varopoulos (see [28]) and others. A good survay may be found in [29)].

The main results in this chapter are given in Theorem 3.4.4 and Corollary
3.4.5 which can be derived directly from Varopoulos’ result (see [29] page 12).

In Chapter 2, we defined hyperplanes P, 4, r in A, in the subspace E of R"*!
from which we obtained a collection of chambers. The purpose of this chapter
is to study a particular random walk defined in this collection of chambers and
analyze the ultimate behaviour of the walk.

First, we established the fact that the collection of chambers can be identified
with the reflection group A. Then the symmetric transition probability of the -
walk can be regarded as a function on the group A. We use the properties of
the Fourier transform of functions on the group A to simplify our formula which

leads to the criterion for the recurrence.

18



3.1 A Random Walk with a Particular Transi-
tion Probability

Let C be the collection of chambers which are region in F cut out by E-hyperplane
P.x,7in A and k in Z. Suppose a particle moves on the collection of chambers
C according to the following rule. For n = 2 (£ is 2-dimensional subspace), the

collection of chambers is depicted in figure 3.1.

= PI‘,,O

y \

Pr,,O P

ry,1
Figure 3.1: Random walks on the collection of chambers C

The particle starts at the chamber Cy and moves at times m > 1 by a unit step
to an adjacent chamber, where Co = {z € E : (r;,z) > 0 for ¢ = 1,...,n, and
(ro,z) < 1} with probability nlﬁ each. The steps are statistically independent of
the preceding steps.

Let p be the transition probability on the collection of chambers C. Then u
is given by

1
p(c,c)y=4{ n+l’

0, otherwise.

if C' is one of the n + 1 adjacent chambers of C,
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It is beneficial for our purposes to consider the transition probability p as a
function on A x A instead of a function on C x C. For this purpose we shall prove

the following Lemma.

Lemma 3.1.1 The group A permutes the collection of chambers C simply tran-
sitively, in other words, for the fized chamber Co, the rule v : A — C given by
¥(a) = aCy, for all a in A, is a one-to-one mapping from the group A onto the

collection of chambers C.

Proof. This is proved in detail in [1]. Here we only show that the group A

permutes the chambers. This is immediately follows, because

1. The transformation s, g is orthogonal and the translation ¢, preserves vector
subtraction, for all r in A. In other words, under the action of a, for all a

in A, the shape of every chamber is unchanged.

2. L* is invariant under the action of s,¢ and of t,, for all r in A.

0

Because of the fact that ¢ is one to one mapping from the group A onto
the collection of chambers C, we can identify each element in C with a unique
element in A. Therefore, we can write u(a1,az) = u(Cy, Cy), if C; = a1Cp and
Cy = a2Cy, for a1,a; in A and C;,C; in C. As a result, we can consider the
transition probability 4 as a function on A x A rather than on C x C. For brevity

we set the notation s, to denote s, for all r in A, unless otherwise stated.

Lemma 3.1.2 For every a,a;,as in A,

1. p(aay,aas) = plas, as).
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2. w(ar,a2) = plea, a1 a2)
1

o
———, ifa17ras € {Sr,,Srps- -+ SrnySro1}s

¢ nt+l
0, otherwise.

Proof. 1. Let ®(a;) = a1Co = C1 and ¥(a;) = a2Co = Cz. Then p(ay,az) =

1(C1,Cz). There are two possibilities; p(a1,a2) = 0 or plas,az) = If

p(a1,az) = 0, then C; is not adjacent to Cz. Suppose p(aai,aa;) # 0. Then
aCy is adjacent to aC,. But, since A acts on C transitively a™'aCy = Cy is
adjacent to a~*aCy; = C», which is a contradiction. Hence p(aa;,aaz) = 0. If
ulay,az) = n—_lﬁ, then C; and C; have a common boundary. Since this boundary

will be mapped on the common boundary of aC; and aC;, by the element a in A,

we have p(aCh,aCs) = p(aay,a0s) = 7

2. To show the first equality, by (1) we observe

plar,a2) = play™ a1, a7 as),

= ples, a1 az).

We will now show the second equality. Using the definition of u, we have

plar,a2) = plea, a1_102),

= [L(Co,al_IGQCo),

_ 1

-+l
0, otherwise.

: -1
ifa1™"az € {37173r21 -+ o3 Sray Sro,l}

a

From the foregoing result, the function g can be considered as a function
defined on the group A, so that we may write p(a) instead of p(eq4,a), for all a
in A.
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Lemma 3.1.83 The probability of the particle arriving at a after m steps (starting
at es) is given by

(b xpx...xp)a), (3.1)

~

~
m times

where x denotes convolution product of functions on the group A defined by

(f xg)a) = > f(ab™)g(b), (3-2)

beA

= > f(b)g(b7a), (3-3)

beA

where f,g are elements in the space L'(A) of all summable functions on A.

Proof. For simplicity we let p*™(a) to write the expression in (3.1) above. The
proof is by induction on the number of steps m. Obviously for m = 1 the
statement is trivial. Suppose now that the statement is true for some positive
integer m = p. Then the probability of the particle arriving at a after p+1 steps
is given by

S w*()ule,a).

cEA

By equation (3.3)

S e (Qule,a) = X wu(eu(ca),

cEA cEA
#X(p+l)(a).

Hence the statement is true for m = p + 1. By the principle of mathematical

induction the statement is true for all m in N.

O

In the following two sections we explore some important results from Fourier
transforms of functions on A which will be used as a technical tools to achieve

the criterion for recurrence of the walk.
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3.2 Fourier Transforms of Functions on A

In this section we shall mainly study about functions on the group A and derive
some important results from their Fourier transform. The main object is to
formulate explicitly the probability of the particle arriving at the origin after m
steps. We also give the Fourier transform of convolution functions.

The indicator function €., of the identity element e4 of A is given by

1, if a = €A,
€eqla) =

0, otherwise.

Then for all a in A, every function f on A can be written as

f(a) = (ees x f)(a),

In fact, for all @ in A,

(€es x f)(a)

S e (B)f(67)

beEA

= f(a).
By Lemma 2.3.2 (2), each a € A can be written uniquely in the form
a = 1,8,

for some v in L and s in S. Therefore, for a in A, we may write a in the
form a = (v,s), for some v in L and s in S, in. particular, e4 = (0,es). As a
consequence, each function f on A can be thought of as a function on L x §. We
write f(v,s) instead of f(a) = f(t,s) foreachv € L and s € S.

We recall that the Fourier transform of any function f(v, s) in the space L(A)
of all summable functions on A with respect to v € L is given by

— Z f(’l}, s)e—Z'/n(:z:,'u)7

veL
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defined for all z € E and for all s € S. We shall observe that f(z,s) is periodic

with respect to L*. Let =’ be an arbitrary element of L*. Then

fle+as) =

since (z’,v) isin Z, for all vin L*.

on (E/L*)x S.

> f(o, e,

veL

Z f(v, 3)‘3_2m(z’v)e‘2”1(z’,v),
veEL

Z f(v,s)e—Zm(x,v)’
veL

~

f(z,9),

Therefore, we can think of f (z,s) as a function

Lemma 3.2.1 The probability of the particle arriving at the origin after m steps

is given by

©X™(0, es) = /E . (Eea X BT (5 e5)dz, (3.4)

where €., is the indicator function at ey.

Proof. By Lemma 3.1.3, x*™(0,es) represents the probability of the particle

arriving at the origin after m steps. We observe now that the inverse Fourier

transform of (p*™)"(z,s) is given by

Xm v,s) = / Xm A , 21rz(x,u)d ,
) = [ W)t

/E/L- (ea X ™) (2, 3)62m<ryu)dx’

for all (v, s) in A. In particular, substituting (0, es) for (v, s), the probability that

the particle comes back to the origin after m steps is given by

pX™(0,es) = /E/L'(EeA X p*™) (z,es)dz.
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To simplify this further, let us look at the Fourier transform of the transition
probability 4 and its convolution with any function f in C4. This convolution
function will be used later in Section 3.3 for defining an operator on the Hilbert

space C5.

Lemma 3.2.2 Let f be an element in C4. Then the Fourier transform of u(v, s)
and (f x p)(v,s) are given by

i) = i { (S a0) + et}

and

1

(7 %y = i { (D550 + 9 (a5 |

respectively, where €; are the indicator functions on S at s,;, 0 <t < n.

Proof. The Fourier transform of p(v, s) is given by

z,s) = 3 (eeq x p)(v, s)e™>mE,

veL
for all z in F and s in S. But, by Lemma (3.1.2) we have
1
, if (v,8) € {(0,8,),(0,8r,)s---,(0,58r.), (To, 80 ) }
plo,s)=¢ n+l ’ ( (3.5)
0, otherwise.
Hence

i) = i { (S0 + e},

where ¢;, 0 < ¢ < n, are indicator functions on S at s,,.
Let f be a function on A. By the definition of convolution function in equation

(3.2), we observe

(f x 1) (z,8) = 2 (f x p)(v,s)e7>m,

veL
= Z Z f((v,s)(v” s/)—l) ﬂ(’vl,sl)e—Zm(z’v).
vel ('U’vsl)EA
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By (3.5) and the fact that (0,s,,)"" = (0,s,) forallz =1,...,n and (ro, $,) ™" =

(7o, Sr ), we find

(f x u)(z,s) - | | |
= 5 (S a0 ) s

=1

Using Lemma 2.3.2 (3), we have

(v,8)(T0, Sro) = tuStrysry = (v + sT0,55r,) and (v,5)(0,s7,) = tussy, = (v, 88r,),

from which we obtain

(f x 1) (z,8) =

1 vEL

Z f(.’ll, Ssr;) + Z f(’U + STo, 3370)3_27”(1'»71)} ,

(’U + T, SSTO)e—Zm{(z,v-}-sro)—(z,sro)}} ,

I +1 { (Zn: f(:c, 337:’)) + €2m<z’sr°)f(xa 381-0)} .

3.3 The Bounded Linear Operator P(x)

The fact that S is isomorphic to the symmetric group S,41 is evident. Indeed, a
simple way to see this isomorphism is to note that the reflection s; interchanges
the vector e; and e;;; and leaves all the other basis vectors fixed. Therefore, each
generating reflection in S is a permutation of the basis vectors, implying that
the entire group S is contained in the group of permutations of the basis vectors.
Moreover, the imbedding of S into S,4; is actually onto.

Let C* be the vector space of all complex valued functions on S over the scalar

field C. We regard f(z,.) as a function in C® for all z in E/L*. For simplicity

we shall write s; to denote s,,, for allz =0,...,n.
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For each z € E/L*, we wish to define a bounded operator P(z) on the space
C? so that ‘

A

Pefied = (xurle0
- (S + emtemfie o)} (36)

n+1

Using equation (3.6), we can accomplish this by defining the operator P(z) on

C? according to the formula given by

(o) = oy { (S otosi) + el 1)

i=1
for all function ¢ in C° and s in S.

Observe that the set of indicator functions {¢;: s € S} on S form a basis for
the space C°. Any function % € C° can be written uniquely as ¥ = 3,5 ¥(s)es
and therefore, can be identified as the (n+1)!-tuple (%(s))ses With respect to the
basis {e; : s € S}. Accordingly, we can introduce an inner product (.,.) on C*

defined by

ISI Z¢ (3.8)

s€S
for all ¢,4 € C5, where ¥(s) denotes the complex conjugate of 1/(s). The space

C? equipped with this inner product is a complex Hilbert space. Hence the

operator P(z) has at least one eigenvelue.

Lemma 3.3.1 The operator P(z) is self-adjoint for each z € E/L* with respect
to the inner product (.,.) defined in equation (3.8).

Proof. For simplicity let us define bounded linear operators S;, 7 =0,...,n, and

K(z), z € E/L*, from C® into itself by

(Sib)(s) = p(ss:), (3.9)
and

(K(z)w)(s) = @) (Sop)(s), (3.10)
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for all ¥ in C%. Then for all z in E/L*, the operator P(z) can be rewritten as

P(z) = }TifT {K(:c) 4 ,Z:;S’} . (3.11)

Therefore, to prove Lemma 3.3.1 it suffices to prove that S;, ¢ = 1,...,n and
K(z) are self-adjoint for all z in E/L*. To do this, let ¢,% be elements in C°
and 7 in {0,1,2,...,n}. Then

1

Il?l 5 ¢(s3905)
s€

Changing variable from s to ss;, we find

(Sid, ) =

1
(Sig,¥) = l?'sze;s¢(s)‘/’(35i)>

= (¢, Sih). (3.12)

Similarly, if z € E/L*, then

(K(2)é,9) = ﬁ‘;(K(zw)(s)w(sx

sES

— i Z eZm(x,sro) ¢(380)m-
ISI s€S

Changing variable from s to ssg, we obtain

(K(@)6.8) = o 3 e (s)isso),
|S| s€S

1 2mi{z,sTo
= lSI ;es: ¢(3)e { )¢(330)a

= (4, K(z)¥), (3.13)

since sgrg = —ro and e2mz:sm0) = ¢=2m2570)  From equations (3.12) and (3.13)
we conclude that S;,i = 1,...,n and K(z) are self-adjoint. Therefore P(z) is

self-adjoint for each z € E/L*. 0
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Consequently, each eigenvalue of P(z) is real, for all z € E/L*. Moreover, we

have the following lemma.

