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Abstract

The East Antarctic Ice Sheet (EAIS) is the world’s largest potential source of sea-

level rise, with the marine-based component (i.e. where the ice sheet is grounded

below sea level) containing enough ice to raise sea levels by 52 m. Ice dynamics

are strongly influenced by the internal temperature distribution within the ice

sheet, with warmer, more deformable ice leading to potential increases in ice-

flow velocities, discharge of ice into the ocean and global sea-level fluctuations.

Therefore, accurately quantifying englacial ice temperature has the potential to

help refine projections of the Antarctic ice-sheet contribution to global sea-level

change.

Direct temperature measurements through borehole drilling within the ice sheet

are reliable but are very sparse over Antarctica. This is because it is very ex-

pensive, slow to acquire, and logistically challenging to obtain direct measure-

ments of ice temperature. To mitigate this, one approach is radar-echo sounding,

which is a powerful and widely used method to constrain temperatures on basin

to continental-scales.

Law Dome is a small independent ice cap (approximately 200 km diameter) situ-

ated to the west of Totten Ice Shelf in East Antarctica. The region of Law Dome is

an appropriate target for investigating englacial temperatures because of the good

coverage of airborne radar data from the Investigating the Cryospheric Evolution

of the Central Antarctic Plate (ICECAP) project and a temperature profile to

bedrock from within an ice borehole at Dome Summit South (DSS). Also, this ice

cap is slow-moving and stable with a low melt-rate (2.9 m/yr) at the surface due

to the moderate wind speed (mean wind speed 8.3 m/sec), which makes it a good

case study region.
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Here, we use radar data to detect the englacial reflectors in the ice, followed by

the estimation of the radar attenuation rate. Previous methods used either esti-

mates of the depth averaged value of the attenuation rate or required additional

information regarding the englacial reflectors (stratigraphy), which is not the case

here. The extraction of the attenuation rate from radar data is mathematically

modelled as a constraint regularised l2 minimisation. Once the attenuation rate

is estimated, these attenuations are mapped to temperature profiles. The atten-

uation is greatly affected by ice temperature and ice chemistry. It is assumed

that the ice chemistry will remain the same over Law Dome and the ice borehole

temperature profile at DSS is used for calibrating the attenuation-temperature

mapping function. The gradient of these temperature profiles is used to obtain

geothermal heat flux (GHF) using Fourier’s heat flow equation.

To validate our methodology, attenuation differences at flight crossover points are

calculated and statistical analyses performed to assess the accuracy of the results.

Both spatial and depth analysis are performed over these crossovers. In spatial

analysis the differences are averaged over the depth and in depth analysis it is

averaged over the spatial dimension. For spatial analysis, the differences are of

the order 22.6%, 15.2%, and 32.8% for mean absolute deviation, median absolute

deviation, and root mean square error respectively. Also, for the depth analyses,

up to the depth of 800 m, the errors are under 29.8%, 24.2%, and 38.8% for

mean absolute deviation, median absolute deviation, and root mean square error

respectively.

The products obtained are 3-D radar attenuation rate of the region, temperature

profiles along the ice-column, basal temperature, and GHF across Law Dome.

The resulted GHF values are in the range 65-80 mWm−2. All data sets have

high spatial resolution (1km x 1km grid) and are compared with the previously

available GHF for the region.
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A novel method is developed which shows how raw radar sounding data can be

used to estimate the attenuation rates, temperatures, and GHF. This method

utilises a special case of Ridge regression for estimation of high resolution data

sets. In comparison to the existing GHF maps, this method has high resolution

and it only requires raw radar data and a single temperature profile over several

hundred kilometres.
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Chapter 1

Introduction

The IPCC Fifth Assessment Report (AR5) concluded that, ‘Warming

of the climate system is unequivocal, and since the 1950s, many of

the observed changes are unprecedented over decades to millennia.

The atmosphere and ocean have warmed, the amounts of snow and

ice have diminished, sea level has risen, and the concentrations of

greenhouse gases have increased’ [2].

The Antarctic ice sheet is the world’s largest potential contributor to sea level

rise. It has been losing mass over past decades through the accelerated flow of

its glaciers, conditioned by bed topography and warm ocean temperatures [3].

Antarctica has a sea level rise equivalent of 58 m (57.9± 0.9 m from Bedmachine

[3]; 58.3 m from Bedmap2 [4]) and the East Antarctic region has the potential of

approximately 52 m sea level rise. East Antarctica has lost 50±13 Gt/yr ice from

2009-2017, 20% of the total Antarctic mass loss [3, 5].

Despite advancements in numerical ice sheet modeling in the estimation of sea

level projections, there remain unknowns in key processes, model parameters, and

boundary conditions that impact the uncertainty associated with projections of sea

1



Introduction 2

level rise. For example, englacial temperatures and geothermal heat flux (GHF) are

two poorly constrained parameters that can have a large impact on ice dynamics

[6, 7]. Ice temperature has an impact on flow rates [8], and is, therefore, a key

parameter in understanding and predicting change in ice dynamics and mass loss.

Ice flows by viscous creep and basal sliding, and each of these processes depend

critically on englacial temperature [9]. The temperature within ice sheets is there-

fore critical information for accurate modelling of ice sheet flow. Within ice sheets,

an understanding of the temperature distribution is important for knowing its in-

trinsic properties and other physical processes related to it. The deformation rate

of ice strongly depends on temperatures [9] and rapid glacier sliding can occur

when the basal temperature approaches the pressure melting point, producing

subglacial melt water [9–12]. It is essential to characterize ice sheets’ thermal

regimes in order to constrain the current state and predict the future evolution of

an ice sheet.

In the last two decades, the basal thermal regimes of ice caps, mountains glaciers

and large ice-sheets have remained a subject of intensive research [13–15]. GHF

is one of the major uncertainties in understanding the basal conditions of the

Antarctic ice sheet [16]. Under the ice-sheets, the variability in geothermal heat

flux distribution is due to the thickness of the lithosphere, crustal heat production

and variations in bedrock structure [17–21]. Direct measurements of GHF and

englacial temperatures near the base of the ice sheet requires direct access to the

ice-sheet bed, and is therefore typically limited to ice borehole sites. The East

Antarctic region only has a handful of ice core sites which limits the number of

reliable basal temperatures and GHF estimates [22–25]. With our non-invasive

method, regions that have radar data and a temperature profile within a few

hundred kilometres radius, high spatial resolution temperature and GHF maps

can be generated.
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The aims of this thesis are: 1) to derive a radar-based method for calculating

englacial temperature records over basin spatial scales; and 2) use englacial tem-

perature records to constrain GHF estimates. For the first aim, these steps are

followed: a) derive radar attenuation for internal layers; and b) convert attenua-

tion in (a) to temperature. In order to achieve the second aim, a thermal model

approximation is utilised to estimate GHF given the englacial temperature profile

estimated in (b).

Direct measurements of englacial temperature generally requires borehole drilling,

which is logistically challenging and time-consuming, and not feasible at basin

to continental scales [26]. Direct measurements of englacial temperature (down

to the bedrock) in the East Antarctic Ice Sheet (EAIS) are restricted to the ice

boreholes at Dome Fuji [22], Dome South Summit (DSS) [23], Vostok [24], and

Dome C [25]. As an alternative to borehole drilling, there are several geophysical

methods for studying the ice sheets, including seismic surveys [27], magnetometry

[28], gravimetry [29], satellite altimetry [30] and ice penetrating radar [26, 31–

36]. These geophysical methods are used as indirect methods for measurements of

englacial and subglacial properties including the thermal regime of the ice sheet

[26, 31–39]. Among these indirect methods, seismic and ice penetrating radar

methods have been used to infer englacial temperatures [26, 33, 37].

In seismic methods, the attenuation is used as a proxy to infer englacial temper-

atures from seismic reflections [37]. Seismic attenuation is sensitive to lithology,

fluid content, porosity, and anisotropy [40, 41], but temperature is the most im-

portant control on seismic attenuation within the ice, particularly when the atten-

uating medium approaches its bulk melting point [37]. Peters et al. [37] presented

a novel approach to constrain englacial temperature through an ice sheet by active

seismic methods. The seismic quality factor Q (or internal friction) is calculated
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to estimate the temperature profiles. With increasing depth, the value of Q is

decreased, which suggests an increase in temperature.

Similar to seismic attenuation, radar attenuation within ice also depends on tem-

perature, and this temperature dependence is arguably better constrained than the

seismic attenuation [26, 33, 42]: radar surveys can be conducted both on ground

and through aircraft while seismic is only ground based. The seismic surveys are

slower than airborne radar surveys for the same area of coverage. However, seis-

mic data provides offset reflections, which provides more information about the

englacial layers. The radar data is available in abundance and have larger coverage

areas than seismic data over Antarctica [3, 4].

The radar surveys conducted in the last five decades have transformed our under-

standing of glacier and ice sheet beds and how ice flows over them [43]. Radar

sounding (or ice penetrating radar) is a powerful geophysical approach for charac-

terising the subsurface conditions of ice masses [26, 31–36, 43]. Radar sounding has

been used in glaciology to infer bed topography [3, 4, 44], ice thickness [3, 4, 44–

46], and englacial layers [26, 47–49] of the ice sheets. A majority of ice penetrating

radar surveys have been motivated by the primary objective of locating the bed

reflectors. These bed reflectors are then used either to map the bed topography or

to estimate the total volume of ice, which is needed to estimate the sea level rise

potential of the ice sheets [4, 50–52]. In addition to resolving bed topography, the

radar sounder equations can also be solved either for basal reflectivity or echo char-

acter to investigate the thermal, material, and geometric properties of the basal

interface [32, 53–57], the distribution of subglacial water [53], englacial tempera-

tures [26], the spatial variation of basal melt [46, 58], the transition between frozen

and thawed bed conditions [38, 59, 60], and histories of surface accumulation [61].

The measured power of a reflected radar wave preserves information from bed

reflector, englacial reflectors, and path effects (which includes all the path losses;
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such as geometric, scattering, dielectric absorption which corresponds to attenua-

tion, and birefringence etc.). Thus, the returning waveforms provide insight into

the nature of subsurface interfaces and the ice column [62]. In polar ice sheets,

attenuation is generally the strongest path effect [63]. The returned power from

an ice-bed interface is normally corrected for the attenuation losses, either through

empirical [39, 64, 65] or numerical methods [60, 66]. After attenuation and other

power loss corrections (discussed in chapter 2), the returned power from the bed

can be interpreted in terms of bed properties; such as wetness ([32, 67] and rough-

ness [67–69]). Both wetness and roughness affect glacier processes like basal slip

[70, 71]. Recently, attenuation rates have also been used to infer the ice column

properties such as ice temperature [26] and water content in the firn [72].