Lemma 3.3.2 Let A be an eigenvalue of P(z),z € E/L*. Then
1. |A £ 1.

2. P(0) has 1 as a simple eigenvalue with all nonzero constant functions as

the corresponding eigenvectors.

3. If x # 0, then (I — P(z)) is invertible.

Proof. 1. Let, A be an eigenvalue of P(z), z # 0. Then for a corresponding

eigenvector ¢, we have
Ap = P(z)ep.
Hence for all sin S,
le) = Pl

= - +1 {(Z¢ (ss:) ) + ez’r’<x’sr°)c,o(sso)}. (3.14)

Since ¢ is nonzero function, there exists ¢ in S such that |¢(t)| # 0 and hence

Yses 1@(s)] # 0. Therefore, summing the absolute value of equation (3.14) for all

s in S, we obtain

NT o)l = —

s€S

(Zso s ) g (ss0)

sES =0
n

- n+122lcpss

1=0 s€S

= Y le(s)l,

s€S
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since Y ,es9(8s:) = Toes p(s), forall e =0,...,n. Hence we find |A] < 1.

2. If z = 0, from equation (3.7) we find

(P(0)$)(s) = qu(sst

1%

for all ¢ € CS. Hence if ¢ is a constant function, then P(0)¢ = ¢. Therefore,
P(0) has an eigenvalue 1 with all nonzero constant functions as the corresponding
eigenvectors. To prove that the eigenvalue 1 is a simple eigenvalue, we have to
show that the eigenspace corresponding to eigenvalue 1 is of dimension one.

Let P(0)¢ = ¢. Then by equation (3.7) we have

Z #(ss:) (3.15)

o) = T

We observe that

TS 18() — d(ss)P = 25 {I8(5) + 16(ssi)F — 2Re (6(5)3(550)) ),

s€S =0 s€S t=0
- ¥ {(n DI + 3 16(ss:)?
s€S 1=0

2k (¢()3 550 ) | (3.16)

0
By equation (3.15), we have Y.i—; ¢(ss;) = (n + 1)é(s). Hence equation (3.16)

becomes

gsélqs(s)—czs(ssm? - z;{<n+1)|¢ ) +3 I ss)|2—2<n+1>|¢(s)|2}
_ ;S{Zow(ss n+1>|¢(s)|2}
- Zz; (o5l = (n+1) T 6P
= 0,

since Yoses |9(88i)] = Leeslo(s)] for all i = 1,...,n. Thus ¢(s) = ¢(ss;) for all

sin S and : =0,...,n. In other words, by equation (3.9), we have
Si¢ = 4)7
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for all ¢ = 0,...,n, from which it follows that S;...S;j¢ = ¢, forallz,...,7 in
{0,...,n}. Hence we have ¢(ss;...s;) = ¢(s), for all s in S for all 7,...,7 in
{0,...,n}, and in particular, ¢(es;...s;) = ¢(e) for all 4,...,5 in {0,...,n}.
Hence it impliés that ¢ is a constant function; since {so, . .7.,sn} generates S.
Therefore, nonzero constant functions are the only eigenvectors of P(0) corre-
sponding to eigenvalue 1. As a result, the eigenspace corresponding to eigenvalue

1 is of dimension one.

3. (I — P(z)) is invertible if and only if 1 is not an eigenvalue of P(z). To prove
part (3) we can prove its contraposition, hence it suffices to prove the implication:
if 1 is an eigenvalue of P(z) then z = 0. Before doing this, by equation (3.9), we

observe

IS:611={Si6, 56) = 17 T #(esi)(ea) = [l

s€S
for all ¢ in C%, for all 2 = 0,...,n. Hence the norm ||S;|| of S; is given by

[Sill = sup |IS:¢]l =1, (3.17)
ll¢ll=1
$€C?®

for all 2 =0,...,n. Also, by equation (3.10),

K (z)¢ll* = ( (z)6, K(z)9),

— |_S' Z ezm(x sro)¢(330)e2m z, sr0¢(330)

sES
1
= DO = 4
SES
for all ¢ € C°. Hence we have
K ()]l = Sup 1K (z)¢ll = 1. (3.18)
$eCS

Let z be in E/L* and 1 an eigenvalue of P(z). Then for a corresponding

eigenvector i, we have

1Bl* = (4,9,
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= (P}, 8,
= K+ XS 8)

- #{(I((w)zﬁ,d)) + i(&-w,zb)}- (3.19)

But by Schwarz inequality, together with equations (3.17) and (3.18) we have

(K (@)%, )] < K (@)plllll < IK @Ml = 117

and forall:=1,...,n,

|(Sitp, )| < [1Seplllloll = ISilllIel® = fll*.

If (K(z)b,b)| < ||©l? or [(Sivr,¥)| < ||#||* for some ¢, 2 = 1,...,n, then by

equation (3.19) we obtain

9l = o [(K (@, ) + S(Si,8)] < I

which is a contradiction. Thus we have |(K(z),¥)| = |(Siv, ¥)| = ||[¢|[?, for all

i =1,...,n, from which by Schwarz inequality we find

Sﬂb = aid)’
forallz=1,...,n, and
K($)¢ = aOI/)) ‘
for some constants |e;|, ¢ = 0,...,n. By equations (3.17) and (3.18), we have
las|)|#)l = |1#]], for all ¢ = 0,...,n. Since % is nonzero function, we obtain

|a;] =1, for all 2 = 0,...,n. Hence from equation (3.19) we have
—1-{a +.. o =1
et Tany =1,

which implies \; = 1, for all i = 1,...,n (see Appendix A for a detailed proof).

We have therefore,
S = 1, (3.20)

32



forallz=1,...,n, and
K(z)y = 1. (3.21)

From equation (3.20), we have ¥(ss;) = ¢(s) forall sin S and 2z = 1,...,n, from
which it immediately follows that ¥ is a nonzero constant function. Also, from

equation (3.21) we have

B(s) = (K(z)p)(s) = 2= (s50).

But since % is non zero constant function, we have e?m(@s70) = 1. In other words,
(z,sm0) € Z for all s € S, which implies (z,r) € Z, for all r € A. Thus z must
be an element of L* and hence £ = 0 (mod L*). Therefore, we conclude that as
an element of E/L*, £ must be equal to 0.

O

An alternative proof for part (1) of Lemma 3.3.2 above can be derived from

equations (3.17) and (3.18) by observing that

1 n
PO = g |rE@+ 28],
1 n
< = .
< = {iwen s,
< 1.

This implies that all eigenvalues of P(z) are less or equal to one in absolute value,

since P(z) is a bounded self-adjoint linear operator in a complex Hilbert space.
It is worth mentioning that for every z € E/L*, P(x) has finite number of

eigenvalues. For every x € E/L*, let I, = {0,1,...,k;} be the index set of

eigenvalue of P(z).

Lemma 3.3.3 There is only one eigenvalue of P(x) which tends to 1 as = tends

to 0.
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Proof. Consider polynomial of ¢ given by

det(tI — P(z)) = [] (t = Ai(z)). (3.22)
i€l

For z = 0 equation (3.22) becomes
det(tI — P(0)) = [] (¢t — Xi(0)).

i€ly
Suppose there are more than one eigenvalues of P(z) which tend to 1 as z tends
to 0. Then

det(tI— P(0)) = (t—1) JJ (¢t — X r> 1.

i€l

i#0
But, since 1 is a simple eigenvalue of P(0), it follows that . = 1. This is a

contradiction, in other words the supposition is false.

O

For z close to 0, let Ao(z) be the eigenvalue of P(z). The projection operator
Eo(z) of C® onto the eigenspace of P(z) corresponding to the eigenvalue \o(z)
is given by

Fo(z) = — o= (o1 = P(a))1ds, (3.23)

27

where C is the closed curve in C with the condition that A¢(z) is the only eigen-
value of P(z) in the interior. Indeed, if ¥;(z) is an eigenvector of P(z) with an

eigenvalue A;(z), then

(2 = P(2)) 7 i(x) = (2 = do(z)) "¢i().

We observe now

Eo(eli(z) = 5§ (o] — P(a)) dstii(o)
= o f (- P@) )z,
1 -1
= 57 f (= N@) ()

~ { Yo(z), ifi=0,

0, otherwise.
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Therefore Ey(z) is the projection operator onto the eigenspace corresponding to
the eigenvalue A\o(z).
The constant function 1s defined by 15(s) = s for all s in S is an eigenvector

of the operator P(0) corresponding to the eigenvalue 1. Now let
do(z) = Fo(z)1s.

Then ¢o(z) is an eigenvector of P(z) with the eigenvalue A\o(z), for small z. Let

us write ¢o(z, s) for ¢o(z)(s).

Lemma 3.3.4 Let A\o(z) be the eigenvalue of P(z) which tends to one as x tends

to zero. Then for small x in E/L* we have

/\0(.’1!) = )\0(—13)

Proof. Let ¢o(z,s) be the eigenvector corresponding to the eigenvalue Ao(z) for

small z in E/L*. We observe, from the definition of P(z) in equation (3.7),

FEIE) = oy (il + 3560

= (P(=2)¥)(s),

for all 4 € C® and for all s € S. In other words, we have P(z)¢ = P(—z)%, for
all v € C. Hence for small z in E/L* we obtain

¢o(z,s) = (Eo(z)1)(s),
= (Eo(—2)1)(s),
= ¢0(—:1:,s). (3.24)

By equation (3.24), we observe
)\0($)¢0($,3) = P($)¢0(x73)a
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= P(z)¢o(~2,5),
= P(—z)¢o(—z,s),
= Jo(=z)¢o(~2, ),
= do(—z)do(=,s);

since Ao(—z) is real. We can conclude, therefore, Ag(z) = Ao(—z), for small z in

E/L".

Lemma 3.3.5 Let Ao(z) be the eigenvalue of P(z) which tends to one as x tends

to zero. Then we have

Mo(z) =1 = c{z,z) + O(||z]|*),

4 2
where ¢ = ————— and O(||z||*) denotes terms containing fourth and higher
n(n +1)?

powers of ||z||.

Proof. Since for small z in E/L*, Ao(z) = Xo(—2) and Ag(0) = 1, using Maclau-

rin’s formula we find
do(z) =14 Xoa(z) + O(llz[*), (3.25)

where \o2(z) denotes the second degree term in z and O(]|z||*) denotes terms

containing fourth or higher powers in ||z||. If we write @o(z,s) in the form

¢0(x’3) = a(x,s) + Zﬂ($7 3)7

where a(z, s) and ((z, s) are real and imaginary parts of ¢o(z, s) respectively, by

equation (3.24) then we obtain

a(-z,8) = a(z, s),
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and
B(—z,s) = —PB(z,s).

Hence, using Maclaurin’s formula, a(z, s) and §(z,s) can be written in the form
a(z,s) =1+ ao(z,s) + O(||z]|*), (3.26)

and
B(z,s) = Pi(z,s) + O(l=) (3.27)
respectively, where ay(z, s) and B1(z, s) are the corresponding second degree and
first degree terms in z of Maclaurin series of a(z,s) and f(z, s) respectively, and
O(||||®) denotes terms containing third and higher powers of ||z|.
We observe now

Mo(@)do(z,s) = P(z)do(z,9),

1

= — {ezm(x,sro)gbo(x, $S0) + ; do(z, ssi)} . (3.28)

Comparing real and imaginary parts in equation (3.28), we obtain

1
Ao(z)e(z,s) = s 1{a(:c,sso) cos 27 (z, sTo) —

B(z, ss0) sin 2w (z, sro) + D o(z, 55;) } , (3.29)

o=l

and

Ao(z)B(z,8) = - _1+_ 1{6(30,330) cos 27 (z, sTo) +

oz, ssp) sin 27z, sro) + Xn: Bz, ss;) } : (3.30)

=1

On the other hand, multiplying equation (3.25) with equations (3.26) and (3.27)

respectively, we obtain
do(@)a(z,s) = 1 + hop(z) + ez, s) + O(llz]]%), (3-31)

and
Xo(z)B(z,8) = Ba(z,5) + O([|z]I*). (3.32)
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Using equation (3.31) and comparing second degree of equation (3.29), we find

1
n+1

=2 (z, sro)P1(z, ss0) + z": ar(z, $8;) } . (3.33)

=1

doal@) +ar(e,s) = —{anlz, ss0) = (2na, ro))?

Using equation (3.32) and comparing first degree of equation (3.30), we find

1 n
,61 (l?, S) = n—+—i- {Bl(CB, 830) + 27('<$C, ST'0> + 2 ,31(27, SSi)} . (334)
=1
We shall now evaluate Ao(z). Using Schur’s orthogonality relations (see [26]),
we obtain
1 1
|‘§T Z($,3T0)2 = E(Toﬂ’o)(x,x)-

sE€S
We recall from Riesz’s representation theorem on Hilbert spaces that there exists

a unique vector bs; € E such that

Bi(z,s) = (bs, T)- ) (3.35)

Let us make the assumption that (b;,z) = (sb, z), for a fixed vector b € E, which
will be justified later. Then by equation (3.35),

Bi(z, 550) = (s50b, ).

By Schur’s orthogonality relations, we observe

1

> (z,sro)(ssob,z) = = > (s z,mo) (s T, sob),
151 i3 Bl
1
= E(ro,sob)(x,@. (3.36)
Thus if equation (3.33) is summed up for all s € S, we obtain
1 2m? 2
aate) = i =T oo a) - Zonsibon ).

= —c(z,z), (3.37)

where c is a constant given by

27

= g2+ (rorsob). (3.38)
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We shall now evaluate (sob, 7). From equation (3.34) and (3.35), given z €

E/L*,

n

(she) = i {anlaom) + Stssbal},

=0

(o S at) )

Hence we find

1 n
sb= - {s (27rro+§3ib)},

from which it follows immediately

1 n
b = n—_ﬁ {27"7’0 + Zszb} .

=0

By equation (2.3) in Chapter 2 Section 2.2, we have

S,’b =5 (7‘,’, b)?‘,’,

(3.39)

(3.40)

(3.41)

for all: =0,...,n. Using equation (3.40) and substituting s;b by equation (3.41)

we observe

b = —

o+ 30— (o},

1=0

=0

We obtain thus

n

Z<Ti’ byr; = 2o,

1=0
and hence collecting variable rq, we get

n

Z(Tz', byr; = (27 — (re, b))ro.

=1

{
: i 1 {mo S o b>r,-} .

Since ro = Y% ; i and {ry,72,...,7,} is an independent linear set, we find

(riyb) = 27 — (ro, b),
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for all: =1,...,n. Furthermore, if we sum up equation (3.42) forall: =1,...,n,

we obtain

(rob) = (3rib),

=1

= (27 — (ro, b))n.

Hence solving for (ro, ), we have

2rn
b) = 4
(TO’ ) n+1 (3 3)
Since sp is an orthogonal transformation and sgro = —ro, from equation (3.43)
we obtain
2mn
= — b) = — .
(T0730b> (307‘0,30 ) nt1
Hence the constant ¢ given in equation (3.38) becomes
o7 2rn 4r?
- (27 — = . 3.44
n(n—}-l)(7r n-l-l) n(n +1)2 (344)

Therefore by equations (3.25) and (3.37) together with equation (3.44) we obtain

4r? 4
Ao(z) =1~ m(m,ﬂf) + O(l|=][*)-

We shall now show that our assumption that f§;(z,s) = (sb, z) is valid. For a

fixed z let us write
Bi(z,s) = h(s).
Then by equation (3.34) we have

A(s) =~ i 1 {k(s) + ;h(ssi)} ,

where k(s) = 27 (z, sro), from which we obtain

1
n—+1

{(I = P(0))h} (s) = ——K(s). (3.45)

In the closed subspace {15}* of the annihilator of {15}, equation (3.45) obviously

has a unique solution for A, since the operator (I — P(0)) is invertible in {15}+.
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To show the validity of our assumption, it is enough to show that (sb,z) and &
lie in the subspace {15}, since s is a linear transformation on E, for each s in

S. For this purpose, for a fixed z, let us consider

f(s) = (sb,z).

To show that f(s) € (1s)*, we shall show that ¥ ,c5 f(s) = 0. Let y € E and
i € {1,...,n}. By equation (2.3), we have

y = siy + (ri, y)ri.

Hence we obtain
sy = ssy + (ri,y)sri,

for all s in S, from which it follows that

Z(n—, y)sr; = 0.

sES

Since y and ¢ is chosen arbitrarily, we find

ZS'I",‘ = 0,

sE€ES
for all ¢ = 0,...,n. Since {ro,...,r,} generates F, there exist real numbers

70, - - -, M sSuch thatv
b=mnoro +mri+mra+ ...+ Nula.

Therefore, we obtain

S f(s) = S(sbya) = 3 (s, 2) = 0.

s€S seS =0 s€S
We shall now show that h defined by h(s) = Bi(z,s), for all s in S and for
a fixed z, is in the space (1g)*. Let {Ei(z) : z € I} be the set of projection
operators to the eigenspaces corresponding to the operator P(z). Then we have
I = Ey(z) + ) Ei(2),
i#0
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where I is the identity operator and Eq(z) is the projection operator correspond-
ing to the eigenvalue A\o(z). Hence
ls = Ils = Eo(z)ls + > Ei(z)1s. (3.46)
i#0
The inner product of each side of equation (3.46) with ¢o(z, s) = Fo(z)ls is given
by
(15, ¢0($7 3)) = <¢07 ¢0(.’I}, 3)))

since {(@o, ¢i(z,s)) = 0, for all ¢ # 0. Hence (1s, ¢o(z,s)) is a real number. On
the other hand,

<1S,¢0($,3)> = |SI Z¢0 IZI 3

SES

= |S[Z z,s) +i8(z, s)),

SES
Hence we have Y c5 B(z, s) = 0 from which comparing first degree terms in = we
get,

Zﬂl(x,s) =0.

s€S

In other words the function % is in the space (1s)*. Hence $1(z,s) and (sb, z)
both satisfy equation (3.45). But the solution of (3.45) should be unique in the
space (1s)t. Therefore we conclude that $;(z,s) can be written as (sb,z) for a

vector bin F.

3.4 ' Evaluation of the Ultimate Behaviour of the
Walk

In Chapter 3 we obtained that the probability of the particle arriving at the origin

after m steps is given by an integral expression. This integral is just the inverse
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Fourier transform of the convolution function e., x p*™ at (z,es) and can be
expressed as an integral of the inner product involving the operator P(z) given in
Lemma 3.4.1. Our main theorem in this section is given in Theorem 3.4.2 which

is straight forward from Lemma 3.4.1.

Lemma 3.4.1 The probability of the particle arriving at the origin after m steps
is given by

p*™(0,es) = |S| E/L'(P(x)mees,ses)d:c. (3.47)

Proof. Using equation (3.6), for all z in E/L* and s in S, we have
P(z)ee,"z(z,s) = (e, X 1) (=, ).
For any positive integer m,
P(z)"ec, (2,5) = (€cn X ™) (2, 5).
In particular, fqr s = eg, we find
P(z)"ec, (2, 65) = (€ca X p*7) (g, €5).

But the Fourier transform of e, (v, s) is given by

e, (z,8) = Z Een (v, 3)6—27”(1:’1)),

ve€L
for all z in £/L* and s in S, from which it follows that for all z in E/L*,
N ]., if s = €s, .
Ecp(z,8) = (3.48)
0, otherwise.

In other words, as a function on S, e.,"(z) = €., where €., is an indicator

function at the identity es defined on S. Therefore
(P(z)"ees)(es) = P(z) e, (z,€),
= (e, X ™) (2, €5).
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Hence from equation (3.4) we obtain

prOes)= [ (e x TV (@es)dr = [ (Pla)"ecs)(es)de.  (3.49)

E/L*

Now by the definition of the inner product (,) on C%, we have

(P(2)"€css€e5) = 5] 2 (P(z)"ees)(s)ees(s),
= ToiP@) ees)(es)-
Hence equation (3.49) can be written in the form

™(0,es) |Sl/ (P(z)"€eg,€eg)de.

O

In order to estimate p*™(0,es) we recall from basic fact in linear operator
theory that for every bounded linear operator T on a Banach space X with

IT|| < 1, it follows that (I — T')~! exists as a bounded linear operator on X and
(I-T)"'= 2 ™.

Using this fact together with Lemma 3.4.1 we have the following theorem.

Theorem 3.4.2 The expected number of times the particle visits the origin is

given by
2, 0nes) = YIS (0 = 0P e

Proof. Let z be an element of E/L*, and |f| < 1. Then (I — §P(z)) is invertible

and its inverse is given by

(I-6P(z)) ' =I+0P(z)+6*P(z)*+.... (3.50)
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Using monotone convergence theorem, the expected number of times the par-

ticle visits the origin is given by the series

> p*™(0,es) = hmz 6" u*™(0,es),
=0

m=0

= YIS [ 0P e )i,

m=0

671

= hm|S|/E/L‘ z 0" P(z)"Eeg, Eeg)dz,

m—'O

= lim|S] (Z 0™ P(z)"€es, e )d2,

611 E/L* 20

= lim|S] (I —0P(z)) tees, Ees)dz.

11 E/L*

(3.51)

Alternatively, we can prove Theorem 3.4.2 as follows. From the previous

calculation we have

[o o]

S 4™ (0, es) _hmz |5|/ O™ (P(2)™ ey €es)da.

m=0
Since for all z in E/L*, by Schwarz inequality,

[(P(2)€esy €es)| < [P(2) " [lees ]l < |l—| <1,

it follows that

671 m—0

= lim|S| Z 0" P(z)"Ees, e )da.

611 E/L*

Now let, for pin N, B, = 7 _, 6™ P(z)™. Then for k > [ we have
k
Bi-Bi= Y 6mP(z)"

m=Il+1

Hence we obtain

k
1Bx = Bill < 3 6™IP(2)™

m=I+1

45

S pim(0,es) = hm]S|/E/L‘ D 0™ (P(T)™ee, €es ),

(3.52)



Since |P(z)]| < 1, it follows that {Bj} is a Cauchy sequence and hence it is
convergent. Let

khm Bk = B.

Then we obtain

B(I-6P(z)) = io 6™ P(z)™(I — 0P(z)),
= S mPEr - fjoemﬂp( 2y,
_ )
Hence we have
(I —6P(z))” z ™ P(z)™

m=0

for all z in E/L*. Therefore, equation (3.52) becomes

Z .u 0 eS = hmISI E/L‘<(I _Bp(x))_lees’€€s>dxa

which completes the proof.

O

The convergence of the integral in the right hand side of equation (3.51)
depends on the behavior of (I — P(z))™!. The integral can be expressed as the
sum of two integrals, the first an integral over E/L* with ||z|| > 6 for some small
positive real numbers, and the second an integral over E/L* with ||z|| < §. Since
for z # 0, (I — P(x)) is invertible and (I — P(z))~! is bounded, it follows that the
first integral is convergent. We will now investigate the behavior of the second

integral.

Lemma 3.4.3 Let 6 be a small positive real number. Then
hm ||.2:||<6<(I — 0P (z)) g, €es)da

E/L*
B [Eess b0z, 5))
= 3 fiepesl( = M@ E@)ecs o) dw+/xu<a @, 2)(c+ Ol l?))

1#0Y E/L*
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where ¢ is a constant given by equation (8.44), and O(||z||?) denotes terms con-
taining second or higher powers of ||z||, and ¢(z,s) is the eigenvector correspond-

ing to the eigenvalue Ao(z).

Proof. Let |8] < 1 and {)\i(z) : ¢ € I} the set of eigenvalues of P(z) with
{Ei(z) : 1 € I} the corresponding orthogonal projections from the Hilbert space

CS to the corresponding eigenspaces. From equation (3.50) we observe that

(I-6P@)™ = 3 6P,

m=1

= Y T A E)

m=1:€l,

= Z {2 Gm/\i(x)mE,'(:z:),

el m=1

= Y (1 -0x(2)Ei(z).

iel,
Hence

Axu«s((f — 0P(z)) eeg, €es)da

E/L*
= sl = 020(2)) Bo(w)ecs, es)d
E/L*

E/L* i#0
Jatest(1 = 830(2)) 7 Eo(@)ees ecs)d
E/L*
+3 Ax”d(u — O0(2)) VB (2)ees, £ )da. (3.53)
i#0” EJL*

To complete the proof we shall now examine the integral in the first term in the
right hand side of equation (3.53). Let ¢o(z,s) be an eigenvector corresponding

to eigenvalue Ag(z). Then

Eo(z)ees = (Ees, Po(z, 5))do(z, 3). (3.54)

Using equation (3.54), we observe
Janest(l = 820(2)) Bo(e)ees, ecs)da
E/L*
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ﬁ””ﬁs(l - 0)‘0(:1:))_1 (6357 (]50(.’1,', S))<¢0($a 3)7 Seg>d$,

E/L*

= sl = 020(2)) " [(ees, b0z, ) da,
E/L* \

1

= g ToraT e o e ol N

where c is given by (3.44). Hence we have

i fles((] = 0P(@) ees,eec)da
E/L*

= Z'Aﬂk&((l - /\z‘(x))_lEi(x)ses, €es>d.'L' + (<6 I(ses’ ¢0(1C,3))|2 d.’L‘(355)

20" E/L* E/L* (z,z)(c+ O(||z}|?))
Hence by equations (3.53) and (3.55), Lemma 3.4.3 follows.