Laboratory analyses and field data suggests that relatively homogeneous ice is

a very low-loss medium (resulting in a relatively small loss of returned power

englacially due to dielectric absorption) for radio waves at VHF (30– 300 MHz)

frequencies [43]. Dielectric absorption of ice is proportional to its electrical con-

ductivity, which is related to the ice temperature and chemical properties of ice

[42, 73–76]. As dielectric absorption is strongly dependent on temperature, varia-

tions in the attenuation rate can be used to estimate englacial temperature. The

electrical conductivity of pure ice (both in situ and laboratory-grown) is approx-

imately 0.01 mSm−1 [73]. However, the electrical conductivity is also influenced

by chemical impurities in the ice [34, 48, 66]. Assuming constant impurity con-

centrations over length scales of several hundred kilometres. This assumption will

enable us to use a single temperature profile for attenuation-temperature mapping

over Law Dome which is approximately 200 km in diameter [23].

There are a number of empirical and modelling methods to derive attenuation.

Empirically, many methods use bed echoes to constrain the attenuation, ranging

from a simple linear fitting model to adaptive constraining attenuation or model
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informed fitting [39, 59, 64, 65, 77]. Englacial layer information can also be used

to derive attenuation rates [26, 48]. Besides empirical methods, attenuation can

also be modelled and can be compared to observations to constrain the englacial

temperatures [66]. Prior studies used either paired conductivity and thermody-

namic models or radar data directly to calculate attenuation, but there is not a

single standard method available so far [62]. Hills et al. [62] argued that for the

same input radar data if different attenuation methods are applied, it yields varied

results.

Broadly, the attenuation methods can be divided into three groups: a) infer-

ring attenuation from a single reflector across many traces [38, 39, 64, 78–80];

b) inferring attenuation from multiple reflectors within one trace [26, 48]; and c)

inferring attenuation by contrasting the measured power from primary and sec-

ondary reflections [67, 81]. Methods that rely on a single reflector calculate a

single attenuation value over the ice-column. However, this does not yield infor-

mation on the englacial temperature profiles with depth. For methods which infer

attenuation from multiple reflectors, there are two options, i.e., depth-averaged

and depth-resolved. The depth-averaged method again results in a single value

attenuation rate while the depth-resolved provides enough information to estimate

the temperature profile over the ice-column [26, 48].

Law Dome is selected as a case study region for estimating its attenuation rates,

englacial temperatures, and geothermal heat flux. Law Dome (66.7◦S, 112.8◦E)

is a small independent ice cap (2.2 ± 0.1 cm sea level rise equivalent [3]) on the

Budd Coast of Wilkes Land, about 125 km ESE of Casey Station, East Antarc-

tica. Law Dome has been the subject of a number of glaciological and geophysical

surveys since 1962 [82]. Fig. 1.1 shows the location of Law Dome in East Antarc-

tica and the blue rectangle in the figure shows the selected region for this thesis.

Investigating the Cryospheric Evolution of the Central Antarctic Plate (ICECAP)
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[83, 84] project is an aerogeophysical survey over East Antarctica which provides

a dense radar data over the region. ICECAP radar data is our main input data for

extracting attenuation rates. For mapping these attenuation rates to temperature

profiles the ice core temperature profile at Dome Summit South (DSS) is utilised

which is an approximately 1200 m deep surface-to-bedrock drilling site [23, 85].

The ice on Law Dome is stable and slow-moving, and there is negligible melting

at the ice surface [86] and relatively moderate wind speed (8.3 ms−1) [87], which

means that the englacial layers are relatively stable.

The overarching aim here is to extract englacial temperatures from radar data. The

first step is to develop a method to obtain the radar attenuation from radar re-

flections as outlined in Chapter 2 (Chapter 2 is submitted to Earth System Science

Data (ESSD)). In this process the englacial reflectors are detected automatically

and a regularised mathematical model is developed to estimate the attenuation

rates. In the second stage, these englacial attenuation rates are transformed into

englacial temperatures as outlined in Chapter 3 (Chapter 3 is planned to be sub-

mitted to the Journal of Glaciology). This transformation requires the assumption

that the chemical properties will remain the same throughout the region of Law

Dome as a single temperature profile [23] is used to obtain the mapping func-

tion. This mapping function simply transforms the attenuation rates to englacial

temperatures. Once the temperature profiles are obtained the gradient of these

temperatures are then used to estimate the distribution of GHF across Law Dome

[91–93]. This requires several assumptions including that there is no horizontal ad-

vection and no additional heating source from basal shear. The thermal gradient

can also be affected by factors other than GHF like surface temperature; however,

we considered the estimated temperature near the ice sheet bed which reduces

the influence of the surface temperature. The estimated GHF values are slightly

lower than the previously estimated value of 72 mWm−2 [23] at DSS. However,
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Figure 1.1: Our area of interest (Law Dome) is enclosed in the blue rectangle
and the green line shows the grounding line. The background image is from
Moderate Resolution Imaging Spectroradiometer (MODIS) over Antarctica for
the 2008-2009 austral summer season [88, 89]. The figure is generated using

Antarctic Mapping Tools for MATLAB [90].

our estimates are not exactly at the bed, and much of this difference is removed

when a correction for vertical advection is applied. This correction is applied to

obtain the final GHF at DSS.

In this thesis, a new method is developed for attenuation rates. This method is

important because it requires radar data and there is no need for details of englacial

layers or any other details about reflectivity within the ice. It automatically detects
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the reflectors in the ice column. Our method provides a 3D volume of attenuation

rates which is helpful for generating temperature profiles along the ice column over

Law Dome. In addition to using attenuation as a proxy for temperature profiles,

it can also be used to correct the power reflected from englacial layers and the

bed. This will improve the radar reflections and its interpretation will lead to

even better understanding of subglacial environments. This method can easily be

extended to other regions having radar data and temperature profiles.



Chapter 2

Attenuation rates

2.1 Introduction

The East Antarctic Ice Sheet (EAIS) is the world’s largest source of sea-level rise,

with the marine-based component (where the ice-sheet is grounded below sea level)

containing enough ice to raise sea levels by approximately 52 m [3, 5]. The rate of

the potential EAIS contribution to sea-level rise can be estimated by calculating

the ice-sheet mass budget. Ice dynamics play an important role in the ice-sheet

mass budget by transporting ice from areas of accumulation to areas of mass loss.

Ice transport is strongly influenced by the internal temperature distribution within

the ice-sheet, with warmer, more deformable ice leading to potential increases in

ice-flow velocities [94, 95], greater discharge of ice into the ocean, and global

sea-level fluctuations. Estimating attenuation rates and temperatures from ice

penetrating radar has the benefit of constraining important model parameters

(e.g. GHF in the thermal model) that can be used in simulations of present-day

ice dynamics, as well as simulations of the EAIS contribution to future sea level

rise.

10
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Radar-echo sounding (RES) is a powerful and widely used geophysical method

to characterise the physical properties of the ice medium, such as ice thickness,

temperature, and englacial structure of ice-sheets and glaciers [26, 31–36, 96].

The basis for RES is the detection of transmitted electromagnetic waves reflected

from within the ice-sheet; the attenuation, transmission and reflection of these

waves is controlled by the electrical conductivity and permittivity of the ice [97].

As conductivity and permittivity are functions of the ice chemistry, they vary

spatially and through the ice column (or englacially), impacting the strength of

the reflectivity, and enabling the exploration of the physical properties of englacial

ice structures [32, 39]. The attenuation rate is primarily controlled by the ice-

sheet’s temperature and chemistry [34, 66, 98], and can be used to characterise

the physical properties of ice.

Previously, many studies assumed englacial attenuation rates to be uniform within

the ice and proportional to the ice thickness [99–101]. However, the attenuation

rate varies with location, due to changes in ice properties [34, 63]. For example, a

study in central West Antarctica shows that the one-way depth-averaged attenua-

tion rate varies horizontally by 5 dB km−1 in absolute terms along radar transects

[98]. Matsuoka et al. [63] argued that the assumption of regionally uniform atten-

uation rate fails in most cases due to varying ice chemistry and temperature which

leads to false attenuation estimates. However, these studies explored attenuation

rates only in small regions and the understanding across broader spatial scales

needs to be improved.

MacGregor et al. [26] demonstrated the use of radar reflections from englacial layers

to constrain the attenuation rates and temperatures as a function of depth in the

Greenland ice-sheet. A key advantage of the method derived by MacGregor et al.

[26] is that it does not rely on echoes from the ice-sheet bed to determine attenua-

tion, as the bed is complex and spatially variable [79], complicating interpretation
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of radar data near the bed. The disadvantage of this method is that it requires

radiostratigraphy (study of layering by means of radar reflections) data to reliably

trace the englacial layers [26]. Many studies considered inferring the englacial at-

tenuation or temperature from airborne radar data [26, 34, 39, 102, 103], but none

have done it in a way that only relied on radar data.

Another radar-based method to constrain attenuation rates was proposed by Mac-

Gregor et al. [33]. In this method, it assumed constant reflectivity values for the

internal layers and the method also exploits the dependence of radar attenuation

on ice temperature. However, this approach requires undisturbed englacial layers

(i.e., having clear boundaries in englacial layers), which cannot be applied to many

important regions because of the lack of englacial layer information. This depth-

averaged method is applicable at the ice-sheet scale, which requires contiguous and

undisturbed englacial layers, and cannot be applied to areas which include highly-

crevassed and fast-flowing regions near grounding zones and shear margins [26].

However, as these regions often influence the dynamics of the ice-sheet to a greater

extent, layer-based approaches cannot be used to obtain englacial temperatures in

many critical areas for ice-sheet modelling.

As an alternative to the methods described above, Schroeder et al. [39] developed

an adaptive approach for estimating englacial attenuation rates for the entire ice

column in Thwaites Glacier, West Antarctica. In this method, the unfocused radar

bed echoes are fitted based on the correlation of ice thickness and the corrected

bed power echo. The method performs weakly across the catchment near steeply

sloping bed topography. In addition, another concern is that this method returns

a 2D spatial map; however, deriving englacial temperatures requires estimates of

attenuation throughout the ice column, requiring a 3D attenuation map. The

temperature gradient can then be used to constrain the geothermal heat flux in

the ice-sheet.



Attenuation rates 13

Our proposed method overcomes some of the limitations of the previous meth-

ods. Initially, the englacial reflectors are detected in the reflection data and then

a mathematical technique that minimises the mismatch is used to obtain the es-

timates of englacial attenuation. This method does not require any additional

datasets (such as englacial stratigraphy). Therefore, this method can be applied

to regions which only have radar-bed echoes. A large amount of radar data has

already been acquired for a number of purposes across vast areas of the ice-sheet.