O

Theorem 3.4.4 The expected number of times the particle visits the origin s

finite if n > 2 and infinite if n = 2.

Proof. Again, all terms inside the sum in the right hand side of equation (3.55)
are bounded, since A\o(z) is the only eigenvalue which tends to one as = tends
to zero. Hence the convergence of the integral in the left hand side of equation

(3.55) depends only on the integral

/ |(€esa ¢0($,8)>l2 )
eIt (2, 2)(c + O([l<]|?))

Moreover, as z tends to zero, |{e.s, ¢o(z, 5))|* tends to |(ecs, 1)|* = ;5. Hence the

convergence of this integral depends on the denominator of the integrand. But
. oo

¢+ Ol|z||? is bounded and tends to ¢ as z tends to zero. As aresult, »  u(0,es)

m=0
is infinite or finite according to the value of the integral

1
sll<s Ty 4%
/l;}';f (z,2)

which is infinite for n = 2 and finite for n > 2. We conclude therefore
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Corollary 3.4.5 The ultimate behaviour of the walk is recurrent if n = 2 and

transitory if n > 2.

Proof. Case 1: n > 2.

Here we have that the expected number of times the particle visits the identity
is finite. This means that the actual number of visits to the identity is finite with
probability one. This result is true for any element a in A, hence we have that for
any R < oo, the particle Iultima,tely stops visiting the chambers within a distance

R of e4, which says that the random walk is transitory.

Case 2: n = 2.

Suppose that the probability of the particle ultimately return to the identity
is p. Then the probability of visiting the identity for at least m times is p™!,
including the visit at time m = 0. As a consequence, the probability of visiting

the identity for exactly m times is given by

pm—l _ pm — pm—-l(l __p)

As a result, if p < 1, the expected number of visits is

= Z mpm—l(]'—p)7

m=1
= (1-p)" < o0.
But this is a contradiction, since we have shown in Theorem 3.4.4 that the ex-
pected number of visits is infinite. Hence the particle visits the identity infinitely

many times with probability one. Therefore, we conclude that the random walk

is recurrent for the case n = 2.
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Chapter 4

(Generalization

In Chapter 3 we have discussed a particular random walk and obtained the cri-
terion for the ultimafe behaviour of the walk. The content of this chapter is a
generalization of our result for a random walk with a general probability measure
g under the assumption that the support of p generates the group A. Since the
technique in this generalization come from the theory of group representation,
we devote Section 4.1 to discuss some general results of the representation theory
of groups. In Subsection 4.1.1 we use the method of “little groups” introduced
by Wigner and Mackey to construct all irreducible unitary representations of the

group A. Finally, the generalization of our result is given in section 4.2

4.1 Representations of Groups

Let G be a separable locally compact topological group and H be a Hilbert space
over the scalar field C of complex numbers. A unitary representation of G in H is
a homomorphism p of G into the space of all unitary operators from the Hilbert

space H into itself. In other words,

p(g192) = p(91)p(92), 91,92 € G.
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A unitary representation p is said to be continuous if the mapping

g—p(g)v, g€G

from G to H is continuous for all v in H. The space H is called the representation
space and the operators p(g) representation operators. The dimension d(H) of H
is called the degree of the representation p.

In this chapter, for brevity, we shall simply say loca,llyv compact group for
separable locally compact topological group, and unitary representation for con-
tinuous unitary representation.

A unitary representation p of G in ‘H is called irreducibleif H # {0} and there
is no proper closed subspace of H invariant under the action of representation
operators p(g), for all g in G.

Unitary representations p; and p, of G in Hilbert spaces H; and H, respec-
tively are said to be equivalent if there exists a unitary isomorphism 7 from ’Hl

onto Hy such that
Tp1(s) = p2(s)7,
for all s € G.

Let G be a finite group. Left regular representationsL and right regular rep-
resentation R of G in C¢ defined by

(L(s)f)(u) = f(s7Mu), (4.1)

»

(B(s)f)(u) = f(us), (4.2)

respectively, for all f in C% and s, in G.
Let n, be the degree of the irreducible representation p of G. Then a map

from C[G] into [T M,,(C) given in matrix form by

f (o) = o(f) (4.3)
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is the Fourier transform of the function f. Any representation p of G in C°¢
extends to a representation of C[G] by the rule
o) = 3 £(s)o(s). (4.4
s€G .
Let G be a locally compact group and K an open and closed subgroup of G
so that the index [G : K] of K in G is denumerable and discrete. Let o be a
unitary representation of K in a Hilbert space K. Let L*(G/K, o) be the Hilbert

space of all functions f on G with values in K such that

1. f(kg) = o(k)f(g),forallk € K and g € G, and
2. IFIP = 2 (£(9), f(9) < oo.
9€G/K

The operator pg, acts on the vector space L?(G/K, o) according to the rule

(Pef)(9) = f(g90),

for all go,g € G, f € L*(G,0). Then p defines a unitary representation of G and
it is said to be a representation of G in L?(G/K, o) induced by the representation

o of K in K. We may write this representation with Ind%o.

4.1.1 A Construction of Irreducible Representations of

the Group A

If the group G is a semidirect product of a normal abelian subgroup K and a group
H, we can construct all irreducible representations of G an induced representation
of irreducible representation of certain subgroup of H, by the method of “little
groups” of Wigner and Mackey and the representations of G are unique (up to
isomorphism) (see [26]).

It can be easily seen that this method can be generalized to an infinite group

G where the index [G : K] of K in G is finite. From Lemma 2.3.1 (1) and 2.3.2
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(1), we have

A=TS ~ LS,

where 5,4, is the symmetric group of all permutations of n+1 elements. Hence A
is a countable group and if we endow the group A with the discrete topology, then
A is a locally compact group. Since L is a normal abelian group, all irreducible

unitary representations of L are of degree one and form a group X given by
X={xs:7€ E,xzs(v) = e for all v € L}.

The group A acts on X by

(axz)(v) = xz(ava™), (4.5)

for all @ in A, v in L, x; in X. We note that the multiplication ava™! is a

multiplication in the group A. Since L is a normal subgroup, the element ava™

is in L, so that equation (4.5) has sense. In particular, for all sin S,41, by Lemma

2.3.1 (3) in Chapter 2, we have
svs~! = ((0,5)(v,e5))(0,8)7! = (sv,5)(0,s7!) = (sv,e5) = sv.
Let S® be the stabilizer of x, in Sp41,
5% ={s € Sp41 18Xz = Xa}-

Using the method of “little groups” introduced by Wigner and Mackey, we obtain

that all irreducible representation p, of A are of the form

pr = Indfsz(xz Q o), (4.6)

where ® denotes the tensor product of the representations, x; € X and o is an
irreducible representation of S*.
If z is not in L*, then S* = {ea}. In fact, if s is an element of S%, then by

the definition of S*, we have

Xa:(v) = ('SX.’L‘)(U) = Xic(svs-l) = Xx(sv)'
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Hence by the definition of the homomorphism x,, we obtain for all v in L

e271’2(1:,11) — e27rz(:::,sv) .

This implies that for all v in L we have

e21rt((:c,v)—(:z:,sv)) — 1’
from which we find
(sz — z,sv) = (sz, sv) — (z,sv) = (z,v) — (z, sv) € Z,

for all v in L. Hence sz — z is an element of Z. But since z is not in E/L*, it
follows that s must be equal to e4. We have therefore S = {e4}. Hence the only
representation of S is the identity representation 1. Equation (4.6) therefore can

be written in the form

Pz = Indé{e}(xx ®1) = Ind{xz.

Since the group A is isomorphic to the semidirect products of the groups L

and 5,4, and the group S,4; is of finite order, we have

= 3 (f@), f@) = 3 (f(s), £(s)) < oo,
z€A/L SESn+41

for all f in L?*(A/L, x.).- Hence the representation space of p, is the Hilbert space
L?*(A/L, x.) of all complex valued functions f on A such that

f(v,8) = xz(v)f(0,s8), forallv e L, s € Spiq. (4.7)

It is worth mentioning that the Hilbert space L?(A/L,x,) is of finite di-
mension. The dimension dim(L?(A/L, x.)) of L*(A/L, x) is equal to the index
[A: L] of L in A. Since A is isomorphic to the semidirect products LS,41 of L
and Sp41, we have

dim(L*(A/L,xz)) = [A: L} = |Snaa .
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In fact, we observe that for a fixed z in F/L*,

flv,8) = x=(v) f(s) = ™ f(s),

for all f in L*(A/L,xs). Hence if we define functions €& on A by

eZm(z:,tv)’ ifs = t
€ (v,s) =
0, otherwise,

for all (v,s) in A, then we find that the set {€7 : ¢ € Spt+1} is an orthogonal basis
for L*(A/L, x.). Indeed, we have €Z(v, s) = 2™ eZ(s) = x,(v)e¥(s) and

- 1 e \— =, ifty =ty
<€t1,€f2> = T Z etl(s)efz(s) = { [Sntil
n s

€Sn+1 0, if tl -‘)é tg.

Hence for z not in L* the Hilbert space L?(A/L, x.) is isomorphic to the Hilbert
space C%*+1. Hence the representation operator p,(a) can be considered as an
operator on the space Con+1.

For all a in A, the representation operator p,(a) acts on C*#+1 as follows. Let

f bein C5+1 v in L and s,t in S,4;. Then

(po(v,¢5)1)(s) = (p(v,€5)1)(0;),
= £((0,5)(v, s),
= f(sv,9),
= e f(0,5),

— e2m(x,sv)f(s),

and
(px(07 t)f)(s) = f((O,S)(O, t)) = f(O, St) = f(St)' (48)

Hence for all a = (p,t) in A,
(p=(a)f)(s) = (p=(v,1)f)(0,5),
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= (pz(v,e5)(0,) F)(0, ),

= (pe(v,))(s),
e f(st),

for all s in Sp4;.
We summarize here that for each z not in L* we have an irreducible represen-

tation p, of A which acts on the Hilbert space C5+! according to the rule

(ps(v,1)f)(s) = €7 f(st), (4.9)

for every fin C5*+1, vin L and s,t in Spyq.
The representation operators p,(a) and pi;(a), z in E/L*, a in A and ¢ in

S7+1. are related in a simple fashion given in the following lemma.

Lemma 4.1.1 For allt in S, and a in A we have

piz(a) = L(t)pz(a)L(t™),

where L s left regular representation of Spy1.

Proof. Let t be in Sp41, a = (v, s’) in A. Then for all f iﬁ CSn+1 we observe

(L(t)pa(@)L(t71)f)(s) = (L(t)pa(v', s )LL) f)(Es),
= (pa(v, ) L) s),
= ST F)(Ess),
= e f(ss!),
= (pe(v',8"))(5),
= (piz(a)f)(s)-

Hence we find
(L()p=(a)L(t) f)(s) = (pz(a) f)(5)-
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Since this is true for all s in S,4; and f in C5*+! we have

pee(a) = L(t)pa(a) L),

for all @ in A and ¢ in Sp41.

4.2 Generalization

In Chapter 3 we have discussed a random walk problem with symmetric transition
probability on the collection of chambers C. We will now generalize our work to
a random walk on it with a general probability measure.

As defined in Chapter 3, we think of a particle moving on the collection of
chambers C. The particle starts at time 0 at the the chamber Cy and moves at
time ¢t > 1 to one of adjacent chambers in C with general transition probability

measure g such that the support Supp(p) of u

Supp(p) = {a € A: p(a) # 0}

generates A. Here we have Y,cq4(a) = Yocsupp(n) #(@) = 1. The steps are
statistically independent of the preceding steps.

Our generalization of Lemma 3.4.1 is given in the following lemma.

Lemma 4.2.1 The probability of the particle visiting the origin after m steps ts
given by
B0 e5) = Sl [ ((F (pe))"enre)ds,

for all s in Spy.

Proof. The probability of the particle visiting the origin after m steps is exactly
p*™(0,es) and by Lemma 3.2.1 we have

p*™(0,e5) = /E/L.(;zxm X €e,) (z,es)dz, (4.10)
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where (u*™ x €. ,)"(z, s) is the Fourier transform of the function (u*

with respect to the variable v in L. Thus we have

p*™(0,es) = /E/L‘(p:""‘)‘(x,es)ees‘(:c,es)dx.

Using equation (3.48) in page (43), we obtain

#Xm(o’ 65) = A/L‘(ﬂxm)A(x7eS)d$a
Xm —2mi(z )
/E/L‘ S (™) (v, es)e dz.

veL

Changing variables of integration from z to —z we find

Xm _ 27me{z,v)
p™(0,es) = / (v,es)e dz,
(0, es) bye 2 Je
- Xm v,s 6211(2,0)66 s)dz.
Lo X wwe) «(s)

By equation (4.9) we have

(P=(v, s)ees)(es) = ey (s).

Hence from equation (4.11) we have

) = [ W0 8)pav, ) es)les)da

(v,s)EA
= xm z e d 3
Jope S @) pelaees)(es)ds
= |Sp41l Zu A)EegyEes)d.
E/L* ST §27es

By equations (4.3) and (4.4), equation (4.12) becomes

B0 e5) = [Sunal [ ((F (pe))"eegs s

Let s be an element of S,4;. Then, by Lemma 4.1.1, we obtain

/‘xm(oves) = |Sn+1| E/L‘<(u (psr))mees’ses>dxa

|Sn+1| E/L‘<(u (psx))meesvees>dx'
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By equation (4.4) and Lemma 4.1.1 we have

psz(p*™) = Z/‘ (a)psz(a)

a€A

= Zﬂ (s)pz(a)L(s™1).

a€A
By Lemma 4.1.1, for all s in S,

(# (pe2))™ = poz(w™) = L(s)(E (p2))™L(s™"):

Hence

T (0,es) = ASunal [ (L(S)E (po))" L(s™)ees, €es)da,

= [Sarrl [ (B (p))™L(s™ Ve, L(s™V)ees ) da,

E/L*
= [Swnal . ((F (o))" L(s)ees, Ls)ees)dz,
= [Sunl E/L'<(7L (pz))"es,€5)dz.

O

For the representation space C57+1, the set {es : s € S,41} forms an orthogo-
nal basis. Therefore, the trace of (£ (p,))™ is given by
Tr{(B (po))"} = 1Sna1] 3 (K (p2))"esr80)-
SESn41

Hence we have

1
|Sn+1| E/L*

w0, es) = Tr {( (po)"} de. (4.13)

Similar to our property of the operator P(z), z in E/L*, whose eigenvalue are
less or equal to 1 in absolute value, we have a useful criterion of the representation

operator £ (p;).

Lemma 4.2.2 Let p be a transition probability measure , and A be an eigenvalue
of & (pg), z inside a chamber. Then |Al < 1. In other words, the norm || & (ps)]|

of the representation operator r (pz) is less than 1.
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Proof. We recall that
| & (pz)]| = max{[A| : A is an eigenvalue of # (p,)},

since £ (p,) is a self-adjoint operator (see equations (B.1) and (B.2) in Appendix
B). Let ) be an eigenvalue of £ (pz), z inside a chamber. Then for a corresponding

eigenvector f we have

M = (pz)f. (4.14)

By equation (4.4), we have

M(s) = (B (p)f)(s),
= 3 ) e, 8N F)(s),

(v',s")€Supp(n)

— Z ﬂ(vl, S/)e%rz(a:,sv’)f(ssl)’ (4.15)

(v',s")E€Supp(u)
for all sin Sp41. Let so be an element in S, such that |f(so)| = max.es,,, |f(s)]-
Then we find '
Af(so) = > p(v', 8")e?™@%0Y) f((508"). (4.16)
(v',s") € Supp(1)
Since f is nonzero function, we have f(so) # 0 and hence from equation (4.16)

we observe

I/\| - | Z /L(’Ul, Sl)eZm(x,sovl)f_(So_S’)',
{(v',s")ESupp(u) f(SO)
’
S E /L(U,,Sl)le2m(l‘,sov'>M|, (417)
(v/,5) € Supp(u) f(so)
< 1.

Hence each eigenvalue ) of ’ (pz) is less or equal to one in absolute value. Suppose
there exist an eigenvalue A of £ (p,) with A = 1. Then from equation (4.16) we
find

n f(s08)
1< S p,s)ermee )20 4.18
(v',5")€Supp(u) ( ) f(s0) : ( )
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Suppose there exist an element (v, ') in Supp(p) such that |62’"(x’5°"')%(%3)’l| <L

Then inequality (4.18) leads to a contradiction. Hence we have

'
|e2m(z,sov’) f(SOS ) |

‘ f(s0)
for all (v/,s") in Supp(p). By using the result in Appendix A we have

=1, (4.19)

e2m(:c,so-u'?f(sos/) — f(SO)a (420)

for all (v/,s") in Supp(p).
By Lemma (4.1.1) together with equation (4.14), we have

L(u)f = L(u) £ (p) Ly L(w)f,
= pus(p)L(u)f,

for all w in S,4;.This shows that L(u)f is an eigenvector of p,, () with eigenvalue

one. Hence by equation (4.20) we obtain

62m(uz',sov)(L(u)SO)(sos) = (L(u)f)(so),

for all u in S and (v,s) in Supp(p). By definition of left regular representation

given in equation (4.1), we find
f(’u-.l.SoS) — e21rz(u:c,so'u)f(u—lso),

for all v in Sp41, (v,s) in Supp(r). Since the group A is generated by the set
Supp(p) = {(v',s') € A: u(v',s") # 0} and A is isomorphic with the semidirect
products of L and S,41, it follows that the set G(S) = {s' € Spt1 : pu(v',s') #

0 for some v’ in L} generates S,41. Hence letting u='sp = w, we get

|f(ws)| = [f(w)],

for all w in S,4; and s in G(S). From definition of right regular representation

R in equation (4.2), it immediately follows

(B()IfD(w) = [fl(sw) = |f(sw)| = | f(w)] = |fl(w),
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for all w in S,4; and s in G(S). In other words, R(s)|f| = |f| for all s in G(S).
But for each s in S, there exists k£ in Z such that s = s;...s; with s1,...,s; in

G(S). Hence for each s in G(S) we obtain

R(s)|f| = R(s1-..s6)lf| = R(s1) ... B(si)|f] = |fl,

Hence for all $,u in Spy1, (R(s)|f])(v) = |f|(u), and in particular,

|£1(s) = (R(s)IfD(e) = |fI(e),

for all s in S,41. In other words, f is a constant function in absolute value. Hence
f(t) # 0 for all t in Sp41, since f is a nonzero function. Since f is an eigenvector

of I (pz) with eigenvalue one, by equation (4.15) we obtain

v —2m(z,tv):@ =1
X M) ORI

for all ¢ in S,41. By similar argument in obtaining (4.19), we have

|e—27r1.(a:,tu) f(tS)

D)) =1,

f(t)
for all ¢t € S,41. Hence, by Appendix A page 85, we find

—2mi{z,tv) L(t_s)
: 7@

for all t,s € Sp41 with p(v,s) # 0, for some v € L, from which we obtain

=1,

pz(v,8)f = f,

for all (v, s) in Supp(u). Since Supp(u) generates A, we have

p=(a)f = f,

for all @ in A. This implies that the subspace of C°*+! generated by f is a
nontrivial subspace invariant under the action of p;(a), for all a in A which

contradicts to the fact that p, is irreducible. Therefore our assumption is false.
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Using similar argument we can see that it is impossible for i (pz) to have a
nonzero eigenvector f corresponding to the eigenvalue -1. (Also see Appendix B,
Lemma B.0.13, page 87). As a result, we can conclude that || r (pz)|| < 1 for all
z not in L*.

0

Using this result, we close this section with the following theorem which is

our generalization of Theorem 3.4.2.

Theorem 4.2.3 The expected number of times the particle visits the origin is
given by

1

xm lim —— Tr{(I—0% (p,))*}d
:L;oﬂ (0,e5) = oM [Sa] Je/ee U (e} e

where Tr{(I r (pz)) } denotes the trace of the operator {(I— i (px))‘l}.

Proof. We note that for all z in E/L*, the representation operator # (p,) is
a bounded linear operator from the Hilbert space C5»+! into itself. Since the
operator norm || % (p,)|| <1, if || < 1, then (I — 8 & (p,))~" exists as a bounded
linear operator from C»+ into itself and
bad ~ ~
(I=0%(ps)) mz_:lﬁli po))™ =140k (pz) + 0%(K (o)) + ...

Since equation (4.2.1) in Lemma 4.2.1 holds for all s in Sp4+1, we can chahge
the factor |Sp41] in those e‘quation for the sum over S,4;. Hence the expected
number of times the particle visits the origin is just the sum oo , x*™(0, es),

and by monotone convergence theorem, from Lemma 4.2.1, we observe

[e o]

Z #xm(o’ 65)

m=0

lgm Z ™™ (0, es),

=Y X [ e,

m=0s€S, +1 E/L.
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= 13%’1 Z /;/L,Zwm(ﬁ (p2))" s, €5)dz,

SES,H.l m=0

= 101%1 e; /E/L ZO B (pz))"es, €5)dz,
S n41 m=

= I "y -1

o SRR
SCon41

=1'/ 1 =07 (po)) e, e5)dz,

im E/L‘seg:“(( H(p2))essa)dz
= lim—— Tr{(]—@l’: (pz))_l}d:c.

611 |Sn+1| E/L*
O
It is clear that the formula in equation (4.13) is valid for any function f in
L'(A) in place of u. We can obtain a formula for p*™(a) for any a in A using
equation (4.13):
Note that p*™(a) = (R(a)p*™)(0, es), where R is the right regular representation.
Using (4.13) we set

1
Sn+1

w*™(a) = (R(a)(»*™))(0, e5) =

S Tr{ (Bl ™)}

By equations (4.2) and (4.4), we observe

po(R(a)w™™) = 3 (R(a)u*™)(b)p=(b),

bcA

= ZN (ba)p=(b)

beA

Letting ba = c,

p=(R(a)p™™) = > p*™(c)pz(ca™),

cEA

= Z# C pz‘(a )7
cEA

= px(ﬂxm)pz(a)’

Hence we have

[ T {( () aela ™) e

Xm a) =
kT a) |Snt1] JE/L-
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Therefore the expected number of times the particle visits the element a is given

by
@) =g oy 27 (o) o)

1=0
Using the fact that || # || < 1, we have

Z p*™(a) = lim ———

—_ 7 -1 -1
11 |S +1| E/L* Tr ((I 6 K (px)) px(a )) dz.

Therefore, the conclusion of our results can be stated as follows.

Theorem 4.2.4 Let u be the transition probability measure. Then the random
walk induced by p 1is recurrent or transitory according as the integral

: _ay -1
lé}Tr{l E/L'TT{(I 6 1 (p;)) ' }dz (4.21)

is infinite or finite respectively.

When we compare this result with the corresponding result in Chapter 3, we
find that the ultimate behaviour for the symmetric random walk and the random
walk with general probability measure are very similar which depends on the
behaviour of the operators (I — P(z))™! and (I- 1 (pg))~! respectively. In fact,
it can be seen éasily that (pz) = P(z) when p is considered to be the symmetric
transition probability as in Chapter 3:

Let the probability measure g of the random walk be defined as in Chapter 3.

Then the function y can be written as

1
A {Ze ©s) £t S°)}
where €(0,s;), ¢ = 1,...,7n, and €(r,,) are indicator functions of the elements

(0,s:),2=1,...,n,and (ro, So) of A.
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By equations (4.3) and (4.4) we observe that, for all z not in L*,

£(ps) = pali),

= Y p(a)pz(a),

aEA

= — > (Z €0,s)(a) + s(ro,so)(a)) p=(a),

a€A \i=1

= (S0 arlroe))

Hence for all z not in L, for all ¢ in C%, we have

( (p))5) = g ([z pe(0,5) + pe(ress0)| ) (9.

Using equation (4.9) we obtain

F ) = o (Sowles) + (o))
= (P(z)¥)(s),

for all s in S. Since this is true for all % in C° and for all s in S, it follows that

i (pz) = P(z) for all z not in L*. The integral given in Theorem 4.2.3 therefore

becomes

1

1 . .
lim re— E/L'TT{I 6P(c))™} de hm/E/L_Z(J 0P (z)) es, ) dz,

11

-1
1;g1|5| E/L‘((I-—HP(:z:)) Ee,Ee)dX.

4.3 Random Movement

We can generalize further our discussion into a random movement on the col-
lection of chambers C. We shall show that our result in Theorem 4.2.3 remains
valid and hence the ultimate behaviour of the movement is recurrent or transitory

according as the integral in equation (4.21) is infinite or finite.
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Suppose a particle stars at time m = 0 at the chamber Cy and moves at times
m 2> 1 to any chamber in C with general transition probability x so that the
support Supp(u) generates A. We also assume that the steps are statistically
independent of the preceding steps. Hence in this case the particle at any time
m > 1 can take either no step or a unit step to an adjacent chamber or even

jump to another chamber according to the transition probability u we defined.