This method can utilise the existing acquired data and will extract the attenuation

rates, which can further be used to estimate temperature profiles; consequently,

it can improve the geothermal heat flux maps and ultimately can help improve

ice-sheet modelling predictions. The 3D map of englacial attenuation rate is not

available from any previous study and it can be a good data set for testing differ-

ent novel algorithms. Here, the radar data from the Investigating the Cryospheric

Evolution of the Central Antarctic Plate (ICECAP) [84] mission for Law Dome

East Antarctica are used. In the next section, the importance of the Law Dome

region is discussed. Section 3 describes the methodology used for estimating the

englacial attenuation rates. An assessment of the quality of the results, crossover

and uncertainty analyses are presented in Section 4. A summary of the research

findings is presented in section 5, including the derived 3D map of attenuation

rates and their uncertainty.

2.2 Study region and input data

Law Dome (66.7◦S, 112.8◦E) is a small independent ice cap (approximately 200

km in diameter) which is situated on the coast of East Antarctica as shown in Fig.

2.1. Law Dome is a suitable case study for estimating attenuation for a number

of reasons: 1) the availability of well-sampled radar data from the ICECAP [84]
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project, an aerogeophysical survey over East Antarctica; 2) the ice core drilling

site of an approximately 1200 m deep surface-to-bedrock at Dome Summit South

(DSS) which is located approximately 4.7 km SSW of the Law Dome Summit at

an elevation of 1370 m [23, 85] which can be helpful in mapping attenuation to

temperature profiles; and 3) the ice on Law Dome is slow-moving and stable, and

there is negligible melting at the ice surface [86] and relatively moderate wind

speed (8.3 ms−1) [87], which means that the englacial layers are relatively stable.

The ICECAP geophysical data that we use in this study were collected over the

period 2008-2012, covering over 14800 line-km of the Law Dome region [83, 84].

The survey aircraft was fitted with a High Capability Radar Sounder (HiCARS)

instrument, with a central frequency of 60 MHz and bandwidth of 15 MHz. In

order to retain full energy of the radar reflections, the radar data was processed

after pulse compression [104]. Ice thickness was determined using an ice speed of

169 m/µs for electromagnetic wave propagation and no firn correction was applied

for the reduced velocity of radio-waves [84]. In this work the bed-echo and aircraft

height data will be used in order to extract the attenuation rate. The selected

data cover the entire Law Dome region as shown in Fig. 2.1.

The spatial resolution of the ICECAP radar data is approximately 20 m along the

flight lines while the spacing between the flight lines is in order of kilometres and

is not evenly sampled (see Fig. 2.1).

2.3 Methodology

We use radar reflectors from within the ice column to estimate radar attenuation.

Radar attenuation is the loss (dB) of signal strength due to dielectric absorption

[106, 107], scattering and geometrical spreading. The attenuation rate given by

following Equation 2.1 describes the loss of energy from source to receiver per unit
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Figure 2.1: The black lines show the radar coverage over Law Dome from
ICECAP project [83, 84, 105]. Data from 2009-2012 is shown. The bed elevation
(shading) and surface elevations (contours) are from BedMachine Antarctica.
The projection is polar stereographic (true latitude 71S) and the bed and surface

are relative to EIGEN-EC4 geoid [3, 90].

distance [97].

N = ω

{
ε

2

[(
1 +

σ

ω2ε2

)1/2
− 1

]}1/2

(2.1)

The attenuation rate (N) strongly depends on electrical conductivity (σ) , permit-

tivity (ε) and angular frequency (ω). As some of these properties are themselves

strongly dependent on temperature, variations in the attenuation coefficient can
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be used to estimate englacial temperature, subject to making assumptions, such

as constant conductivity (same chemical properties). Radar attenuation is pro-

portional to conductivity and depends on the ice chemistry/acidity, but it varies

slowly spatially. In the case of Law Dome, the concentrations of impurities in the

ice column are low [86].

In our analysis of radar reflectors from within the ice column, the first crucial

step is to locate the englacial layers with an assumption of having the same re-

flection strength, and all the reflectors are assumed to be specular (mirror-like)

[35]. Once the englacial layers are detected down the ice column, the located

depth and strength of radar can be used to infer the attenuation rate. The re-

sulting attenuation rate can be validated by using crossovers of the flight lines to

check the robustness of the method and estimate the uncertainty in the obtained

attenuation.

2.3.1 Locating reflectors

In locating the reflectors, we process each vertical ice column of radar data (also

known as a trace) independently to produce high resolution spatial data at ap-

proximately every 20 m. For a column with M reflectors (M − 1 englacial layers),

where the index i shows the ith reflector from the surface, i.e., i = 0 corresponds

to the ice surface and i = M − 1 corresponds to the lowest englacial reflector, the

general equation for specular internal reflections from the ith reflector is given by

[26, 108]:

P i
r =

Pt(
λair
4π

)2G2
aT

2(Lia)
2LvsLbLsysGpR

4(h+ d/
√
ε)2

. (2.2)
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Here, Pt is the transmitted power, λair is the radar signal wavelength in air, Ga

is the antenna gain, T is the transmission loss at the interface of air and ice, La

is the one-way attenuation loss, Lvs is the total loss due to volume scattering, Lb

is the loss due to birefringence, Lsys is the total system loss, Gp is the processing

gain, h is the aircraft height above the ice surface, d is depth of the ice and ε

is real permittivity of the ice. In the above equation, Pt, λair, Ga, T, Lsys, Gp, ε

are assumed invariant for any given trace of radar data, which remains the same

vertically down the trace, but can vary horizontally along the flight line. Similar

to Matsuoka et al. [98], we assume that Lvs and Lb are negligible. The received

signal power P i
r from each reflector needs to be corrected first for the geometrical

spreading so that the attenuation due to spreading of radiowave travelling down

the ice column is compensated and the main attenuation factor should be only

dependent on the ice properties. In Equation 2.3, the received raw radar signal

is added with the geometrical correction factor (h distance travelled in the air

and d within the ice), and then converted to decibels ([x]dB = 10log10x) for easier

calculations. The radar sounding geometrically-corrected power is given by [26,

39]:

[P i
g ]dB = [P i

r ]dB + 2[2(h+ d/
√
ε)]dB, (2.3)

where [P i
r ]dB is the received power in decibels.

After the power correction, the next step is to locate the englacial reflectors.

Englacial layers have unique electrical properties, realised as peaks in englacial

reflectivity. Sometimes there are false reflectors which means that two consecutive

peaks may occur very close together, implying that the englacial layers are very

thin. To avoid this situation, an assumption is made that englacial layers are no

thinner than 60 m. These potential false reflectors make the process unstable and

sometimes result in too many reflectors if the condition of minimum layer thickness

is ignored. A value of 60 m was chosen as the minimum allowed spacing between
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reflectors which is only at the detection stage of englacial layers. It means that no

englacial layers detected can be closer than 60 m. Englacial layers can be spaced

more than 60 m, this means our method can capture a vertical resolution of 60 m.

The value of 60 m is the smallest value which gave an appropriate stable solution.

Although for some regions around Law Dome, values less than 60 m also worked,

for other regions it failed. This final selection was to make sure our method is

stable for the entire region with the same layer value. In an example profile in

Fig. 2.2, the detected reflectors are shown by small red circles. It can be seen that

out of 14 reflectors, three reflectors are discarded because the attenuation rate

is always positive and the signal is always attenuating over the depth. In other

words, for constant strength reflectors, the resulting reflections will always lead

to decreasing strength. However, the deeper layers can have higher reflectivity

if they contain higher conductivity materials. The assumption of uniform layer

reflectivity is a simplistic approach that we adopt at this current stage due to a

lack of conductivity profiles at Law Dome. It will be worthwhile in the future to

look into other approaches if englacial reflectivity data become available.

2.3.2 Retrieval of Attenuation

After detecting the englacial layers, the thicknesses of each englacial layer are

calculated. Now, the attenuation rate estimation problem is formulated as a Ridge

regularised minimisation problem [109]. In this problem, the required components

are englacial layer thicknesses and strength of power from reflectors, while the

attenuation rates are calculated. A penalty term is added to the minimisation

problem to suppress unphysical high frequency oscillations due to overfitting but

which provides a biased solution not relying 100 % on the data. The bias is

controlled with the parameter λ, which controls the smoothness of the resulting

attenuation. In other words, λ is controlling prior knowledge to the minimisation
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Figure 2.2: Locating englacial reflectors from a typical radar trace. The total
detected reflectors here are 14 but three are discarded which leaves 11 englacial

reflectors for further processing.

algorithm: the smaller the value, the more dependent the model is on the data

and vice versa. When λ = 0, the problem becomes a minimisation of the least

squares solution which means relying entirely on the data, but the solution may

contain physically unrealistic oscillations. The given minimisation problem is as

follows:

min (‖Z ∗N − P‖+ λ ‖N‖) (2.4)

subject to N ≥ 0 ,
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N =



N1

N2

.

.

.

NM−1


, P =



P1

P2

.

.

.

PM−1


,

Z =



1/∆z1 0 0 . . . 0 0

−1/∆z2 1/∆z2 0 . . . 0 0

0 −1/∆z3 1/∆z3 . . . 0 0

. . . . . . . .

. . . . . . . .

. . . . . . . .

0 0 0 . . . −1/∆zM−1 1/∆zM−1



−1

=



∆z1 0 0 . . . 0 0

∆z1 ∆z2 0 . . . 0 0

∆z1 ∆z2 ∆z3 . . . 0 0

. . . . . . . .

. . . . . . . .

. . . . . . . .

∆z1 ∆z2 ∆z3 . . . ∆zM−2 ∆zM−1



,

where Z is the englacial layer thickness square matrix (M − 1 x M − 1), which

contains the information of the thicknesses of all the englacial layers, ∆zi is thick-

ness of ith englacial layer, N is the radar signal two-way attenuation rate vector

(M − 1 x 1) within englacial layers, P is the power differences (in dBs) vector
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(M − 1 x 1) of the strongest reflection with each ith layer and λ is the regular-

isation parameter to tune the model. Here, Z resulted in a matrix because we

formulated for englacial layers attenuation (i.e. exactly within the layer) rather

than total attenuation rate [26]. As we are assuming the englacial layers have

the same strength reflections, which is not the case in reality, this may result in

negative attenuation values. Negative attenuation is not possible so we enforce a

constraint on the minimisation technique such that the resulting attenuation must

be a non-negative value. Our formulated problem is not a simple Ridge regression,

it has additional constraint of N > 0 which will not behave exactly simple Ridge

regression, but the general behaviour is of Ridge regression.