Lemma 4.3.1 The probability of the particle arriving at the origin after m steps
ts given by

w0, 65) = ISwal [ ((F (o)) "ess e0)ds,

for all s in Spyq.

Proof. The reasoning we have given in proving Lemma 4.2.1 remains valid in this

case.

O

In evaluation of the expected number of times the particle visits the origin, we
use the fact that the representation operator # (pz) is a self-adjoint operator. In
our situation for random movement we do not enjoy this property, but fortunately

we have the following lemma.

Lemma 4.3.2 For all « not in L* the norm || & (p)|| of the operator k (p;) is

less or equal to one in absolute value.

Proof. From equation (4.4), we observe that

HE@I = 11 2 ule)ps(a)ll,

a€Supp(u)
< Y w@le(ll = X pae) =1, (4.22)
a€Supp(u) a€Supp(u)
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since the representation operator p.(a) is unitary for all ¢ in A.

O

Finally using this lemma, by similar argument in obtaining Theorem 4.2.3,

we can prove the following theorem for the random movement.

Theorem 4.3.3 The expected number of times the particle visits the origin is

given by
co 1 N
(0es) =1 Tr{(I 07 (p.))" } da.
2w Oes) =lmigy |, T =00 () e

where T'r {(I— i (pz))'l} denotes the trace of the operator {(I— fr (pr))‘l}.

Hence we have the same conclusion with our previous discussion of random
walk that the ultimate behaviour of the movement is recurrent or transitory

according as the integral

. ~ -1
lim | Tr{ =05 () }de

is infinite or finite respectively.
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Chapter 5

Intertwining Number Theorem of

Locally Compact Groups

The main purpose of this chapter is to generalize Mackey’s result on the inter-
twining number theorem for locally compact groups (see [16], Theorem 3', page
588).

Let G be a locally compact group and H, K be open and closed subgroups of
G. Let 7 and « be two one dimensional representations of H and K respectively.
Then Mackey’s Intertwining Number Theorem states that the intertwining num-
ber of the two induced representations U” and U” of 7= and v respectively, is
equal to the sum of the intertwining numbers of the representations 7% and 7¥ of
H*NKY, where zy~" runs through the set of all double coset representatives of H
and K in G. Using Mackey’s notations, the result can be stated by the formula

WU = > I(r,7,D(z,y)),
D(z,y)€Dy

where Dy is the family of all double cosets D(z,y) = Hzy 'K for which the
indices of H* N K¥ in H® and KV are finite (see Section 5.2, page 77).

We intend to prove the fact that this result holds in the situation where the

representations of the subgroups are finite dimensional. To achieve this, we will
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use results in the theory of A} spaces (see, for example, [2] and [23]). Recent
developments in this theory suggest that, under certain conditions, the AZ spaces
can berecognized as preduals of intertwining operators of induced representations.
First, we state the simplified versions of these results under the condition that
the subgroup are open and closed. Then we apply them to prove the generalized
Mackey’s Intertwining Number Theorem. We begin with some definitions and

basic facts we need in our analysis.

5.1 Definitions and Basic Facts

In this section we review some definitions and basic facts of representations of
locally compact groups, intertwining operators and tensor products. Some useful
information may be found, for example, in 2], [5], [22], [26].

Let G be a locally compact group and H be an open and closed subgroup of G.
A representation © of H on a Banach space H(x) is a continuous homomorphism
7 from the group H into the group U(H(r)) of all isometries of H(7) onto itself.
Let (H(w))* denote the conjugate space of H(7r). The map 7* from H to the
space U((H(m))*) of all isometries from (H(w))* into itself given by

is a representation of H on the Hilbert space H(7*) = (H(7))* (see [2], page 38),

where (m(h™1))* is the adjoint operator of w(h™?). |
Let p; and p, be representations of G in Banach spaces H(p:) and H(p2)

respectively. We define an intertwining operator 7 for p; and p, as a bounded

operator from H(p;) into H(p,) such that
p1(g) = p2(9)7,
for all g in G. We denote Homg(H(p1), H(p2)) the space of all such intertwining
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operators. The dimension of this space is called the intertwining number of the
operators p; and p; and is denoted by Z(py, p2).

The definition of the p-induced representation U] of G induced by a repre-
sentation 7 (on a Banach space H(7)) of a closed subgroup H can be found in

many places in the literature (e.g. [2], [22], [23]).

Here, we consider the representation spaces of the subgroups to be Hilbert spaces
and define the corresponding induced representations accordingly. Moreover, we only
consider open and closed subgroups of G so that the homogeneous spaces obtained

are denumerable and discrete.

Let H be an open and closed subgroup of G and 7 be a unitary representation
of H on Hilbert space H(x). We consider the vector space of all functions f from

G to H(r) satisfying the condition:

f(hg) = =(R)f(9),

for all b in H and g in G. Let us set ||f|> = Toeq/a(f(2), f(z)). We define
Ly() to be the set of all functions f in the space under considerations for which
|| f]| is finite. Clearly, Lo(7) is a Hilbert space under the norm just defined. The
induced representation U™ of GG is then defined by

(U7(s)f)(z) = f(zs),

for all s,z € G and f € Ly(w). It is easy to show that s — U7(s) is a unitary
representation of G.

Let 7 and v be unitary representations of open and closed subgroups H and
K of G respectively. Let T be a bounded linear operator from Ly(7) into La(%).
T is called an integral operator if there exists a summable function ®, called the

kernel of T, from G x G to L(H(7), H(7y)) such that for a given f in Lo(w),
1. the function z — ®(y,z)f(z) is summable for all y in G/ K,
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2.y~ > ®(y,z)f(z) belongs to Ly(7), and
z€G/H

3. (Tf)y) = Y 8(y,2)f(z), for all y in G/K,
z€G/H

(see [2], page 76). Note that we use the term “integral” only to be consistent
with the case where the subgroups are not necessarily open and closed.

For z in G, let H® be the subgroup of G consisting of all elements of the
form z7'hz, for all A in H. Then the map 7 from H® into U(H(7)) given by
7%(b) = m(zbz™') defines a representation of the group H®. The properties of the
kernel of an integral intertwining operator of induced representations U™ and U~

is described in the following lemma.

Lemma 5.1.1 Let @ be the kernel of an integral intertwining operator of induced

representations U™ and U". Then the following statements hold.

1. Forallz inG/H,y inG/K,sinG, h€ H and k € K,

®(kys, hzs)m(h) = v(k)®(y, z). (5.1)

2. ®(z,y) is an intertwining operator of the representations 7 and v¥ of the

subgroup H* N KY of G.

Proof. 1. (cf. [2], page 77). Let T be an integral operator from Ly(7) to Lo(y)
with the kernel ®. Then for all f in Ly(7) and y in G,

(THy)= > ®(y,z)f(z).
z€G/H

By hypothesis, T is in Homg(La(7), L2(7y)). Hence

(TU(s) 1)) = (U ()T ), | (5.2)
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for all y in G/K and s in G. Now observe that

(TU)N)) = > ®y,2)(U(s)f)(z),

z€G/H

> ¥(y,z)f(ws).

ze€G/H

Changing variables zs — z, we find

(TU™ ()W) = > 2(y,zs7)f(z). (5.3)

z€G/H

On the other hand,

(U ()Tf)y) = (TF)(ys),
= Y (ys,2)f(z). (5-4)

z€G/H

By equation (5.2) together with equations (5.3) and (5.4) we obtain, for all z in
G/H,yin G/K and s in G,

®(y,zs™!) = ®(ys, z). (5.5)
Let k € K and y € G. Let 7 and 7, denote (k) and x(h) respectively. Then

w(T)y) = (T5)(ky)
= 2 2ky,2)f(2),

z€G/H

Z ®(ky, hz)mrf(z), (5.6)

z€G/H

for all A in H. Also

WTHY) =w Y, ¥y, z)f(z).
z€G/H

Hence, for all hin H, kin K, z in G/H and y in G/K, we have

O (ky, hz)mp = 7. 9(y, 7). (5.7)
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By equations (5.5) and (5.7) we observe

O (kys, hes)my, = ®(ky, ha)mh = 7:0(y, z). (5.8)
2. We shall show that, v/ ®(y,z) = ®(y,z)nf, for all z in G/H, y in G/K and b
in H* N KY. For this purbose, let b=y~ 'ky = z7'hz be in H*N KY. Then using

equation (5.7) we observe

% ®(y,2) = v-10,2(y,2),
= O(yby 'y, zgr ™ T)Tope-1,
= O(yb,zb)7y,
= ®(z,y)m. '

Since this is true for all z in G/H, y in G/K and b in H* N K¥, (2) follows.

5.1.1 G-tensor Products of Banach Spaces

Let V, X;, X, be vector spaces. An operator B from X; x X, to V is said to be
a bilinear operator if for all z,y in X; x X, the maps B, from X5, to V given
by B:(y) = B(z,y) and B, from X; to V given by B,(z) = B(z,y) are linear
opel;ators. In other words, B is bilinear if it is linear in each of the variables z
and y.

A tensor product of X; and X, is a pair consisting of a vector space W and
a bilinear operator B from X; x X, into W so that whenever (vy;) is a basis of
X1 and (vg;) is a basis of X;, the set of elements B(vy;, vy;) forms a basis for W.
Since the existence of the space W is unique, we write W as the space X; ® X,
and its element z; ® z,, 2, in X; and z, in X5. |

If X; and X, are Banach spaces, then it is possible to endow norms in X; ® X5.
Let 0 be a norm in X; ® Xzb defined by

n

ot z; lzalllly:ll,

vi€X2 "

o(z) =
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for all z = ¥, z;®y;, where the infimum is taken over all possible representation
of z. The norm o is called the greatest-cross norm. Then the completion of
X1 ® X, with respect to the norm o is a Banach space and denoted by X; ®7 X,.
The Banach space X; ®7 X, is called the projective tensor product of Banach
spaces X; and Xo.

Let G be a locally compact group and p; and p, representations of G in
Banach spaces H(p1) and H(p2) respectively. A bounded bilinear function B
from H(p1) X H(p2) into a Banach space X is called G-balanced if

B(p1(g)v; w) = B(v, pa(g)w),

for all g in G and (v,w) in H; x H,.

A G-tensor product of the Banach spaces H(p;) and H(p;) is a pair (H, Bo)
consisting a Banach space H and bounded G-balanced bilinear function By from
H(p1) x H(p2) into H, whose range spans H, such that (H, Bo) has universality
property: for every bounded G-balanced bilinear operator B from H(p1) x H(p2)
to a Banach space X, there is (necessarily unique) bounded linear operator T'g
from H to X such that B = TgBy. The operator T is said to be the operator
associated with B.

For any two representations p; and p2 of G in Banach space H(p1) and H(p2)
respectively we can construct G-tensor product of H(p;) and H(p,). Let L be
the closed linear subspace of H(p1) ® H(p2) spanned by the elements of the form

p1(g)r1 ® 22 — 71 ® pa2(g)z2,

for all g in G and for all (z1,z2) in H; X Hz. Then the quotient Banach space
(H1 ®7 Ha)/L is a G-tensor product of H; and H, and is denoted by H; @F Ho
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5.2 A3 Space

The purpose of this section is to examine a particular A} space arising from spaces
of induced representations U™ and U” of a locally compact group G, where 7
and v are unitary representations of open and closed subgroups H and K of G
respectively. Recent developmentsin the study of A spaces, with some conditions
on p and ¢, can be found in [2] from which we quote the definitions and results.

Let G be a locally compact group and H and K be both open and closed
subgroups of G. Let = and 7 be finite dimensional representation of H and
K respectively on Hilbert spaces H(w) and H(y) respectively. Let U™ and U”
be the corresponding induced representations of G of representations = and ~
respectively. Then there exists a natural isometric isomorphism from G-tensor
product (Ly(7) ®% L2(v*)) of induced representation spaces La(w) and La(v*)
onto the Hilbert space Homg(L2(m), La(7y)) of all their intertwining operators
(see [22]). In other words

(L2(7) @G Lo(77))" = Homa(La(7), La(7))- (5.9)

Consider the projective tensor product H(n) ®” H(y*). For z and y in G, let
H, be the closed subspace of H(7) ®7 H(v*) spanned by the elements of the

form
(0 ®@n — €@ (v*(b))™n,

for all bin H* N KY, € in H(x) and n in H(y*). The quotient Banach space
(H() ® H(¥*))/Hz, is denoted by A,.,. We note that Ay is (H*N KY)-tensor
product of H(7) and H(v*). Hence we have A, , = H(7) ®fg=nxy) H(7™)- It can
be seen easily (see [2], page 58) that for all s in G we have

7_{s:z:,.sy = Hx,y and Azs,ys = -Aa:,y~
For u ® v in H(7) @ H(v*) we write u ®,, v to denote element of A, , to
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which u ® v belongs.

Lemma 5.2.1 Let = and y be elements in G/H and G/K respectively. Then the
following statements hold.

if,- ® gi € La(m) @ La(y")  implies ifi(w) ® gi(y) € H(w) @ H(v").

=1

Proof. See [2], Proposition 4.1.2 page 56.

Lemma 5.2.2 For all z,y in G and 52, f: ® g: € La(7) Q7 La(v*),

t Zf,(.’l:t) Rz 9:i(yt),

i=1

s @ mapping on the coset space G/(H* N KY).

Proof. (cf. [2] Proposition 4.1.5 page 59). Let s be an element in H* N K¥. We

observe that

[e o]

ifi(:wt) Qo Giyst) = D filzsz™'at) @cy gi(ysy ' yt),

=1 =1

= S (8) fiat) @oy 7Y (5)axu),

=1

= Z fi(illt) Qzy gi(yt)'
=1 a

Let V = {(z,z) : £ € G x G} be the diagonal subgroup of G x G. Let D be
the family of all double cosets (H x K) : V and D(z,y) the coset in D to which

(z,y) belongs.

Lemma 5.2.3 Let 32, fi®g: be an element in Ly(7) ®7 Ly(v*). For z,y in G,
if the indices of H* N KY in H® and KY are both finite, then the sum

> filxt) ® gi(yt),
=1
is finite for all D(z,y) in D.
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Proof. (cf. [2], page 65). Using Cauchy Schwarz inequality we observe that

1 1

[l o) 2 2

ST D isnllson < Z( > Ilfi(rt)lI’) ( > ||g,-(yt)n2) :
) .

teG/(H*NKVY) i=1 =1 \teG/(H*NKY) teG/(H*NKY
But

> Al > > =t

teG/(H=NKVY) teG/H= beH® [(H*NKY)

= X > s,

teG/H= beH=/(H*NKY)

= > > I,

beH=/(H*NKY) teG/H=

= > T e

beH= /(H*NKY)teG/H
M”fz‘”%

IN

for some constant M, since the indices of H*N KY in H* and KV are both finite.
Similarly, we have Y e/ (zrznkv) |9i(2t)]|* < N||gil2, for some constant N. Hence

we obtain

> filzt) ® giyt) < SZ: [1f:ll2llg:ll2 < oo,

i=1
fore some constant S = MN, since 12, f; ® gi is in Ly(7) @F La(v*).
O

In view of lemmas 5.2.2 and 5.2.3 we have the following definition (see [2],

Definition 4.1.7 page 66).

Definition 5.2.4 Suppose the indices of H* N KY in H* and KY are finite for
all z,y in G. The map ¥ on Ly(7) ®% La2(7*) is defined by

(\11 (g;fi@)gi))(x,y): 3 ifi(wt)&,ygi(yt),

G/(H*nK*=) =1
for all T2, f; ® gi in Ly(7) ®% La(7*).

The value of (¥ (32, fi ® ¢:))(z,y) for all z,y in G, belongs to the quotient
space Az,. The properties of this image space are being discussed in [2] (page

70).
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Definition 5.2.5 The space A% is defined to be the range of U with quotient
norm (see [2], page 72).

The generalization of Rieffel’s result on classical AJ spaces, (see [23]), is given

in [2] (page 88, Theorem 4.4.3). It states, in our context, the following.

Theorem 5.2.6 Suppose the indices H* N KY in H* and KY are finite for all

z,y in G. If the elements of Homg(Lo(7), L2(7)) are integral operators, then

Ly(7) @G La(v") = A;.

Proof. See [2], Theorem 4.4.7 page (88).

O

In the case where the subgroups H and K are open and closed subgroups, we

have the following result given by Mackey [16].

Theorem 5.2.7 Let © and v be representations of the open and closed subgroups
H and K of a locally compact group G. Then an intertwining operator of the
induced representations U™ and U” of G is an integral operator. Furthermore,

the corresponding kernel ® satisfies the following conditions.
1. ®(kys, hzs) = v ®(y,z)n}, forallh€e H, k€ K, z,y,s € G.

2. erG/Hugﬁ%]lelE < K, forally € G and v € H(~w), for some positive
constant K.

(12

3. Zyea/KUﬂ“y_;ﬁleL < K', for all z € G and v € H(7), for some positive

constant K'.

4. For all f € Lyo(m), (Tf)(2) = Xrec/u By, z)f(z).
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5. For all f € Ly(7), (Tf)(z) = Tyea/x ®(y, )" f(z)-

Proof. See [16], Lemma A, page 585.

Combining two theorems 5.2.6 and 5.2.7 we have

Theorem 5.2.8 Let H and K be open and closed subgroup of a locally compact
group G. Let © and v be representations of H and K and Ly(7) and La(vy) the
corresponding induced representation spaces of G. If the indices of H* N KY in

H?” and KV are finite, then

Ly(m) ®% La(7") & A;.

Proof. This is a straight forward consequence of Theorem 5.2.6 and Theorem

5.2.7.
]

The diagonal subgroup V acts on the coset space (G x G)/(H x K) on the
right; and the stabilizer of the coset (Hz, Ky) under this action is (H x K)@®¥)NV.
The orbit is the double coset (H x K)(z,y)V. It is clear that (H x K)&®¥ NV
can be identified with H* N KY. Moreover, (zo,yo) and (z1,y:1) belong to the
same (H x K) : V double coset if and only if zoys "' and z1y7" belong to the same
H : K double coset.

Let Dy be the set of all double cosets D(z,y) for which the indices of H* N K¥
in H*® and KV are both finite.

Theorem 5.2.9 Let 7 and v be finite dimensional representations of the open

and closed subgroups H and K of G. If ® is the kernel of a bounded intertwining
operator and if ®(y,z) # 0 for some z,y, then the double coset D(z,y) is in Dy.
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Proof. For all z,y in G, ®(y,z) € Hompyszngy(H(7*), H(7*¥)) by Theorem 5.2.7
(3). Hence there exists O(y, z) in (H(7®) Qu=nky H(7¥)*) such that

(v ®zy w, O(y, 2)) = (w, B(y, 2)v), (5.10)

for all v € H(7*) and w € (H(y?))*. We observe now,

Y (0®eyw, 00,2 = > Kw, &y, z)v)l%,

z€G/H z€G/H
< 2 lwllPll®y, z)vll?,
z€G/H
< lwlPITI I, (5.11)

by Theorem 5.2.7 (2). Let {I;} be a set of right coset representatives of H* N K?

in K¥. Then the double coset Hzy 1K is a disjoint union of cosets Hzliy™!.

From equation (5.10), we observe that

(0 Bty v,O(e,2ly™)) = (w, Ble,zly™" o),
(w,@(yl7 'y y,z)v) by (5.1),
= (w, 7,2y, z)v) by (5.1),
(v )() O(y,z)v),

(

v ®zy (11;)"(w), O(y,2))- (5.12)

If = and v are finite dimensional and the index of H* N KY in KV is infinite,
then the set {I;} is infinite. Let {ry,...,r,} be an orthonormal basis in the space
H(7%) @ H(~¥)*. Then the unit ball in H(7*) ® H(y¥)* is compact and hence

there exists a subsequence {/;,} such that

(me ® (77, )" )(rs)

converges to some 1 for each j = 1,...,m. Note that {r},...,r] } forms an
g 7 J 9 1 m

orthonormal basis for H(7%) @ H(+¥)*; and since O(y,z) # 0, there exists r}
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such that r; is not in the Null space of ©(y, ). Hence there exists some positive
number p such that (r},O(y,z)) > p. Also, there exists positive number ¢ such
that

(r,©(y,z)) > p whenever ||r — r}|| < g. (5.13)

Since (me ® (v}, )*)(r;) converges to r}, it follows that

I(7e ® (%;,)")(rs) — 3l < g,

for large n. By equation (5.13), we have ((7. ® 7, )(r;), ©(y,z)) > p, for large
n. This contradicts the finiteness of (5.11). Therefore the set {/;} must be finite.
Using a similar argument together with conditions 3 in Theorem 5.2.7 we find
that [H® : H* N K*] < co.

a

Theorem 5.2.10 Let H and K be open and closed subgroup of a locally compact
group G. Let © and v be finite dimensional representations of H and K and
Ly(7) and La(y) the corresponding induced representation spaces of G. Then we

have

Lo(m) ®% La(7*) = A].

Proof. This is a direct consequence of Theorem 5.2.8 and Theorem 5.2.9.

0

The intertwining number of the representations 7% and 4¥ of H* N KY only
depends on the double cosets D =D(z,y) = Hzy 'K to which zy~! belongs (see
[16], Theorem 3'). Hence the intertwining number of 7% and 4¥ can be denoted
by Z(x,v,D). Generalizing Mackey’s Intertwining Number Theorem (see [16]

Theorem 3') we have the following result.
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Theorem 5.2.11 Let H and K be open and closed subgroup of a locally compact
group G. Let ™ and v be representations of H and K and Ly(n) and La(7y) the
corresponding induced representation spaces of G. Then we have

vy = > I(r,v,D
DEDf

Proof. Let F' be a bounded linear functional on Ly(7) ®% Lo(7*). Then there
corresponds an operator T € Homg(Lo(7), L2(7)) such that

(r, ") = i(gi, Tfi), (5.14)

for any r in La(7) ®% L2(y*) with the expansion r = 2, f; ® ¢g;. Using the

discussion preceding the Theorem 5.2.9 we observe that

S, TH) = 3 T @6 TA0)
=1 i=1 yeG/K

o]

= 2 > 2 (%), 2(y,2)f(2)),

=1 yeG/K zeG/H

I
Ms i

> (9:(), ®(y, ) f(z)),

1=1 (z,y)€(GxG)/(HxK)

= Z Z (gi(yt)’é(yax)fi(xt»a

i=1 D(z,5)€D t€G/(H*nK?)

= 22 > lalyt), 2(y,2) fi(st)),

t=1 DED teG/(H*NKY)

ST Y (ilet) ey ailut) O, 2)),

i=1 DeD teG/(H*NKY)

-5 <(\p (Zf@g)) (©0).0.2)),
_ <q, (i fz-®g,-) ,@>. (5.15)

1=1

8

8

Using (5.9) and Theorem 5.2.10, we obtain

(A3)" = Homg(La(n), La(7))- (5.16)
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By equations (5.15) and (5.16), the intertwining number Z(U™,U") is equal to
the dimension of all functions © which is equal to the dimension of the space of
all functions . Since the value of @ is simply determined by its value ®(zo, yo)
at (zo,y0) € D, we have

ZUT,U") = Y dp,

DeD
where dp is the dimension of all functions ® which vanish outside the double

coset D. Using Theorem 5.2.10, we have

Zwr,u") = >, I(r,v,D).
DEDf
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Appendix A

A Fact from Complex Numbers

In this thesis we frequently use the following fact.

Lemma A.0.12 Let {a,})_, be a set of positive real numbers with YN_| an =

ap. Suppose we have

N
Z aneu‘)n = Qo,

n=1

where 0,, is real number depending onn. Then each e’ =1, foralln=1,...,N.

Proof. We use induction on N. For N = 1, it is obvious that the statement is
trivial. Let us assume that the statement is true for some positive integer NV — 1.

Then we have

N N-1
a0 = | ane| <> e + an = . (A1)
n=1 n=1

Hence we have equality in (A.1). This implies that

N-1
Z e = ap — ay = |ao — an|. (A.2)
n=1

On the other hand,

N-1
> ane®
n=1

= \ao - aNe'gNi . (A.3)

N-1
Z ane?n — ane’n
n=1
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From equations (A.2) and (A.3), we obtain

lao — an| = |oo — ane™|,

which implies that ¥ = 1. Hence equation (A.3) becomes
N-1
Z ane’ = ag — ayn (A.4)
n=1

Using induction assumption, equation (A.4) together with the fact that "' a,,
= ao— ay gives the result that e'®» = 1, foreachn = 1,..., N —1. Thus we have
etf» =1 foralln =1,..., N. Therefore, by Principle of Mathematical Induction,
the statement is true for all NV in N.

Alternatively, we can prove the above as follows. We observe that

N ) N 0
Z | et — ./anl = Z <an e'|” + o, — 2Re [ane’g"D ,
n=1 n=1
N N
= 2> an,—2Re [Z ane‘e"] ,
n=1 n=1
= 0.
Henée ane — Ja, =0foralln =1,...,N from which we obtain e*» = 1 for

aln=1,...,N.
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Appendix B

Some Further Properties of £ (p;)

In Chapter 3 we have some properties concerning the operator P(z) for all z
in E/L* as given in Lemma 3.3.2. For a general random walk with probability

measure y, the following Lemma is a generalization of those lemma.