In Ridge regression [110], selection of λ is main parameter. A higher value of λ

will force the solution to be smoother but at the cost of diminishing the effect of

data on the modelled solution. In addition, higher values of λ will also suppress

attenuation towards zero (not exactly zero like lasso regression [111]). With higher

value of λ, the optimisation cost function rely more on λ ‖N‖ than the traditional

least square error component. Our aim here is to find a value of λ which leads

to a more robust and balanced solution. We explored number of values for λ

ranging from λ = 0 to λ = 10. When the value exceeds λ = 0.85, the solution

is physically unrealistic (extremely small values for the attenuation rate N), so

λ = 0.85 becomes our upper bound. For lower values of λ < 0.1, the solution is

too fluctuating (which are physically unrealistic and have large gradients) and for

λ > 0.85, the resultant is unrealistically small values which in fact discard the role

of the original data.

To find the optimum value of λ, mean square error (MSE) is plotted against λ as

shown in Fig. 2.3, which shows the optimum range is approximately 0.3 ≤ λ ≤ 0.4.

When λ is in this range, the values of MSE are approximately close and we selected

the smaller value because of two reasons. Firstly, the selected value of λ = 0.3
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is on the lower side of the optimum range, resulting in adequate weighting of the

original data, while avoiding large oscillations. Secondly, the normalised crossover

differences are also lower for λ = 0.3 which is discussed in section 2.4.2.

Schroeder et al. [39] reported 0-20 dbkm−1 one-way (or 0-40 dbkm−1 two-way)

attenuation rates at Thwaites Glacier, which is using a similar survey system

of ours (HiCARS with frequencies ranging from 52.5 Mhz to 67.5 MHz). The

reported value of attenuation rates helped us to determine acceptable range of

attenuation rates for a similar system. Attenuation rates varies with frequencies

and survey systems, so it is important to consider radar survey system when

comparing typical values of attenuation rates. The reported attenuation rates for

the same system at Thwaites Glacier [39] helps us in determining a physically

realistic attenuation rates at Law Dome. As we change the value of λ, the value of

attenuation rate is also affected, because the amount of bias in solution depends on

λ in Ridge regression. The higher the value of λ, the values of attenuation rates

are pushed more towards zero. So, the reported attenuation rate in Schroeder

et al. [39] helped us to constrain λ, which leads to acceptable physically realistic

range of attenuation rates.

The primary disadvantage of this method is that numerous englacial layers must

be correctly detected to reliably constrain the attenuation rate. Furthermore, in

order to avoid dependence on false reflectors, several conditions are required to be

met for processing the ice column, i.e., the ice thickness must be at least 200 m in

depth and the number of internal reflectors must be greater than or equal to four.

2.4 Data quality

In this section, the compilation of 3D attenuation data from the processed traces

is discussed in detail. As each trace is processed independently, the resultant
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Figure 2.3: Mean square error (MSE) against λ to find the optimum values
of λ. It can be seen that the MSE drops substantially at λ = 0.3.

attenuation rates are not well-distributed spatially over Law Dome. The reasons

for this are: firstly, the flights do not follow uniformly spaced gridded paths; and

secondly, the proposed method sometimes discards the traces with less than four

internal reflectors or the ice thickness at that location is less than 200 m. For

this reason, a 3D grid is generated which can help in visualising and binning the

attenuation rates to the corresponding 3D cell.

Next, the results are further processed to calculate 3D distribution of the attenu-

ation rates. In the 3D distribution, the 2D spatial coverage is 1 km x 1 km bins

while each bin point is a trace down the ice column depth, at a spacing of 60

m. Each 3D cell point may be influenced by many independently processed radar

traces. Many radar trace values may fall within a 1 km x 1 km bin, be a single
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value in a bin or have no radar data. If there are many values falling in that 3D

cell, the median is selected. The median values are selected for filling the grid

because it performs better due to the reduced number and magnitude of outliers

in the data. If no points fall within that cell, it will result in missing values (given

as NaNs).

2.4.1 Depth-averaged attenuation and uncertainties

In this section, the processed data is visualised in terms of depth-averaged at-

tenuation rate along with the uncertainties and the number of points spatially

contributing to the plot. In the 3D grid, the spatial map over Law Dome is ob-

tained by weighted average over all the depths in the traces. In the post processing

of the attenuation results the following steps are done:

1. A 3D grid is created where each cell represents 1 km x 1 km x 60 m.

2. For each flight line, each trace is mapped to the closest cell in the 3D grid.

We also have an additional 3D grid which retains information about how

many values are contributing to the corresponding cell. Another spatial 2D

version is added which represents how many traces from the flight lines are

contributing to each bin (see Fig. 2.5).

3. The depth-averaged attenuation rate is calculated (see Fig. 2.4a).

4. Standard deviation within each bin is calculated in order to find the uncer-

tainty in results (see Fig. 2.4b).

Fig. 2.4a shows the estimated englacial attenuation rate and the corresponding

standard deviation in each bin is shown in Fig. 2.4b. As the flight spacing is non-

uniform, there are different numbers of points contributing spatially, as indicated
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Figure 2.4: a) Spatially interpolated depth averaged attenuation rate. b)
Standard deviation within the 1 km x 1 km bins of the depth averaged attenu-
ation. The values of standard deviation are relatively small as compared to the
absolute attenuation rate values which means the uncertainty in the processed
attenuation rates are low. Note that the uncertainty increases at location with

large thickness as the deeper reflectors are harder to detect correctly.
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Figure 2.5: Number of traces contributing to each bin of the depth-averaged
attenuation.

in Fig. 2.5. There are several linear artefacts in the attenuation maps. These

artefacts are due to the geometry of the acquired flight tracks - the airborne flights

were not acquired on a regular, equally spaced grid. Along the flight tracks, the

spacing is approximately 20 m while the spacing between the flight tracks is of the

order 30-40 km. Our method is applied trace by trace in each flight track, where a

trace is a single column radar reflection. We later interpolated our final maps on

a regular grid of 1 km x 1 km, but because of irregular geometry the final maps
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have these artefacts. These artefacts can be minimised by applying a smoothing

filter, but it will diminish our aim of high-resolution maps. Fig. 2.5 shows how

many points are contributing to these grid cells, it is clear in the figure that the

irregular distribution of the data points leads to these artefacts.

2.4.2 Crossover Analysis

In this section, the attenuation rate results are analysed at the crossover points

in order to see the robustness of the method. A crossover is a location where two

or more flight lines cross each other (here crossover is considered within 35 m).

There are 582 crossovers. Here, we consider results averaged both over the depth

and spatially.

In the first spatial analysis, three errors are computed: mean absolute devia-

tion (MAD), median absolute deviation (MEDAD) and root mean square er-

ror (RMSE). In MAD, the deviation is greatly affected by outliers; in contrast,

MEDAD values are much less sensitive to outliers. Fig 2.6 is obtained by calculat-

ing the MAD, MEDAD and RMSE values between the crossover differences and

then averaged over the depth. From this figure, it can be seen that the MEDAD

values are relatively lower than MAD which shows that there are some high errors

in the attenuation rate. In Fig. 2.6(a)-(c) the MAD, MEDAD and RMSE values

are scattered. The crossover differences are small for most of the crossovers. At the

locations of larger ice thicknesses the attenuation rate differences at crossovers are

higher. For larger thicknesses, the number of internal reflectors increases and to

detect all the layers more reliably, it becomes more difficult hence resulting in high

differences. The MAD and RMSE values are higher than MEDAD which means

some high valued outliers are present in the differences. In terms of percentage

errors these spatial errors are of order 22% for MAD, 15% for MEDAD, and 32%
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for RMSE relative to the absolute values of attenuation rates. This also suggests

that median values perform better because of the outliers in the results.

In the second analysis, again the same three crossover differences of MAD, MEDAD

and RMSE are calculated at the crossover as a function of depth. Here, the attenu-

ation differences are seen down the depth which shows that the differences are low

at the top englacial layers and high at the bottom. This suggests that the deeper

the englacier layer, the harder it will be to detect. Fig. 2.7 shows the attenuation

rate over the depth for all the crossovers. The number of points contributing to

the error calculations is also shown as a function of depth. The error at the ice

base is high because detecting deep reflectors is difficult, the number of samples

at these depths for crossovers is limited, and the absolute values of attenuation

rates increases with depth. In terms of percentage depth errors the error increases

with depth. Upto the depth of 800 m, the errors are under 29% for MAD, 24% for

MEDAD, and 38% for RMSE relative to the absolute values of attenuation rates.

As we go deeper the number of samples is also reduced and the deeper reflectors

are harder to detect correctly so the error increases. Because of less samples at

deeper depths, the uncertainty increases.

As discussed above, the minimum MSE occurs for the values range 0.3 ≥ λ ≤ 0.4,

which is shown in Fig. 2.3. We further explored which values will provide a more

robust solution in context of crossover differences. The normalised median absolute

deviation is plotted for all the crossovers as shown in Fig. 2.8 with different values

of λ. In addition, these errors are averaged and is shown in Fig. 2.9. Both figures

show the solution is more robust at λ = 0.3 and the attenuation rates result in

values closer to typical reported values [39].

There are several reasons for discrepancies at the crossover differences. The

crossovers can be from different field seasons and hence the physical situation
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of the ice-sheet may differ and also small differences in equipment, result in vary-

ing radio echos. Another important reason is that ice is an anisotropic material

[112] and the acquisition of radar data is from different flight path directions.

For the majority of crossovers, the error values are low in comparison with the

estimated attenuation rate values which implies the robustness of our proposed

method. Also, to each cell in the 3D grid, there are many samples contributing to

each cell which further reduces the uncertainty in the estimated attenuation rates.
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Figure 2.6: Each scatter point represents the crossover differences (mean abso-
lute deviation, median absolute deviation, and root mean square error) averaged
over depth. The median values are relatively lower than the mean which shows
that there are few high error values which contribute to the mean errors which

is also confirmed by high RMSE values.

2.5 Conclusions

In this paper, a new method for attenuation rate estimation is developed and used

at the Law Dome region. The importance of this method is that it only relies on

radar data and can be applied to regions where there is no information about the

stratigraphy of englacial layers. We show that our method can be applied where
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Figure 2.7: At crossover points, the figure shows different type of errors with
depth. At each depth point, the corresponding error value is averaged over all
spatial points. Here, the NaN values are discarded. Each depth value results
from the different numbers of samples available at crossovers which is shown on

the left side of the figure.

only radar data is acquired. This is an important advancement because from

attenuation rates, the temperature profiles can be mapped, which could provide

further insight into heat sources at the base of the ice-sheet (e.g. constraints on

geothermal heat flux).