Lemma B.0.13 Let z be an element of E/L*, u the probability measure and A
an eigenvalue of i (pz). Then the following statements holds.

I A < 1.

2. I (po) has 1 as a simple eigenvalue with all nonzero constant functions as

the corresponding eigenvectors.

3. Ifz #0, then (I— I (p,)) is invertible.

Proof. 1. This is proved in Chapter 4 Lemma 4.2.2. Alternatively, we can prove
(1) simply as follows. From equation (4.22) page 67, we have || # (p.)|| < 1. In
addition, it can be seen easily that the linear operator Y (pz) is a self adjoint

operator on a complex Hilbert space: In fact, for all f in C%, we have

(p=(0,5:)f)(s) = f(ssi) = (Sif)(s), (B.1)
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forallz=1,...,n, and

(p=(ro, s0) f)(s) = €™ f(ss0) = (K () f)(s), (B.2)

where S; and K(z) are linear operators defined in Chapter 3. Hence all eigenvalues

X of 1 (p,) are less or equal to 1 in absolute value.

2. By equations (4.9) and (4.4) we observe that for all f in L?(A/L, xo) and
(v,s) in A, we have
(B (po)f)v,s)= 3 wlvo,s0)f(sso). (B3)
(vo,s0)€Supp(n)
Hence if f is a constant function, then for all (v,s) in A,

(B (po)f)(vy8) = f(sso) D m(vo,s0) = f(ss0) = f(v,5).

(vo,50)ESupp(1)

Hence K (po) has the eigenvalue 1 with all nonzero constant functions as the
corresponding eigenvectors. Now let f be an eigenvector of i (po) with the

corresponding eigenvalue 1. Then for all (v,s) in A, we have

(% (p0)f)(, 8) = f(v,5).

Hence by equation (B.3), we obtain

~

(“ (po) f)(s) > #(vo, s0) f(850),

(vo,50) € Supp(n)

= J(s).

Let ¢ be an element of S, ;1 such that |f(¢)| = maz{|f(s)| : s € Snt1}- Then, for

all (vo, so) in Supp(p), since f is nonzero function, we have

f(tso)
> ©(vo, So) ONE 1. (B.4)

(v0,50) € Supp(i)
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Suppose there exists even only one (vo, So) in Supp(p) with |Lj(f(37‘)’l| < 1. Then

equation (B.4) becomes

Y. #(vo, SO)M

(vo,50) ESupp () (@)

9

flts
S Z )U‘(UOaSO) ](c(t())) »
{vo,50)ESupp(u)
< 1,
which is a contradiction. Hence we have
f(tso)
=1, B.5
‘ [0 (B3)

for all (vo, $0) in Supp(y).
Hence from equations (B.4), (B.5) and the fact that 3, s0)esupp(u) #(v0, S0),
by Appendix A, we obtain

f(tso) = £(1),

for all (vo,s0) € Supp(p). Since the group A is generated by the set Supp(u) =
{(vo,%0) € A : p(vo,50) # 0} and A is isomorphic to the semidirect product of
L and S,41, it follows that S,4; is generated by the set {s € Sny1 : p(v,s) #

0, for some v in L}. Hence we have

f(tso) = f(2),

for all sp in S,41. Using the fact that (R(so)f)(t) = f(t), for all s in Sp41 and
f(v,8) = e 2™ f(s) = f(s), for all (v,s) in A, we find that f is a nonzero
constant function. Therefore, the eigenspace consisting of constant functions
corresponding to the eigenvalue 1 is of dimension one, since it is generated by the

single element 14.

3. (I- & (pg)) is invertible if and only if A = 1 is not an eigenvalue of £ (pz)-
Let A = 1 be an eigenvalue of 1 (pz). Then by equations (4.9) and (4.4), for a
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corresponding eigenvector f, we have

f(s) = (B (ps)f)(s),
= > p(vo,0)(px(vo,50) f)(s),

(vo,50)ESupp(u)

S alvo,s0)e P f(sso), (B.6)

(vo,s0)ESupp(1)

for all s in S,41. Let ¢t be an element of S,4; such that |f(t)| = max.es,,, | f(s)]-
Then, for all (v, s0) in Supp(y), since f is nonzero function, we have

2
Z ﬂ(vo,so)e—zmx’tuo)ﬂ‘s—o) =1 (B.7)
(v0,50) € Supp(p) f(t)

This implies, for all (vo, o) in Supp(k), e~2™*=*%) f(ts5) = f(t) from which we

obtain
(pz(vo, 50) )(t) = f(2),

for all (vo, so) in Sdpp(,u). Since Supp(p) generates A, we find that the restriction
function fls,,, of f in Sn41 is a constant function. Hence from equation (B.6),
for all s in S,4; we obtain

Z /'L(v07 30)6—271'1(1’,51._'0) = 13
(vo,50)€Supp(u)

from which we find e~?™®s%) = 1, for all (vo, o) in Supp(r) and s in S. This
implies e~2™(zsw) = 1 for all vo in L and s in S. Hence for some k in Z,
(z,sv0) = k for all voin L and s in S. Since sL = L for all s in S, we have
(z,v) = k for some k in Z, for all v in L. Therefore, z must be an element of L~,

and as an element of E/L*, z = 0.
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Appendix C

General Random Walk

In Chapter 3 we discussed how to estimate the ultimate behaviour of the sym-
metric random walk by exploiting the properties of the operator P(z) as given in
Section 3.3. We will show here that our technique remains valid and we can arrive
at similar conclusion for a general random walk with the transition probability

measure g given by

po, if (v,s) = (ro,s0),
p(v,8) =19 w, if (v,8)=(0,s:),7 € {1,...,n}, (C.1)

0, otherwise,

where Y7 o u; = 1. We assume that the support Supp(p) of 4 generates A.
Our generalization of the operator P(z), z in £/L* is a linear operator (z)
given by
(K(@)1)(5) = o™= f(ss0) + zn;mf(ssz'),

for all fin C° and sin S.
With this generalization, we outline here some our lemmas in 3.3 which re-
mains valid. The technique we employ to evaluate the ultimate behaviour of the

walk in Section 3.4 Chapter 3 can be used without difficulties
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Lemma C.0.14 The operator k(z) is self adjoint for each z € E[L* with respect
to the inner product (.,.) defined in equation (3.8).

Proof. A proof of this Lemma can easily be adapted from the proof for Lemma
3.3.1. In fact, a linear combination of self adjoint linear operator with real coef-

ficients is self adjoint.

O

Lemma C.0.15 Let A be an eigenvalue of k(z), z in E/L*. Then the following

statements hold.
1. |\ <1.

2. k(0) has 1 as a simple eigenvalue with all nonzero constant functions as the

corresponding eigenvectors.

3. Ifx £ 0, then (I — k(z)) is invertible.

Proof. This is proved in Appendix B page 87.
O

Lemma C.0.16 There is only one eigenvalue of k(z) which tends to one as z

tends to zero.

Proof. The proof given for Lemma 3.3.3 remains valid by changing the operator
P(z) with «(z).
O

Lemma C.0.17 Let Ao(z) be the eigenvalue of x(z) which tends to one as x

tends to zero. Then for small z in E/L* we have

/\o(x) = /\0(—.’13).
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Proof. The proof we have given for P(z) is derived from the fact that (P(z)v)(s)
= (P(=z)®)(s) for all ¥ in C° and s in S. But this condition is satisfied by the
operator x(z). Therefore Lemma C.0.17 follows.

O

Lemma C.0.18 Let A\o(z) be the eigenvalue of x(z) which tends to one as x

tends to zero. Then we have
Xo(z) =1 = c(z,z) + O(||]|*), (C.2)

where ¢ is positive constant given by

c= 277—?—(277 + (ro, 50b))

and O(||z||*) denotes terms containing fourth and higher powers of z.

Proof. By similar a.rguinent for obtaining Ao 2+ a2(z,s) and Bi(z, s) in page (36),

using definition g in equation (C.1) we obtain

1
Ao2(z) + ax(z,s) = toc2(Z, 880) — 5#0(27r<$»37'0))2,
=27 polz, sro) B1(z, $50) + Z pica(z, 88;). (C.3)
=1
and

Bi(z, ) = po(Bi(z, sso) + 27z, sro)) + Zn:u,ﬂl(x, 58;). (C.4)

i=1
In addition, we observe that for all fin C°

2 (i mf(ssn'))

> (pof(ss0) + - .-+ tnf(s5n)),

s€S \i=0 s€S
= POZf(330)+°"+/~‘an(35n)a
SES seS

= (/LO-{-'{'ILn)ZSf(s)a
= > f(s)

seS
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since Y .5 f(88i) = Yses f(s) for all 2 = 0,...,n. With this remark it can be
easily seen that equation C.2 is true. To complete the proof, we shall show that

c is positive. By similar argument in obtaining equation (3.42) page 39, we have

pi{ri, b) = po(2m — (ro, b)),

forallz=1,...,n. Let pM:min{Z—é:i= 1,...,n}. Then we have

(ro, b) < 2w — upr(r:b),

for all 7 =1,...,n. Hence summing both sides over z = 1,...,n, we obtain
2mn
- (rg, b) < < 2.
(ro,b) < — —
Hence we have (rg, sob) = —(rg, b} > —27 completing the proof.

a

By similar argument for random walk problem, we conclude that the ultimate
behaviour of the general random walk is recurrent for n = 2 and transitory for

n> 2.
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annihilator, 7

Banach space, 44
basis, 27

bilinear operator, 74
boundary, 21
bounded operator, 27

canonical basis, 7

collection of chambers, 19
conjugate, 27

continuous representation, 51
convergence, 46

convergent, 46

convolution, 22

countable group, 53

degree of representation, 51
diagonal subgroup, 77
discrete topology, 53

dual lattice, 7

eigenspace, 34

eigenvalue, 29
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eigenvector, 29
equivalent, 51

Euclidean space, 6

finite group, 51

Fourier transform, 23

G-balanced, 75
G-balanced bilinear function, 75
generator of a group, 16

group, 14

Hilbert space, 38
homogeneous space, 71
homomorphism, 50

hyperplane, 8

identity element, 23

identity representation, 54

identity transformation, 16
imaginary, 36

indicator function, 23
induction, 22

inner product, 7

integral operator, 71



intertwining operator, 70
intertwining number, 71
inverse Fourier Transform, 24
irreducible representation, 51

isomorphic, 54
kernel of operator, 71

lattice, 6
linear combination, 6
linear .transformation, 10

locally compact group, 50
monotone convergence theorem, 45

natural isometric isomorphism, 76
normal abelian subgroup, 52
normal subgroup, 16

norm, 31

open and closed subgroup, 70
operator, 25

orthogonality relation, 38

probability, 19
probability measure, 59

projective tensor product, 75
quotient Banach space, 75

random walk, 18

recurrent, 50
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reflection, 9

reflection group, 14
regular representation; 51
representation operator, 51
representation space, 51

Riesz’s representation theorem, 38

scalar field, 7

self-adjoint operator, 27
semidirect products, 52
simple eigenvalue, 29
stabilizer, 53

statistically independent, 19
subgroup, 16

subspace, 7

support, 57

symmetric random walk, 57

system of roots, 7

tensor product, 53

the method of “little groups”, 52
trace of operator, 59
transformation, 9

transition probability, 19
transitory; 48

translation, 12

translation group, 14

unitary isomorphism, 51

unitary operator, 50



unitary representation, 50

universality property, 75

vector, 7

vector space, 7
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(H x K):V,71
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o, 34

v, 77

[lien,> 34

~. 7

> 76

AT

Xz, 93
Ao(z), 34
i (ps), 57
pem(a), 22
p(a), 21
p(ar,az), 21
7, 70

T, 12

o, 71

v, 78

Pz, 53
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€eyy 23

A, 16

A2 76
Ax A, 20
Az, T6

C, 19
CxC,20
C3, 26

D, 77
D(z,y), 76
Dy, 80

E, 7
E/L*, 26
EO(x)7 34
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f xg,22
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M, 50
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H(r), 70
H(x*), 70
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H(r) ® H(y"), 76

HomG(H(pl)’ H(/’?))’ 70

H=®, 72

Ind$.o, 52
I, 33
I(pl’ p2)a 71

K, 91
K, 52
K(z), 27

L7
L7

La(n), T
L'(A), 22
L*(G/K, o), 52

P(z), 27
P, 8

Si, 27
Sr.ky 9

S=, 53
ty, 12

Ur 71
U(H(x)), 70
UQzy v, T6

X, 53
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