A high resolution attenuation rate can be obtained by this method with accept-

able uncertainty and errors; however, it can be further improved by treating the

assumptions made. Firstly, the quality of the estimated attenuation rates can be

further improved if the actual strengths of the reflectors are used rather than as-

suming constant strength reflectors. Secondly, the ice anisotropy should be taken

into account which is responsible for the different behaviour of radio waves when
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Figure 2.8: This figure shows normalised median crossover absolute deviation
for different values of λ. The values for a) λ = 0.2 and b) λ = 0.3 are comparable
but the values for λ = 0.3 is slightly small and resulting values closer to reported
in literature [39]. As the values of λ increases, the normalised deviation for
crossover increases, i.e., c) λ = 0.4 and λ = 0.6. Also note that the higher
values of λ will force the resulting attenuation rates closer to zero and hence

will be smaller than the typical values of attenuation rates.

incident on the ice from different directions. Finally, the automatic detection of in-

ternal reflectors can be further improved if the reflectors detected are traced in the

adjacent ice columns or using prior information about the englacial reflectors using

stratigraphy. However, in reality, the availability of such reflector information is
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Figure 2.9: This figure shows the mean of the normalised attenuation rates
for all crossovers shown in Figure 2.8. The minimum of the mean occurs at

approximately λ = 0.3, which is our optimum value for robust solution.

very rare compared to the radar coverage.



Chapter 3

Temperature and Geothermal

Heat Flux

3.1 Introduction

Within ice sheets, an understanding of the temperature distribution is important

for knowing its intrinsic properties and other physical processes related to it. This

is for a number of key reasons. Firstly, the deformation rate of ice strongly de-

pends on temperatures as the viscosity of ice increases five times for a temperature

decrease from -10 Cto−25C [9]. Secondly, rapid glacier sliding (which is one of the

key processes that leads to ice mass flux into the oceans) occurs when the basal

temperature approaches the pressure melting point and subglacial melt water is

produced [9–11]. Finally, melt-water routes within glaciers can be affected by the

ice temperature [9]. The interaction between ice flow and heat flow increases the

complexity of ice dynamics and evolution substantially [9].

Geothermal heat flux (GHF) is a critical thermal boundary variable, strongly con-

trolling the internal temperature distribution of the ice sheet and hence directly

33
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influencing ice deformability and sliding [9]. Accurate geothermal flux estimates

with sufficient spatial resolution are necessary to help reliably predict ice sheet

evolution and future climate change [113]. However, direct measurements of tem-

perature gradients from boreholes used to estimate GHF across Antarctica are

limited and difficult to acquire [114–116], as most of the continent is covered by

ice that is up to 4 km thick [4]. Instead, GHF datasets used in ice sheet mod-

els are commonly based on coarse geophysical magnetic data and seismic models

[18, 117, 118].

This study infers the temperature distribution of the ice sheet and GHF across

Law Dome using high resolution airborne radar data. Given the limited ice core

temperature measurements, our methods have the potential to provide reliable

temperature results to modellers and these methods can be extended to all of

East Antarctica where extensive and spatially dense radar data sets already exist

[84]. This will help to improve the knowledge of the temperature distribution

within the ice sheet and GHF with high resolution and these results will contain

high spatial frequency information which captures the underlying thermal regime

well.

In Chapter 2, we derived a method for extracting attenuation rates from radar

data. Here, this attenuation rate data is utilised to estimate temperature profiles

at Law Dome. Later, the gradient of these temperature profiles is used to obtain

GHF. The spatially varying GHF generated is very high resolution (1 km) as

compared to previous results.

3.2 Background

GHF describes the movement of heat energy from the Earth’s interior to the

surface [119]. There are three main sources of geothermal heat: a) primordial heat



Temperature and Geothermal Heat Flux 35

remaining from the Earth’s formation; b) the latent heat released in the liquid

outer core during crystallisation; and c) radiogenic heat produced by the decay of

heat producing elements like uranium, potassium, and thorium [120, 121]. These

radioactive heating elements are concentrated in the Earth’s crust [122, 123].

In the past years, the basal thermal regime of ice caps, mountain glaciers and

large ice-sheets has remained a subject of intensive research [13–15]. GHF is one

of the major uncertainties in understanding the basal conditions of the Antarctic

ice sheet. The estimation of Antarctic GHF is challenging because of the geological

complexity of composite continental crust and only 0.2 % of the bedrock is exposed

across the Antarctic ice sheet which makes direct access to the bedrock difficult

[118]. Under the ice sheet, the spatial variability in GHF distribution is related to

the geological evolution of the Antarctic continent, including variability in crustal

heat production, heat from the mantle, crustal thickness, tectonic history, thermal

conductivity, and volcanism [17–21, 124].

GHF strongly influences the ice sheet temperature affecting ice rheology, basal

melt-water production, basal friction, sliding velocity, and erosion [17, 125, 126].

The heat energy conservation statement at the ice-sheet base is given by [127]:

GHF +Gp +Gs +Gw +Gc +Gf +Gd = 0, (3.1)

where GHF is GHF, Gp is the heat required to maintain the water-flow at pressure

melting point, Gs is the heat generated by sliding, Gw is the heat generated by

subglacial water-flow, Gc is the heat conducted away towards the surface, Gf is the

heat released by freezing or absorbed by melting, and Gd is deformational heat.

Here, a positive sign of a component of G(mWm−2) means the addition of heat

to the system while a negative sign is removal of heat from the system.
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GHF can be estimated from a) forward modelling of geological or geophysical data

[18, 117, 118, 128–130], b) by inverse modelling of glaciological data [116], and c)

temperature gradient of a borehole into bedrock or ice [93, 131, 132]. Geophysical

methods derive the GHF from temperature—sensitive physical properties within

the Earth’s mantle or lithosphere. These geophysical methods include magnetic

[18, 118, 133], seismic [117], and gravity modelling [134, 135]. To date, geophys-

ical methods have been the predominant means of providing GHF maps at the

continental-scale [18, 117, 118, 133]. The inverse modelling of glaciological prop-

erties like melt rates and glacial flow observations can also provide GHF estimates

[136], but inverse models also require validation, particularly at the ice sheet base,

which usually requires geophysical data.

GHF can also be estimated from the temperature gradient in boreholes. Mea-

surements of temperature gradient and thermal conductivity in Antarctic bedrock

or unconsolidated sediments is the most direct method to derive GHF. However,

thermal gradients can be affected by processes other than GHF (including e.g.,

surface temperature and hydrothermal circulation) [115]. These processes can

cause locally anomalous GHF estimates that may not be regionally representa-

tive. As most of Antarctica is ice covered so the use of ice-boreholes is another

good method to estimate GHF from englacial temperatures. If the ice borehole

measurements reach the bed, the temperature gradient can be calculated near the

bed interface and GHF derived [131]. If ice borehole temperature profiles do not

extend down to the bed, then the englacial temperature profiles or basal tem-

peratures are reproduced to estimate the GHF with the compensation for heat

diffusion [93, 132, 137].

Law Dome is dynamically stable (with relatively low velocities) and has minimal

basal melting [23, 87]. In equation 3.1, this makes Gp, Gs, Gw, and Gf negligible

at the base. It is also assumed that there is no deformational heat at the base
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which makes Gd=0. The equation at the base of Law Dome thus becomes:

GHF = −Gc, (3.2)

which means the GHF at the base is conducted away towards the surface.

In a recent study, the GHF estimate for Law Dome is 72 mWm−2 [137] while

the previous estimate was 75.1 mWm−2 [23] which is about 4% higher. These

estimates provide a single value for the entire Law Dome region (approximately

200 km in diameter). We know that GHF can vary significantly on spatial scales

much smaller than this [138] and spatially varying GHF estimates can be obtained

from continental scale GHF maps [18, 117, 118, 128]. Among these, only Martos

et al. [118] provide a high resolution (15 km) GHF map. Other known GHF maps

have hundreds of kilometres horizontal spatial resolution which is very low for a

200 km diameter region. While Martos et al. [118] might have 15km resolution, the

GHF estimate varies smoothly across Law Dome (see Fig. 3.9) and does not show

the shorter spatial scale variability modelled elsewhere in Antarctica [138]. The

quality of continental scale GHF estimates strongly depends on local observations.

For a region, if the number of observations are limited then the uncertainty is

higher at that specific location in the continental GHF maps. None of the available

GHF models cover Law Dome at high resolution. The aim here is to provide high

resolution (1 km) spatially varying GHF estimates.

3.3 Methodology

This section discusses the two step process of estimating GHF from radar attenua-

tion rates. Firstly, the attenuation rates are mapped to the englacial temperatures;

secondly, the gradient of these temperatures is used to estimate GHF.
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3.3.1 Attenuation Rates to Englacial Temperatures

This section develops a method for mapping attenuation rates (estimates derived

in Chapter 2) to englacial temperatures. Radar attenuation is the loss (dB) of

signal strength due to dielectric absorption, scattering and geometrical spreading.

The attenuation rate is given by the following equation which describes the loss

of energy from source to receiver per unit distance [97]:

N = ω

{
ε

2

[(
1 +

σ

ω2ε2

)1/2
− 1

]}1/2

. (3.3)

The attenuation rate N strongly depends on σ electrical conductivity, ε permittiv-

ity and ω angular frequency. As σ and ε are strongly dependent on temperature,

variations in the attenuation rate can be used to estimate englacial temperatures,

subject to the assumption that the conductivity will remain the same. Also, the

frequency bandwidth of the radar signal is narrow enough to assume that the at-

tenuation rate will approximately remain frequency-independent (in the frequency

range of VHF; 30-300 MHz) [26]. The radar data used here from ICECAP has a

bandwidth of 15 MHz at the center frequency of 60 MHz [83].

In the past, Arrhenius temperature model is used to map attenuation rates to

temperature profiles [26, 33, 65]. This model is very sensitive to conductivity.

For Law Dome, conductivity data is not available rather a temperature profile is

available [23]. Because of the high sensitivity of Arrhenius model in the absence

of conductivity data we opted for mapping the actual temperature profiles. The

Arrhenius model had been used in Greenland [26, 65] or West Antarctica [33]. In

East Antarctica, Dome C has the acidity and sea-salt concentration data available

[139], but Law Dome is a coastal region and sea-salt concentration may vary from

Dome C. The Arrhenius function is too sensitive to these concentrations and it

restricts us to use the temperature profile available at Law Dome.
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Now, a mapping function is required from attenuation rates to englacial tem-

peratures. To obtain this mapping function, the temperature profile from the

ice-borehole at Dome Summit South (DSS) [23] and the attenuation rate data

from Chapter 2 are used.

The only temperature profile to bedrock available at Law Dome is the DSS bore-

hole. To utilise this profile more broadly across the whole Law Dome region, an

assumption is made that the chemical properties of the entire region remain the

same to rely on a single mapping function [33, 98]. Initially, an 8.5 km radius

region is selected from the point of DSS to estimate a spatially averaged profile of

attenuation rates which can then be used to obtain the mapping function. After

obtaining the mapping function, the attenuation rates over the entire region are

processed through this function to obtain the corresponding temperature profiles.

Generally, a high attenuation rate corresponds to higher temperatures. The at-

tenuation rate changes with depth as shown in Fig. 3.1. The attenuation rates

within an 8.5 km radius from DSS are shown at each depth level (each depth

level is 60 m apart). It can be seen that some values are missing (represented by

white grid cells) at each depth level. These missing values result either from not

detecting the englacial layer at that depth level (by our method) or the flight line

not passing within 500 m of the grid cell. From the attenuation rates pattern it

can be seen that the attenuation rates increase with depth which is also the case

with temperature profiles as discussed above.

The data within 8.5 km of DSS is used to generate our required attenuation rate

profile which will be used to construct the mapping function. This radius is se-

lected as it provides enough points for generating mapping function. If we select

higher values for the radius, it will diminish the robustness of the mapping function

(extrapolation issues). The reason we selected this radius is that it was smaller
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enough to have sufficient data points at different englacial layer depths. We some-

times have missing reflectors which means that for smaller radii we will not have

enough points at each englacial reflector and missing points at some reflectors is

not good for deriving the mapping function. At each depth level, the median value

of attenuation rate is selected. As from Chapter 2, the median value is robust for

our algorithm because of the possible outliers in the results. Fig. 3.2 shows the

median values at each depth level and the number of samples contributing to each

depth level is also shown in the bar chart. The attenuation rate increases with

depth except at 1140 m (note that the DSS ice thickness is approximately 1200

m [87]). This is because the deepest reflectors are hard to detect. In addition,

the number of samples at the last reflector is small which makes it relatively un-

reliable. The attenuation rates monotonically increase up to 1080 m which means

that the englacial temperature increases with depth. The higher the number of

samples, the more reliable the results because we have enough samples at those

depth levels. From this trace of attenuation rates we can rely on the estimated

attenuation rate up to 1080 m which is above the base by over a 100 m (see section

3.3.2).

The attenuation rate trace obtained at DSS is mapped against the ice-borehole

temperature profile at DSS as shown in Fig. 3.3 to fit the mapping function. We

are more interested in correctly mapping the deeper attenuation rates, as it will

be utilised for estimation of GHF (derivative of temperatures). The top layer

temperatures do not vary much up to certain depth (approximately 500 m) and

then increases with further depth as shown in the Fig. 3.3. On the other hand, the

attenuation rates are increasing continuously right from the surface as shown in

the Fig. 3.1. The depth sampling is 60 m so we have depth samples at 0 m, 60 m,

120 m, . . . , 480 m, . . . , 1200 m, among this sequence, 480 m is the closest to 500

m. The starting sample for generating the mapping function is 480 m and the last
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Figure 3.1: Attenuation rates at different depth levels at DSS within 8.5 km
radius. There are a total of 20 depth levels shown in the figure, each frame is a
depth level and corresponding depth is shown in its title. In each frame, there
are a total of 12 x 12 grid cells, each grid cell corresponds to approximately 1
km x 1 km. The centre of each frame is at DSS. This figure also shows the trend

of attenuation rates which increases with depth.

sample is 1200 m (the maximum depth). If we use the upper layers temperature

for mapping, it will bias the Attenuation-Temperature mapping and will result

in a function which will not capture the actual Attenuation-Temperature relation

at the deeper layers (the layers important for estimating GHF at the base). The

mapping function is shown in Fig 3.4 is obtained by fitting a least squares function.

The mapping function is given by equation:

T = p1N + p2 , (3.4)
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where T (◦C) is the output temperature for a given attenuation rate N(dBkm−1),

derived constants are p1 = 0.4411, and p2 = −35.45. This function is utilised

to transform the attenuation rate data generated in Chapter 2 to temperature

profiles which are used in the estimation of GHF as discussed in the next section.

The deeper the englacial reflector the harder it is to detect it reliably. In our

method the deepest reflector is not always at the base as sometimes it is not

reliably detected. This causes a problem in estimating the temperature exactly at

the base, although extrapolation can be used to estimate the temperatures at the

base. Here we are more interested in the gradient of temperatures and a correction

mechanism is developed if the deepest reflector detected is not at the exact base.
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Figure 3.2: Median of attenuation rates within 8.5 km of DSS at each depth
level. The left side shows how many samples at each depth level are contributing
to the median value and the right side of the figure plots the median values of
attenuation rates at each depth level. Depth levels are 60 m apart and 0 m

reference is from the ice surface.
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Figure 3.3: Temperature profile at Law Dome DSS borehole site [23].

Figure 3.4: Fitting the curve to obtain attenuation rate to temperature map-
ping function. For fitting the curve, the temperature and attenuation rate points

are selected from depth 480 m to 1200 m.
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3.3.2 Calculating geothermal heat flux from temperature

gradient

From the previous section, the temperature profiles along the ice-column are avail-

able and the gradient of these temperature profiles is utilised to calculate the GHF.

According to Fourier’s law in one dimension the heat flux q can be calculated from

the temperature gradient [118] as:

q = −kdT (z)

dz
, (3.5)

where thermal conductivity for ice is k = 9.828 exp(−0.0057 (T (◦C) + 273.15))

(Wm−1K−1) [140]. This equation can give us GHF at the base if we have a tem-

perature profile down to the base. However, the temperature profile we obtained

was down to certain depths which were slightly above the base. In regions of accu-

mulation, the temperature gradient increases with depth (the maximum gradient

is at the base) [9]. If our deepest reflector is not exactly at the base, we need a

compensating correction mechanism.

In glaciers, heat is conducted both vertically and horizontally, but the horizontal

part is usually negligible because of its smaller temperature gradient. In addition,

we are near an ice dome, and hence the horizontal velocities are low and horizontal

advection can be neglected. However, the vertical advective heat transfer by means

of ice flow is important [9].

The following equations describe the dimensionless quantities, which are later used

in the correction mechanism of heat flux. The dimensionless distance above bed

is given by:

ξ =
z

H
, (3.6)
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where z is distance above bed and H is the ice thickness. The dimensionless

temperature is

Θ = k
(T − Ts)
GH

, (3.7)

where Ts is temperature at the surface and G is GHF. At the bed, the temperature

difference between surface and the bed is given as [9]:

ΘB =

[
π

2γ

]
erf(γ/2)

1/2

, (3.8)

where

γ =

.

biH

αT

is the advection parameter [9],
.

bi is accumulation or ablation rate, H is ice sheet

thickness, and αT is Thermal diffusivity. The γ is positive for accumulation and

negative for ablation regions. The γ is similar to the P éclet Number which also

indicates the relative importance of advection to conduction [9]. At DSS, the

value of γ is 10.65. The increase in temperature gradient towards the base is a

consequence of the decreasing vertical velocities of ice, and hence a decreasing

advective heat flux. Fig. 3.5 summaries the effect of γ in terms of dimensionless

temperature and height from the bed. When γ = 0, it means that the temperature

gradient remains constant from the surface to the bed. When γ > 0 (corresponds

to accumulation), the temperature gradient is increasing from the surface to bed.

When γ < 0 (corresponds to ablation), the temperature gradient is decreasing

from the surface to bed. Here in the case of Law Dome the value of γ is positive.

The RACMO2 data will be utilised for accumulation rates [141].

The temperature gradient is estimated at the deepest reflector detected by our

method. The temperature gradient is high at the base in the accumulation re-

gions. Initially, the conductive heat flux is estimated using least squares for the
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Figure 3.5: Dimensionless steady-state temperature profiles for different val-
ues of advection parameter γ. For positive values of γ the gradient is highest
at the bed and the gradient changes depending upon the value of γ while for
negative value of γ the gradient is the smallest at the bed. The figure is from

Chapter 9, The Physics of Glaciers [9].

temperature gradient dT (z)
dz

, the slope in the fit is used to estimate the conductive

heat flux at the deeper reflectors. The deepest reliable reflector detected by our

algorithm is approximately 100 m above the base. Using the methods described

above, we estimate a conductive heat flux of 63.2 mWm−2 at 100 m above the

ice sheet base. This is less than the GHF of 72 mWm−2 estimated at Law Dome

[23, 137]. The difference between the two GHF estimates is used to compensate

for the heat flux. The accumulation rate, our deepest reflectors and ice thickness

varies spatially; so, this compensation is required to apply to the whole region

spatially trace-by-trace.

We assume all other heat fluxes are negligible for this region, that within the ice
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Figure 3.6: The RACMO2 surface mass balance data is used for correcting
the advective component of heat flux [141]. Bilinear interpolation is used to
smooth the data as the original data resolution was too low for our requirement

[142].

the sum of the vertical advective and conductive fluxes must be constant, and that

for positive accumulation regions the advective flux decreases with depth and is

zero at the base (for regions without basal melt). At the base of the ice, the GHF

is equal to the conductive heat flux in the ice. If the deepest detected reflector is

above the base, we need to estimate the advective heat flux component and add

this to the calculated conductive heat flux to estimate the total heat flux within
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the ice. For the correction of the advective component, the surface mass balance

data is used as shown in Fig. 3.6. The following steps summarise the advective

correction made in this study:

Each trace advective component is calculated based on the two values, how much

the detected reflector is above the base and how much is accumulation rate there.

We assume that the ratio of accumulation rate at DSS is equal to the ratio of γ.

For a steady ice sheet elevation, the vertical velocity is in balance with the snow

accumulation, so that the advective heat flux will scale with the accumulation rate.

We scale this advective flux at DSS by the ratio of the local snow accumulation

rate to the accumulation rate at DSS (using RACMO2) [141]. Using the values

of relative depth and the scaled advective flux, the advective heat flux component

at corresponding depth reflector is calculated. The final corrected GHF is simply

the addition of the conductive and compensating advective heat fluxes.

3.4 Results and Discussion

In this chapter, the attenuation rates are mapped to temperature profiles which

are later used for GHF estimations. Here, we show the temperature at the deepest

reflector detected by our algorithm. Fig. 3.7 shows the ice thickness [3], deepest re-

flector detected, and the temperature closest to the base detected by our method.

From Fig.2.5, it can be seen where the temperatures are more reliable. In some

places the number of estimated attenuation points are very limited and will result

in poor approximation. Also, when we get closer to the coast the ice thickness

decreases and the reflector detection capability also decreases in the firn; so, the

resultant temperatures are not very reliable here (approximately 10 km from the
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coast). The temperatures are more reliable in the centre part of the figure be-

cause of more estimation points and higher thickness. At DSS, the reported basal

temperature is approximately −7 oC [23].
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Figure 3.7: a) Ice thickness [143]. b) Deepest reflector detected by our method.
c) Temperatures at these detected deepest reflectors.

We also obtained two estimates of GHF: the first one is before correction and

the second one is after vertical advective correction. The advective component

is dependent on the accumulation rate of the ice. Annual average (1979–2014)

RACMO2 accumulation rate data is used for this purpose [141]. The resolution of
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accumulation rate data is too coarse, therefore a bilinear interpolation was applied

to sample the RACMO data at each radar trace.

The RACMO uncertainty or error in bilinear interpolation contributes to only the

advective component of heat flux (8.8 mW/m2), which is only 12.2 % of the total

GHF. The main component which is conductive component derived from radar is

87.2 % and it is not affected by RACMO. The RACMO uncertainty is translated

linearly because of the linear relation in our correction method. For instance, if

RACMO has 30 % uncertainty, it will only contribute 3.7 %, which is not that

high as compared to the uncertainty in our derived attenuation rates shown in the

Fig. 2.4.

Fig. 3.8 shows the GHF before correction which is purely dependent on the tem-

perature gradient and after correction to compensate for the advective flux. The

advective component contributes more where the value of γ is higher as shown in

Fig. 3.5. Here at Law Dome the value of γ is positive. The results are interpo-

lated using bilinear interpolation within the grid using gradient regularisation and

solving it as normal equations [142].

In Fig. 3.9 the GHF models from previous methods are shown across Law Dome.

Fig. 3.9a and 3.9b show the Shapiro and Ritzwoller [117] and An et al. [128]

seismic estimate of GHF respectively; panels c and d show the magnetic models

Maule et al. [18] and Martos et al. [118] respectively. These methods provide

GHF coverage over Antarctica. The spatial resolution of GHF by Shapiro and

Ritzwoller [117] is 600-1000 km, Maule et al. [18] is approximately 200 km, An

et al. [128] is approximately 120 km, and the Martos et al. [118] method produces

GHF of relatively higher horizontal spatial resolution—15 km. The GHF fluxes

in each case are lower than the ice borehole estimate of 72 mWm−2 [23, 137].

The Martos et al. [118] estimate is the highest of the datasets and closest to the
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Figure 3.8: a) GHF across Law Dome before advective correction which is
purely obtained from temperature gradient. b) GHF after the correction term

is added which compensates for the advective term above the bed.

borehole estimate. When the advective compensation is applied to our estimate,

the GHF across all of Law Dome is in the range 65-80 mWm−2.

There are a number of assumptions that impact the uncertainty associated with our

GHF estimate. We are relying on a single ice borehole temperature profile which

makes our method extremely sensitive to the measurements of those borehole

temperature profiles. If these measurements have a high degree of uncertainty, it

makes our mapping function less certain. We also assumed that the impurities

(acidity etc.) at Law Dome over the entire region remains constant. In places

where there is high spatial variability in chemical properties over relatively short

distances, this will decrease the robustness of our method.

We used a basic correction mechanism for GHF. There is an alternative way to

deal with this compensation. For example, Zagorodnov et al. [93] used a numerical

method which extrapolates the temperature profiles down to the bed. From here,

the temperature gradient was estimated right at the base, which is proportional to

GHF assuming there is no other heat source or sink. Such a method circumvents
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the need for an advective correction. In our case the spatial and vertical resolutions

are very high and the temperature profiles are not very smooth in the adjacent

grid cells (also we have different detected depth layers) which may lead to poorer

extrapolation.

Figure 3.9: GHF across Law Dome using seismic model estimate (a and b;
[117, 128]) and magnetic methods derived from Curie depth estimates (c and d;
[18, 118]). Among these methods, Martos et al. [118] is the only high resolution

GHF estimates on continental scale.
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3.5 Conclusion

In this chapter, the attenuation rates obtained in Chapter 2 are used to estimate

englacial temperature and GHF for the Law Dome region. A method is developed

which transforms the attenuation rates into temperatures using a mapping func-

tion. This mapping function is obtained by using the actual temperature profiles

from the DSS borehole. It is assumed that this mapping function will remain the

same throughout the region. Here only one profile was available; however, where

multiple ice cores temperature profiles are available, all can be utilised to obtain

this mapping function.

The temperature profiles are further processed to obtain the GHF. GHF obtained

through our method resulted in a smaller value at DSS than the previous estimate.

Since the radar sounder does not always detect the deepest basal ice reflector, a

correction for the advective heat component must be applied. So, we will have two

heat flux components, i.e., conductive and advective (corrective compensation).

The conductive part is obtained using a 1D Fourier heat flux equation, while the

advective part is corrected and added to the heat budget based on the difference

between our estimate and direct calculations of GHF at DSS.

Our method is applicable to other regions where we have at least one temperature

profile, radar reflection data, ice thicknesses and annual accumulation rates. The

benefit of this method is that, being derived from high-resolution radar data, it

provides very dense spatial resolution results, on the order of a kilometre, which

is particularly relevant in regions of Antarctica where local highs in GHF may

significantly impact the dynamics of ice flow.



Chapter 4

Conclusions

In this thesis, a radar-based method is developed for estimating the attenuation

rates, then these estimates are used to obtain temperature profiles. The gradi-

ent of these englacial temperatures is used to generate a GHF map across Law

Dome. For attenuation rates, the returned power is first corrected for geomet-

rical path loss. After this correction, the most important step is to detect the

englacial layers correctly. The problem is then mathematically formulated as a

constraint regularised l2 minimisation problem. Solving the minimisation problem

leads to the englacial attenuation estimates. In the next step, these attenuation

estimates are mapped to englacial temperatures using a mapping function. The

mapping function is obtained using ice borehole temperature profile at DSS. The

mapped temperature profiles are used for estimating GHF from temperature gra-

dient. In the final step, a corrective compensation mechanism for GHF estimates

is conducted to get our final GHF estimates across Law Dome.

In Chapter 2, we used raw radar data from ICECAP project over Law Dome to

estimate the attenuation profiles using our method. A 3D attenuation rate dataset

is generated using this method which is 1 km x 1 km x 60 m. This means that

the horizontal spatial resolution is 1 km x 1 km and the vertical resolution along

54
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the depth is 60 m. The depth-averaged attenuation rates along with uncertainties

are provided. To validate our method, crossover analysis was conducted both

spatially and along the ice-column. There are a total of 582 crossovers (crossover

is considered within 35 m). In spatial analysis of crossovers, three differences

are computed, i.e., mean absolute deviation (MAD), median absolute deviation

(MEDAD), and root mean square error (RMSE). Spatially, these differences for

crossovers are relatively small as compared to the absolute values of attenuation

rates which means that our method is robust. Along the ice-column the same

MAD, MEDAD, and RMSE differences are calculated. Among these errors again

the MEDAD is the smallest. As the depth increases, the values of these differences

increases because the deeper the reflector, the harder is the englacial layer detection

which leads to higher error differences. In both spatial and depth crossover analysis

the values of MEDAD are relatively less which means that our estimates contain

some outliers. The method is fully automatic and some bad radar traces might lead

to outliers. To minimise the effect of outliers, median values were selected while

generating the final 3D attenuation rates map. The depth-averaged attenuation

rates are higher at regions where ice is thicker. Similarly, the uncertainty in

attenuation rates is also higher at thicker regions because englacial layer detection

at deeper regions is relatively a more difficult task.

In Chapter 3, we used ice borehole temperature profile data to transform the

attenuation rates from Chapter 2 to temperature maps. A mapping function is

required to transform the attenuation rates to temperatures profiles. This mapping

function is generated using the ice borehole temperature at DSS [23] and the

median values of attenuation rate within radius of 8.5 km from DSS at each depth

level. From the temperature gradient, we estimated the conductive GHF and a

correction term is added to compensate for advective component which leads to

our GHF estimates. Our conductive flux estimates are 8.8 mWm−2 lower from the
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previously reported value [137]. These estimates are lower because of our deepest

englacial reflector is not the base. A correction term of advective heat flux is

calculated using RACMO2 accumulation rate data over Law Dome and is added

to conductive flux to get our final GHF estimates.

The temperature mapping function is obtained using only a single borehole site

and considering the ice chemistry to remain the same throughout the region. If

the chemical properties change rapidly over the spatial region then this mapping

function will not capture the actual relation. In addition, this mapping function

is a first order linear function. In reality, this is not a first order relation but we

selected this approach as we had very limited points to generate this mapping

function. The higher order relations require more points to avoid over-fitting.

This method can be applied to regions where radar data and ice-borehole temper-

ature profile is available within a few hundred kilometres. We applied this method

to a relatively small region of approximately 200 km diameter which is stable and

slow-moving. On the continental level, it needs to be investigated how the method-

ology performs in more complex topography and fast-moving regions. We already

know that the method performance degrades when the ice thickness increases. If

the method is expanded on continental scales then the crossover analysis should

also be performed over regions of larger ice thicknesses. It should be also be taken

into account that whether the method is correctly detecting englacial layers over

a variety of terrains across the continent. If the method is applied on larger re-

gions having multiple ice-borehole profiles, then regional attenuation-temperature

mapping functions will be more suitable.

Most of the previous methods extract an depth-averaged value of attenuation

rates and also requires information about englacial layers reflectivity and its depth

location. Our method is a complete path to get GHF from raw radar data and a

single column of the ice sheet temperature profile.
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Future Directions

In our method, we assumed that the englacial layers are considered to have the

same reflective strength which is not the case in reality. If the englacial layers

reflectivity is provided then corresponding correction will improve the attenuation

estimation. In addition, stratigraphy of englacial layers can cross validate our

automatic englacial layers detection method. On continental scales stratigraphy

is a complex process but if available for certain regions then it can be helpful in

tuning the method [144–147]. In our method we processed radar data column by

column and the detection process can be further improved if the englacial reflectors

are traced within the adjacent columns [144]. As the deeper reflectors are hard to

detect in the current method, the tracing within the adjacent columns will improve

deeper detection which can help expanding the method to continental scale [26].

Mapping from attenuation to temperature assumes the same chemical properties

throughout the region [26, 34]. If spatial variation in ice chemistry is embedded

in the mapping function, it can further improve the mapping function which will

not require the assumption of same chemical properties; however, it will require

substantial amount of chemical information of the region. In addition, if we have

more than one borehole for certain regions, it can help in improving this mapping

function. A high order mapping function is better to capture that actual physi-

cal relation between temperature and attenuation rate but more data points are

required to generate this high order mapping function. More temperature profiles

means more data points for mapping function.

In estimation of GHF, the correction for advection is treated in a very basic way

[9]. An alternate approach can be to improve the englacial layer detection process

to detect the deepest reflector correctly. Once we have that reflector there will be

no need of this correction because we will have temperature profiles up to the bed.
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This method can be applied to other regions of interest where radar data is avail-

able [84, 104]. If temperature profiles are not available, only attenuation rate data

is also helpful in correction of radar returned power. In addition to radar data

if temperature profiles are also available [23, 93], then we can obtain GHF maps

over that region from raw radar data. There is plenty of radar data available over

Antarctica [3, 84, 104].

Accurate estimates of englacial temperature and geothermal heat flux are incred-

ibly important for constraining model simulations of ice dynamics (e.g. viscosity

is temperature-dependent) and sliding [9]. However, we currently have few direct

measurements of vertical temperature (i.e. only at boreholes/ice domes) [22–25]

and geothermal heat flux in Antarctica [18, 117, 118, 128]. This method derives

attenuation rates, that can then be mapped directly to englacial temperatures and

geothermal heat flux. A novel approach is developed which uses the radar sound-

ing data to estimate these temperatures and GHF. If we compare the existing

GHF maps [18, 117, 118, 128], they have much lower resolutions as compared to

what is offered by our method as the acquisition of airborne radar data is normally

very dense [3]. In addition, a mapping function is required which can be generated

either from temperature profiles or using Arrhenius function by utilising chemical

properties (i.e. acidity and sea-salt concentrations) of the region [33, 34]. By doing

so, a higher resolution GHF map is possible on continental scale.
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[7] M. Llubes, C. Lanseau, and F. Rémy. Relations between basal condition,

subglacial hydrological networks and geothermal flux in Antarctica. Earth

and Planetary Science Letters, 241(3-4):655–662, jan 2006. ISSN 0012821X.

doi: 10.1016/j.epsl.2005.10.040.

[8] C. Van der Veen. Fundamentals of glacier dynamics. CRC press, 2013. ISBN

9781439835678.

[9] K. M. Cuffey and W. S. B. Paterson. The physics of glaciers. Academic

Press, 2010.

[10] A. J. Payne. Limit cycles in the basal thermal regime of ice sheets. Journal

of Geophysical Research: Solid Earth, 100(B3):4249–4263, 1995.



Bibliography 61

[11] B. Saltzman. Dynamical paleoclimatology: generalized theory of global cli-

mate change, volume 80. Elsevier, 2001.

[12] T. M. Jordan, C. N. Williams, D. M. Schroeder, Y. M. Martos, M. A. Cooper,

M. J. Siegert, J. D. Paden, P. Huybrechts, and J. L. Bamber. A constraint

upon the basal water distribution and thermal state of the Greenland Ice

Sheet from radar bed echoes. Cryosphere, 12(9):2831–2854, sep 2018. ISSN

19940424. doi: 10.5194/tc-12-2831-2018.

[13] D. J. Brinkerhoff, T. W. Meierbachtol, J. V. Johnson, and J. T. Harper. Sen-

sitivity of the frozen/melted basal boundary to perturbations of basal trac-

tion and geothermal heat flux: Isunnguata Sermia, Western Greenland. An-

nals of Glaciology, 52(59):43–50, 2011. doi: 10.3189/172756411799096330.

[14] G. H. Gudmundsson and M. Raymond. On the limit to resolution and

information on basal properties obtainable from surface data on ice streams.

The Cryosphere Discussions, 2(3):413–445, 2008.

[15] D. Maxwell, M. Truffer, S. Avdonin, and M. Stuefer. An iterative scheme for

determining glacier velocities and stresses. Journal of Glaciology, 54(188):

888–898, 2008.

[16] I. Rogozhina, J. M. Hagedoorn, Z. Martinec, K. Fleming, O. Soucek, R.

Greve, and M. Thomas. Effects of uncertainties in the geothermal heat flux

distribution on the Greenland Ice Sheet: An assessment of existing heat flow

models. Journal of Geophysical Research: Earth Surface, 117(F2):n/a–n/a,

jun 2012. ISSN 01480227. doi: 10.1029/2011JF002098.

[17] M. Fahnestock, W. Abdalati, I. Joughin, J. Brozena, and P. Gogineni. High

geothermal heat flow, basal melt, and the origin of rapid ice flow in central

Greenland. Science, 294(5550):2338–2342, dec 2001. ISSN 00368075. doi:

10.1126/science.1065370.



Bibliography 62

[18] C. F. Maule, M. E. Purucker, N. Olsen, and K. Mosegaard. Heat flux anoma-

lies in Antarctica revealed by satellite magnetic data. Science, 309(5733):

464–467, jul 2005. ISSN 0036-8075. doi: 10.1126/science.1106888.

[19] C. J. van der Veen, T. Leftwich, R. von Frese, B. M. Csatho, and J. Li.

Subglacial topography and geothermal heat flux: Potential interactions with

drainage of the Greenland ice sheet. Geophysical research letters, 34(12),

2007.

[20] R. E. Bell. The role of subglacial water in ice-sheet mass balance. Nature

Geoscience, 1(5):297, may 2008. ISSN 17520894. doi: 10.1038/ngeo186.

[21] B. E. Smith, H. A. Fricker, I. R. Joughin, and S. Tulaczyk. An inventory

of active subglacial lakes in Antarctica detected by ICESat (2003–2008).

Journal of Glaciology, 55(192):573–595, 2009.

[22] T. Hondoh, H. Shoji, O. Watanabe, A. N. Salamatin, and V. Y. Lipenkov.

Depth-age and temperature prediction at Dome Fuji station, East Antarc-

tica. Annals of Glaciology, 35:384–390, 2002. ISSN 02603055. doi:

10.3189/172756402781817013.

[23] D. Dahl-Jensen, V. I. Morgan, and A. Elcheikh. Monte Carlo inverse mod-

elling of the Law Dome (Antarctica) temperature profile. Annals of Glaciol-

ogy, 29(1):145–150, 1999. doi: 10.3189/172756499781821102.

[24] A. N. Salamatin, V. Y. Lipenkov, N. I. Barkov, J. Jouzel, J. R. Petit, and

D. Raynaud. Ice core age dating and paleothermometer calibration based

on isotope and temperature profiles from deep boreholes at Vostok Station

(East Antarctica). Journal of Geophysical Research, 103(D8):8963, 1998.

ISSN 0148-0227. doi: 10.1029/97JD02253.

[25] C. Ritz, L. Lliboutry, and C. Rado. Analysis of a 870 m deep temperature

profile at Dome C. Annals of Glaciology, 3:284–289, 1982.



Bibliography 63

[26] J. A. MacGregor, J. Li, J. D. Paden, G. A. Catania, G. D. Clow, M. A.

Fahnestock, S. P. Gogineni, R. E. Grimm, M. Morlighem, S. Nandi, H.

Seroussi, and D. E. Stillman. Radar attenuation and temperature within

the Greenland Ice Sheet. Journal of Geophysical Research: Earth Surface,

120(6):983–1008, jun 2015. ISSN 21699003. doi: 10.1002/2014JF003418.

[27] S. Anandakrishnan, D. D. Blankenship, R. B. Alley, and P. L. Stoffa. In-

fluence of subglacial geology on the position of a West Antarctic ice stream

from seismic observations. Nature, 394(6688):62, 1998.

[28] D. D. Blankenship, R. E. Bell, S. M. Hodge, J. M. Brozena, J. C. Behrendt,

and C. A. Finn. Active volcanism beneath the West Antarctic ice sheet

and implications for ice-sheet stability. Nature, 361(6412):526, 1993. ISSN

00280836. doi: 10.1038/361526a0.

[29] M. Studinger, R. E. Bell, and A. A. Tikku. Estimating the depth and shape

of subglacial Lake Vostok’s water cavity from aerogravity data. Geophysical

Research Letters, 31(12), 2004.

[30] H. A. Fricker, T. Scambos, R. Bindschadler, and L. Padman. An active

subglacial water system in West Antarctica mapped from space. Science,

315(5818):1544–1548, 2007.

[31] P. Gudmandsen. Electromagnetic probing of ice. In Electromagnetic probing

in geophysics, volume 79, page 321, 1971.

[32] M. E. Peters, D. D. Blankenship, and D. L. Morse. Analysis techniques

for coherent airborne radar sounding: Application to West Antarctic ice

streams. Journal of Geophysical Research: Solid Earth, 110(B6):1–17, jun

2005. ISSN 21699356. doi: 10.1029/2004JB003222.

[33] J. A. MacGregor, D. P. Winebrenner, H. Conway, K. Matsuoka, P. A.

Mayewski, and G. D. Clow. Modeling englacial radar attenuation at Siple



Bibliography 64

Dome , West Antarctica , using ice chemistry and temperature data. Jour-

nal of Geophysical Research: Earth Surface, 112(F3):1–14, sep 2007. ISSN

21699011. doi: 10.1029/2006JF000717.

[34] J. A. MacGregor, K. Matsuoka, E. D. Waddington, D. P. Winebrenner,

and F. Pattyn. Spatial variation of englacial radar attenuation: Modeling

approach and application to the Vostok flowline. Journal of Geophysical

Research: Earth Surface, 117(F3):1–15, sep 2012. ISSN 21699011. doi:

10.1029/2011JF002327.

[35] D. M. Schroeder, D. D. Blankenship, R. K. Raney, and C. Grima. Estimating

subglacial water geometry using radar bed echo specularity: application to

Thwaites Glacier, West Antarctica. IEEE Geoscience and Remote Sensing

Letters, 12(3):443–447, mar 2015. ISSN 1545598X. doi: 10.1109/LGRS.

2014.2337878.

[36] V. V. Bogorodsky, C. R. Bentley, and P. E. Gudmandsen. Radioglaciology,

volume 1. Springer Science & Business Media, 2012.

[37] L. E. Peters, S. Anandakrishnan, R. B. Alley, and D. E. Voigt. Seismic

attenuation in glacial ice: A proxy for englacial temperature. Journal of

Geophysical Research: Earth Surface, 117(2):1–10, jun 2012. ISSN 21699011.

doi: 10.1029/2011JF002201.

[38] D. M. Schroeder, C. Grima, and D. D. Blankenship. Evidence for variable

grounding-zone and shear-margin basal conditions across Thwaites Glacier,

West AntarcticaThwaites grounding zone and shear margin. Geophysics, 81

(1):WA35—-WA43, jan 2016. ISSN 19422156. doi: 10.1190/GEO2015-0122.

1.

[39] D. M. Schroeder, H. Seroussi, W. Chu, and D. A. Young. Adaptively con-

straining radar attenuation and temperature across the Thwaites Glacier



Bibliography 65

catchment using bed echoes. Journal of Glaciology, 62(236):1075–1082, dec

2016. ISSN 00221430. doi: 10.1017/jog.2016.100.
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